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Preface

This exposmtlon was written during the months of September

'—nNovember 1973 while I was. teachlng a course on ths subgeot at
the Institute for Advanced Studies. I am grateful fo the Tnsti-

tute for the opportunity to think about it in a systematic way

and to test my thoughts in the classroom. Astute questions put
to me by the Scholaren and the Abteilungsleiter of the Abteilung

Soziolovie provided the initialvstimulus for my writing and

'caused me. to Jmprove the presentatlon of many points.

The reader is asked to bcar 1n mind that my primary audlenoe

is, ihdeed, soclologists and not—~for example—mstat;stlclann,

mathematicians, or econometricians. I have tried to take into

;account what I know of the level of sophistication one ¢an expect

Cof the Soc1olog1cal reader and to focus on the issues that Will

seen most_sallent to him. 1t should also be clear hoW~much we

‘sociolo ists cblll have to learn from the d13c1oi1nes that have

'been down this. oath ahead of us.

LY

This is a. prellmlnary version of what. I hoDe» i1l ‘become a

.ﬂuubi1¢hed book. If 1t resomblos my carlier work on tnlu toplic, we
_Can be sure that it contains non—trivial mistakes, These are
likely to involve illegitimate statistical reasoning or mathe=~

matical nonsequiﬁurs. I would appreciate belng informed promptly

of 31l errors that the reader may note.

Otis Dudley Duncan
Department of SocloTOQy
University of Arizona
Tucson, Ariz, 85721, U.S5.
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PRELIMIN ARIES

in this‘book we will frequently use a notation 1ike the

following

o e S

xwmmm%
It may be read as "a change in x or u produceé a change in y"
bf "y depends 6n x and u" or "x and u are the causes of ya"‘ In
all these stateﬁents, Qe need to ineclude aidistinétion between
two sorts of dauses.,x and u, We inﬁend the former to stand for
some definite; explicit factor (this variable has abname) produc-
‘ing variation in. ¥y, ldentified as such in our podasl of the
dependence of y on its causes. On the'other hand, u étands for
all other sources (possibly including mény different causes)
of variation in y, which are not eXplicitly identified in the
modéia‘li sums up all their effects and serves to acco&nt for the
fact that nb single cause, x, nor even a finite set of causes (a
~list of spéqific»x's) is likely to expléin all the observable |
variation in Yo (The #ariagle u has no specific name; it is Just
~called "the disturbance.,")

The letters (1ike X, &, and u), the afrows, and the words
(like "depends on") are elements in a.language we use in trying .
to specify how we think the world=-or, rather, that part of it we.
ﬁaVe selected for_stﬁdy~;worksa Once ocur ideas are sufficientiy'il
defihité'to heip_us make'éenSG of @he obseFVafions'we haVe‘made i. 
or intend to make, it may be useful to formalize them in terms
of a model. The littie arrow diagfam;abOVG, oncévwe‘understand B
éll the conventions fo} reading it, is‘actually a model-of,,if‘one‘ ’
'préfefs, a pictorial rebresentation of'a mddél. Such a representa-‘¥ 

: iioh has been found useful by many invéstigators as an aid in
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clarifying ‘and conVeying their ideas and in studying the proper_
ties of the models they want to entertain.
More broadly useful is the algebraic language of variables,

constants, and functions; symbolized by letters and other nota—

.tions, which are manipulated according to a highly develo ped

grammar, In this language.‘our 1ittle model may be expressed as
y = bx + u

or, even more explicitly,
y = byxx +u

It is convenient, though by no means essential to follow:

the rule that y, the "dependent ‘variable" or "effect" is placed

~.on the left-hand side of,the equation while x, the "independent
: variable" or "cause," goes on the rlght hand side. The constant,

or eoefficient. b, in the equation tells us by how much x influ- ﬁ"

enoes Y. More precisely. it says that a change of one unit in x
(en whatever scale we adopt for the measurement of x)° produces a

change of b unlts in y (taking as glVen some scale on which we

measure 7). When we label b with subscripts (as in b ) the order -
ofbsubscripts is'significant4 the first named varlable (y) is. the s
__dependent Variable, the second (x) the independent Varlable.

d ~(Warn1ng Although thls oonventlon Wlll be followed throughout

?,

;othls book not all authors employ subscriots to d851gnate the

’1dependent and 1ndependent Variables )

The scale on whlch u 15 measured is understood to be the

same as that used for Vo No coefficlent for u is requlred for 1n:,ﬂ
”one sense,‘u 13 merely a baianelng termy uhe amount added to the. _id‘
“iquantlty bx to satlsfy the equ.a'tlon° (In ceusal terms, however,

S we think ef y as dependind on. u,‘and not vmce Versa ) Thls state—h;'x“

S
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ﬁent may Be claaref if wa make'explicif a feature.of our grémmar
that has been léft iﬂélicit up to nowo‘The model is understood
kg apply (orB to ‘be proposed for application) to the behavior
'iof unlts in some population, and the varlables yg x, and y are
Varlable quantities or "measurements" that descrlbe those’units
and their'behavior.:<Thé units may bé individual persons in a
population ofjpeopie. Bht they could also bé<group§ or coilec;
”’tives in a population of such entitles, Or they could even be |
»the occasions in a populatlon of occasions as, for 1notance,‘a
set of elsctions; each election being studied as a unit in‘terms
of its outcome.(y) and being characteriZéd by pfoperties suchlasaf,
the number of candidéteé on the ballot (x), for example“)We'may g
make this expliclt by gubplying a subscript to serve as an B
. idertifier of the unit (likéithe numeral Qﬁ;ths sweater of a
football PléYef)o Then‘fheiQQuatibn pf o@r mﬁdel is’ "

BT S oy
~ That is, for the ith membar of the population we ascertaln 1ts

score or value«on~x,_to wit X multiply 1t by b, and add to

i’

© the prcduct an amount uy (posithP or negat1Ve) The sum, is

e _equal to. Yy or the SCOre of the 1th unlt on Varlable Vo Ord1nar~ ?' 

~ily we will suppress the obserVatlon subscrlpt in the interest of'ggl
compactness9 and the operatlon o'f snmm«tlon, for example, 111 be
’understood to apply oVer all members cf a Samole of N units drawnw

fifrom the populatlon.

It is assumed that the reader W1ll haVe encountered nota—'r~:'f

tlon quite smmilar to the forewoing in studylnv the toplc of "
; regression in a statlstmcs eourse (sueh study being prerequlslte

'? to any sprlous usa of this book) But what we haVe been dlscussmngf_f

- :is not statlstics. Rather, We haVa been discussing the form of one
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kind of model that a sclentist mlght proposa to represent his

‘ fideas or theory ‘about how things work in the real world Theory

construction, nodel buildlng, and statlstical in;erpncs are
'dlstinct act1v1ties, sufficlently so-that there is strong pres-
‘sure on a scientist to specialize in one of them to the exclusion
; of ths others, We hope in this book to hint at reasons why such
ﬁspeclalization should not be carried too,far, But we must note
; __immediate1y SOme reéséns wh& the»las£ two'may come té befintimately
' vasso¢iéted’ o

V Statnstlcs, in one of its several meanings, is an applica~
tion of the theory of probabllltya WheneVSr in applied work--and .
all empirical 1nqu1ry is "applied" in thls ssnse-mwe encounter a  7
" problem that'probébility theory may help to solve, we turn to sta;
5t15t1cs for guldanceu There are two broad kinds of problem that
demand statlsbical treatment in‘connection with sclentific use of
‘a model like the one we.are discussing, One is the problem of .
,inference from samples. Often we do not have information about all‘
;units in a populatlon@ (The population may be hypothetlcally
1nfinite, so that one could neVer know about Wall® units; or fo?';
keconcmic reasons we do not try to observe all units in a large
'finlte populatlon ) Any. emplrlcal sstlmate Wwe may make of the '
’coefflclnnt(s) in our model will therefore be subaect to sammllng .
errora Any 1nference abouﬁ the form of our model or the Values of
coefflclents in it that we may wish to base on observatlonal data
w1ll be subgeet to unher%ainty. Statlstlcal methods are needed to
kcontrive cptima1 astimatora and proper besﬁs of hypotheses, and
to 1ndicate the degree of preciqlon 1n our results or ‘the size of

"the rlsk ‘we are taking in drawmng a partlcular concluslon from them.  
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" The second, not unréiated.problém fhat ratses statistical

 issues is the supposition that sdme‘parts of the world (not

V'excluding the bahavior of sclentista ‘themselves, when making

fallihle measurements) may be realistlcally described as behaving

in a stochastic (chance, probabilistic, random) manner, Lf we
d901de to bulld into our models somnme assumptlon of this kind,

~then we.shall need the aid of statistics‘in;formulating appro -

priate descriptions of the probability distributions.
This last point‘is especially relevant at this stage in the

presentat1on of our 11ttle model, for there is one important stip-

~ulation about it that we haVe not yet stated, We think of the

“values of_u as being drawn from a probability distribution. We

Séid beforé that’ for the ith unit of observation, u, is the

i
amount added to bxl to produce Yy Now we are saying that uy
itself is produced by a process that can be llkened to that of

drawing from a largs set of well~m1xed chips in = bowl sach c¢hip

bearing'some Value of u, The descrlption of our model is not com—f"

pleté_uﬁtil we have presented the “cpeclfication on the dlsturbm‘.'

ance term," calling u the "disturbance' in the equation (for

HVV;reasons best known to the. econometrlclans who dev1sed ‘the nomen -’
_clature);‘and meanlng bv the "speciflcatlon" of the model a state— ,, 
ment of the assumptions made about its mathematlcal form and- the_

. essentilal stochaStic properties of its disturbance.

Throughout ‘this book, we will assume that the values of the
disturbance are drawn from the same probablllty diotrlbution for

all units in the populatlon, Thls 1s ths assumptlon of "homo~

skedasticity H It can easxly be wrong in an empirical situatlon, 

- and tests for departures from homoskedastlclty are aVallable. 



e

~ When the aqsum.pﬂtioo is'ft‘oo.“’ wide of the mark, special methods:
(e g transformation of vamables9 or welghting of regr9551on:'f
'estimators) are needed to replace the methods sketched in this
book. No spscial_attention is drawn to this assumption in the’
bremainder of the texty but the reader must not forget i£ none-~
thelessa Another assumption made throughoutmabut this 1s an
i innocuous one--is that the mean value of the disturbance in the
population is zeroayj |

Frequently we shall assume expllcltly that the disturbancev

is uncorrelated with the causal variable(s) in a model, 'although

"'thls assumptlon will be modlfled when the loglc of the 51tuat10n

requires° Thus for the llttle model under study now, we qpeolfy
~that E(xu) = 0. (E is ﬁhe sign for the expectation operator. If
the reader is not familiar with its use in statistical arguments,

he should look up the propertles of the operator in an inter—

‘medlate statlstlcs text such as Hays, PﬁYGhOIOFJQal EL;LL;L;giigéj )

oThe assumptlon that an explanatory or causal Variable is uncorremv-
lated with the'disturbénce mnsivélwayé_oe;weighed_oarefully; It

oi méyibe negoted;'as hinted abo§e9 by'the~very loggic of the model;.
"fIftitlis suppo sed, not’on1y tha£ y aepeods on x, but aisq that x .
"osimultaneoosly dopends on ¥y, it is contradiotory to assume that

tho disturbance in thé equation.e%plaining vy is unoorreléted with

X, The speoificatioo E{(xu) = 0 may also be contfary to fact;‘efen

: when'itvis not ihhorently illogicalu The difficulty is that we

will never knoW'énough aboot the facts of the case to be sure

'-‘that the assumption is true«~that woula be tantamount to know1ng"”

_'everythlng about the causes of y Lacklng omnlsclence. we rely on

theory to tell us 1f there ar@ substantial reascns for faultlng
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_the assumption, If so, we shall have tonSCheﬁ it-~-however conven-
‘Tient it may'bé—»and consider how,'if'aﬂ all, we may modify our
model or our observational procedures to remedy the difflculty,

For ma“mggﬁ,havgmﬁh;ﬁ‘aaggmQilga“;uﬁ_ha.mgggnaimﬂﬁnmamigxm-mthoush

not necessarily in regard to all causal varlables«-;ﬁmgaxmxwgtlg-'

Ligﬁgﬁgggggdgxgﬁ (estimation, hypothesls testlng) are.to_be iqa,1~:
"fied. Here we distinguish sharply between (1) statlstical des- '
eripltion, inVolving summary measures of the Joint dlstrlbutions
' .of observed Variables, which may serve the useful purpo se of data
reduction, and (2) statistlcal methods applied to the problem of
‘,eotimating coefficients in a ﬁggggtgrgl (as dlstinct from a
"statistical") mgdg& and testlng hypotheses about that- model One
can do a passably good job of the former without kno wing much
about the subject matter (witness the.large number of specialisfs
in "multivariate analysi " who have no partlcular 1nterest in any
"subsﬁantive field), But one Cannot even get started on the latter
task without a firm grasp of'ﬁhe relevant sclentlflc'thepry,
; ‘bécause the starting point is, precisely, the modelvand nét tha
statistical methods. - : ‘
In ‘summary, we havebprobosed a model,
y :"byx‘x + u.; o

and stated a specifieétiqnfon its disturbance term, E(xu)
Without m@ntipning it before, we have also ﬁeen.aSSuﬁing thét
E(x) = 0, whiehéis simpiy a cﬁnVGnticn‘as ﬂbithé location of the ‘:h 
origin on the scale of the independent varlable, It follow ‘at |
" once that _ | | | |
B(y) = b, B(x) + B(u) = e | o
Now, each'of ﬁhe variablés in our¢mddél_has a,?akignc@, and’
' it'is:ponVediéﬁﬁ:to»adoptiﬁﬁe‘noﬁétioﬁ? Zfi

,"4\'*
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g = K ‘
Tyy T <yz).
Tox f E(x“)
G‘u‘u = E(u )

for the variances (writing & for‘ekample,vin‘plaéevof‘the

yy'
usual m?). There are also three covariances,
oyx = Elyx)
Tyy = E(yu)
6&u = E(xu)

-~ The dlsaopearance of the last of these covariances is merely a
restatement of the-original speclfication_on‘the dlsturbance term. w

”Evaluating~6yu we flnd

i

E(yu) b E(xu) + E(uu)

yu Ghuf in view of the fact that E(xu) 0. Let us-

i

so that &

 multiply through the equation of our model by Y» obtaining,
. 5 A

= b __xy + yu
¥y ¥x ¥ y G

We take expectatlons '

E(y ) = b E(xy) + ECyu)

and thereby find that we ¢an wrlte the Var1ance of y as  5?
Wyy = byxgiy qﬁu"_

Let us next . mul*iply through by xa We flnd

-fTaklng eyoecta*ions-’~

E(xy) = b E(x ) + E(xu)

oo

giy = byxgkx
Substltutlng thls result into the expression for the varlance of

 y;.wemobta1n

g}yt» ’yxka vAgﬁu,




NP

‘dstrate thoee resultsa_7':

: could be 501Ved fgr x’tgread Lt

"'efere. assert that our medel ls equally well written

129

The three svmbols on the right hand side stand for the

basie parameters of this model as it aOplies in a wall deflned

o Eegsle_lee P:

--the structural eoefficlent, byx

. -~the verience of the exogenous variable, x

--the variance of the disturbanee; u}v

-\The variance in the dependent variable is traceable to these

three distinct sources,‘

The expression obtaieed above for the cQVariance of the“
two obserVable variables is a suggestive one, for we can immedl—j“;
ately rewrite 1t as | - | SR

&
Xy
b, = =

X
y XX

© We see that if we knew @4& and &, ‘we'couid calcﬁiatefthe'Valdé'feff
of the structural coefflclent We do not and in generai‘“cehneﬁ_,;f‘

“know these quantltles exactly. But we can estlmate them,'or thelr ,(

ratio,_frem data pertainlng to a ;gmglz of the populatlon to

al_ whlch the model applles, How to use thls sample 1nformatlon 1n a.
'correct and efficlent manner is a topic studled in- the statlstlcal

’f~}theory of estimatlon. In this book,,we w1ll draw upon a few

1mportant results from that theory, but will not try to demon*fyk

Eaeﬂgdse Our model

"rxee,;:d~f§ﬁ_d

‘L; iLet l/b be renamed c and.«u/b be called v Someone could thé?e;fjf‘ .




1-10

X = ey + v

But on the assumptlon that our orlginal model is true (includlng,

 the speclfication on the disturbance term) ‘show that the dis- ,

turbance is not uncorrelated'wlth the variable on the right~-hand =

‘side,,i,eay E(yv) # 0. Show also that we dannot solve for ¢

using the same kind of formula deVeloped for the origlnal model,
l.e.y @ # Cy /F How do you square thls result with the well~
known fact in statistics° that there are two regr9531ons.‘Y on X

and X on Y?




i |
' CORRELATION AND CAUSATION

)

Partly for»histericalvreasons§ the topic of structural
equation models has often been epproaehed by considering the
implications of causal relationships for observable correla-
tions er. inversely, the problen of'rendering a causal inter-
pretation of observed correlations; Taking the correlation
coefficlent as a point of departure has been particularly
_characteristic of psychometrics. But sociology, as well, has
depended heaV1ly on thls measure of the degree of linear assoc-
iatlon between two quantltatlve variables, We intend to suggest,
in a later chapter, that a - more fundamental view of structural
'equatlon models is secured by foregoing the.algebra of correla«

tion, NeVertheless,Vsome aspects of our topic are‘quite'conven~
' ient to develop in terms of‘correlation9 so that is the way we

 shall begin, S | |
" Let ue‘reconeider briefly the illustrative model studied
 _‘in Chaptef,l;_ S |
o vemxew
‘We already specified that E(x)

it

E(u) = 0 {whence it follows

that E(y) = 0), ‘and that E(xu) 0. Let us now suppose that

1

each variable (y, x, and u)_ls to be re-expressed in units of
its own standard:deviatioﬁ.iWe’can make the equallty hold, while
retaxnlng the form of the model by wntroduclng ratlos of stand~

‘jard devaations 1n the following fashion



’  1we see at once that slnce

g
§'=b Lome 4 —hom
| | y ¥ % % %y %
:°~>The»expressions
by [Ty = Pyx
e,/ Sy = p

yu

~ were btermed Dhath g@giﬁlgigax§ by Sewall erght [}1.32 35} the great
ploneer in the development of structural equatlon models (Li [?2
' ;25] Goldberger [}é]) Let us now revise our notatlon, so that y, x,

and u are the ﬁigugggglzgg ti;qu of the dependent varlable,,’

the indeoendent Varlable,,and the dlstuubance. Henceforth

until further notice, we shall suppose that E(y ) = E(x )

_‘E(u Yy =1, since the variance of ‘a standardized Varlable is'

'unity.,

ertlng our model in terms of path coefficlents and

standardized Varlables, we_haVe

y = p x-+p

yx Y

"with the soec1ficatlon E(xu) = 0.»We may study the oropertles

of thls model, as before, by multlplying through the equatlon

by ohe or another of the Varlables, taﬁlng expectatlons, and

simplifying; The last step calls upon the theorem that the CoVaP~ a3

, iéhée of two standardlzed variables is” the coefflcient of corre«j f'"

o latlon° Hence9 u51ng the symbol Lh to de51gnate the correlatlon:i

between tWO varlables 1n the populatlon unner study,f

-EMy)‘pxy

EWy) p Eu )+p E&u)

'T‘fwe haVG an equality of the path coefflclent and the correlatlon. e

ny 7fpyxfi*5
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1

~ recalling that'E(xu) = Py =0 (W hasten to add that this
‘equality holds because thia model is one with only a single
explanatory Varlable and will not hold in general ) In writing
path coefficients, as for structural coefflclents; the first
Subscript referé to the variable affected, theesecond to the
causal variable; Iniwritieg éimple,éorfelatiens,}the'oraeréof
'subscripts is imhaterial. since PXy = pyx”’ | |

'The variance of the dependent Varlable is glven by

E(y )= P&XE(YX) *opy E(yu)

"~ But, since E(y:) = l.'we haVe

L= PyaPyx * yupyu

- Multiplying the equation . of the model through by u, we. flnd

E(yu).= pyxE(xg),f pqu(uu)

so that
Pyu ;'pyﬁ , :

Hence, with one dependent variable,»obe'explanatoryIVariable;i'

and the dlsturbance, we flnd that the variance (set at unlty)

of the dependent varlable is partltloned 1nto

s 2
1L ='p.  +
.pyx Py

“;the “explalned" (by x) and "unexplalned" portions.‘
‘As the reader must have'guessed thls llttle model has been
:used prlmarlly to lllustrate notatlon, nomenclature. and the

ba51c technlques to be used henceforth in studylng propertles of e

a model It is tlme to comollcate the dlscu551on. and we do so,f

»“1 by 1ntroanc1ng a third eypllclt‘Varlable 1n-add1tloe to x and'yg”

"Three-~ Variable models are 1nteresting malnly for dldactlc pur-
_peses. Howeverg,a clear understandlng of the pr1n01oles that
‘ apply in thls rela+1Vely simple case w111 serve to forestall

many dlfficultles that otherwise would arlse in more compl1cated.,f
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models;
| Let us eall the‘three variables x, ¥, and 'z and assume
that each is in standard rerm; For the time being, we will sup«['
jpese that nothing is kno wn about the causal relationships~-’
which (if any) of these Var1ables cause(s) any of the others.

It-has sometlmes been thought that correlatlons among Varlablesl f(

" can be employed in a quasi deductive 1ogic If A and Brare

positively correlated and 1f B and ‘G are posxt1Vely correlated,
then it is quite likely that A and C- are positlvely correlated

‘ Whatever 1ts plau51bility in any partlcular concrete 1nstance,‘
thls mode ef reasonlng clearly is not rlgorous in general If
ny"oxz and‘o are the correlatlons among three variables,
then it can be shown that a certain determinant must be non_nega~ E

~tivey 1.e., that

vpx& Cxz
Pxy 1 Pyz 2'0'.
Pxz loyz L

"Thls theorem places only very broad constraints on the p0651ble1“'

”range of Valuesfof any one of the COrrelatlons. To see this,

l

;-}bput 1n hypgthetical values for two of the correlatlons,.eveluate';‘“

“lthe c‘leterm:mem’c..t and analyza the result For examole; if(oxz =

Pyz = 0.5, we haVe o .

- %oxy e
' so that P can have any value between —0 5 and +l 0 If,oxz
1/ (abeut .707), We haVe pEETRINE R

fox}' nyz‘g""‘

.u'<h

[;ijso thet’o ' is donstralned to fall between zero and unity. Thus, e

'lfone must assume,rather high values for two of the COrrelatlons'
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in order to decide with certainty even the sign of the third

‘ _correlation. : j ‘

If, on the other hand, we are in a position to assume
causal relationships among the variables, rather strong deduc-
tions may be possible, To illustrate,~consider the diagram

u

v
<.

X - ¥ Model I

"We interpret this‘aé‘a~fepresentation of a 2~equatibh model,

¥y = p x+v.’_p u “ - -
yx..oooyu } Model I

z PZyY + PoyY

where the p's are path coefficients and the sbecificatibn'on

.0

the disturbances ;stoux‘=‘ovx :fovy = 0. That is, each dis-

turbance is uncorrelated with all "prior" causal variables.
' (But note that neltherfpuy. Pug Dor p. is Zero,) Let usvsubm,
- stitute the value of ¥, as glven by the y- equatlon. into the
z-equation: o 7

&= pzypyx + pzypyuu * pZVv

- Multiply through by‘x and take exbectationsd

sz = pzypyx , _ S

sincep, = 0 and E(x ) = 1.0, But both the y-equation

Pxv:™

and the z- equatlon are just llke the model studled prev1ously. -

S0 we already know that p ‘Ozy and’ p Py ..Hgnce, we conn ~

elude that for thls "slmple causal chaln" model -
Pux T Pufy

_whatever the values of the two carrelatlons on the rlght hand

O

side.

It is a’ plauslble conJecture that when we atteth to-""

".reason from the Values of two correlatlons to the Value of a

' th1rd we must actually be worklng w1th an 1mp11c1t causal A ffx“
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1*)e;ef}~hodel Wlth the right kind of causal model, the reasonlng is
S | Valid Wlthout one, the reasonlng is loose. Would it not be

advantageous in such cases to make the causal model expllcit
's0 as to be able to check our reasoning carefully?

In general.‘the‘advantages,of having the model explieit
are seen te lie in (1) making our arguments consistent (so that
we aren't altering our premises surrepiitiously in the oourseH

“of a discussion), (2) making-our cbndlueions precise (se'that
"1t is easier to see what evidence is and what is not compatlble S
with them), and thereby (3) rendering our conclu51ons suscepti-:‘
ble of emplrlcal refutation. | ' | |

In the case of our causal chaln, lf'sz = ,7 and)o- = .6,
we 1nfer thatfaz .42. The COnc1u51on is, 1ndeed precise. if
1t is belied by the facts. we must question one or more of the
premises, for the argument-ltself'ls‘expllcit and unexceptione
eble. There afe'tuo difficulties, one material, the other logi«
cal. The material diffieulty is that we can never know,ezx-

i
:

‘Vexactly but cahgonly estimate it from sample data. Hence the

. PR A S

statement e, % A2 is based on a statistical 1nference and 1s,t
therefore, subJect to uncertalnty (the degree of uncertainty,
. however, we may hope to estimate by statlstical methods)‘ The
logical dmfficulty is that, hav1ng rejected the conclu51on of
'our argument becaise it is contradlcted by the facts, we do =
not know whlch one(s) of the premises is (are) in error. We may
_bhave ‘entered 1nto the argumeht w1th erroneous Values of elther ‘.

sz or Pyx o; both MoreoVer, we may have taken the wrong modele,

“as thm ba31s fon the argument If, howeVer,‘we are confldent of-g .

) ~.Q the facts as to;the two cerrelat;onsvand a150~reasonablyeeenf1~



~dent that the conolu31on is unsupported by evidence, we must '

:‘,reject the model realizing the third advantage claimed for’

:°s:[making the model expliclt-—albeit an advantage the full enJoy-h

1‘ment of whlch calls for a certain taste for irony, 1f not
:é masochism._ = : ‘ ‘
| Consider anoiher disgfam:
| yé——u

X Model TI .

‘\f#\\f\ﬁéze;e—;v
'-tAgain, we have two equatlons, but this tlme they have the samelkfs

causal Varlable

1}

P.X + p_u | E
X Y& N Model II

PoxX * P

¥

4 v
zv

eIn each eqUation‘we speeify»a Zero correlation betﬁesn;the_
v»lcausal varlable and the dlsturbance, 50 thaj.qu = Pyy = 0.

We further soec1fy a zero correlatlon between the dlsturbancesl
of the two equatlons, Puy = 0. (Exer gisg Show that in the case
of Model I it was unnecessary to make thls condltion expllclt

since it was 1mp11ed by ths speclflcatlon Pux va

va ‘ 0 )

5We now multlply through each equation by sach varlable 1n the 5:; *N

e‘model take expectations, and express the result in terms of L_e7 ‘

correlatlons. (E&gxsuﬁﬂ Verlfy the results shown below )




’:%'“Pyz % in the populatlon under study clearly is not zero° We canlfﬁfl.u

*of?We also find

?;rz-sl_,

. 2 2
.E(y ) =1 =p° o+ Py

yx u
v L2 :
B(s” ) =1 = Pox * Pyv v
The key result for Model II is that Pyz = PyxP zx* Again

ewe see the p0551b111ty of regeoting the model upon diseovering

that the value of ong of the correlatlons is inconsi: tent w1th

" the values of the other two, assumlng Model II is true. .

It is worth noting that this test of Model II is equiva-ﬁe

~lent to a test of the null hypothes1s that the oartlal correla-"

tion Py’ = 0, This is interestlng because the traditlon of

emplrlcal soclologv has placed strong empha51s upon partlal

3’correlation, partlal a55001at10n, and "partlaling" in. general g

as a routlne analytlcal procedure. By,contrast “the. approach

‘taken in this book leaves rather 11ttle scope for oartlal corre—v_m'T
_latlon as such although it does attempt to exploit the insightsob“l
_ into causal relatlonships that often guide the capable analyst

'worklng w1th partial correlations.

To show the connection of partlal correlatlon w1th Model

11, recall the definltlon of a first-order partlal correlatlon f?g.fv

1n terms of simple correlatlons

Pyz .nyzx

R

. | )’5‘ x y,-. yx-Vl ‘OZX

 We see at once that ;1f Model II holds, the numerator of thls’

l;partial correlation 1s zero, 51nce(oyv “40yxpzx' and thusfl~

ioYZ X O Let us SuPpose that Model II has been reJected 51nce:f

represent the situatlcn by relinquishlng the sneclflcatlon p G

l‘elO whlch was origlnally oart of the modelojWe requlre a new path ;}‘
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. diagram,

2.‘.9"“’; S

| /yé—m-—-— —ug e
ﬂx‘ o ” ; S ?odel#ll;f
\z( ‘ v A-Puv

in which the cu{rved bdouble—heeded arrow 1:’mkbi'ng u and v stands”
.lifor the correlatlon (p v) between these two variables (leav1ng
'__unresolved the issue of whether that correlatlon hae any slmple-'
Ticausal interpretatlon) We note that the equations of ‘Model II"

‘can be solved, }respectlvely, for u and v,"

u (y-p x)/p

Ly (z -'pzxx)/pzx

. from which it is butla short step to  ;,'

C s P - Pnyzx ,
: E(uv)‘= p%- = ;
, uv _
; , p upzx
in view of results already obtalned We now note that
2'-=1,‘2=" 2 |
p,_yu " Pyx T “Pyx;
Camd e i
‘ 2 2 . 2
Pov = Lo~ pzx,_ 1 °-Png;'

80 that we may write

Pyxf’ 2%

P | "“‘ ﬂ -
Rk Vl " loyxv ‘Ozx

: eBut this is preclsely the formula for'fyz ' giVen earlier.,- »
We' see that Model II is a way of expre551ng the hypothesls e}y[

. that a single ‘common cause (here called x) exactly accounts for

the entvrety of the correlatlon between two other Varlables

v'(here. ¥y and z) Model II' asserts that y and z do 1ndeed share

ﬁ'x as’ a commcn cause, but that some other factor(s), unrelated ?ﬁﬁ"“
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...ﬂp x, also serve to induce a correlafionibetﬁéen them. Note
~that the hypothesis undeflying Model II is subject to a dirsct
" test, once we have sufficiently reliable estimates of the three

.;observable cqrfelatione‘oyzs and pzx.’Model II' is not,soe

Pyx’
"easily rejected. Indeed, one can (if'ohe wishes)_defend the
truth of Model II' in the face of any conceivable seﬁ of 3 cor-.
relations (i.ew, correlations that setiefy the condition eﬁated
. for the determinant on p. 2-k), To call Model II' seriously into
- Questioh really»requires tha£ we'develep and juetify a different‘
E model such that, if the new model is correct Model II' cannotr
_be true. (When you thlnk you haVe learned enough about the techw
nique of working w1th structural equatlon models to try your hand
;at it, you should undertake the exercise of p051ng a counter model‘
to Model II’ such that a set of obserVable correlatlons Qggug
 show decisiVely that,}if the new model is true,»Model II' cannot
/’be ) | ' " | |
While on'the subject of paftielvceffelation; wekmay go beck
~to Model 1 for a moment and 1nquire whether partial correlatlon’k_' 

plays any useful role ‘in’ eonnectlon w1th that model We found

&thet; if Model I is true, then'

sz" mﬁyx » |

,'It foilows9 trivially,'ﬂhat_a‘partiel5dorrelation With the‘
 eumeratorf:Zx’?Jozypyx~must be zero; Pz e 1s such a Dar#lal‘
correlation. We might therefore, treet an estlmate °f(°zx y‘as i
a test statlstlc for Model I. As we suggest in s later chanterg '

.hOWFVer, there is a general prOcedure for formlng test statmstlcs.;e'

'ff‘in th1s klnd of sltuat10n~»one whlch is preferable to comnutlng

;e the partlal correlatlon.
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Now, suppose that in studylng a set of data with Model I

in mind it occurred to an inVestigator to estimate the partial

T »_ correlatlon e, 2y . % 4 -¢~not for any clearly defined purpose, but

simply because it. is é. "good idea" to look at the partlal corre~
: latlons when one is working with~ 3 or more var:&.ablese We know

that, by defin ition,

fozy zxpyx
sz x 1/’ wf- :
1- sz L Pyx ,
If Model Iis true,‘ we have seen that sz = 'z‘yp.yx S0 We méy '

substitute that value into. the foregoing formula to see what

sz X woulcl be under thls model:
| sz* nyx

sz,x "
N ‘yl - szv Pyx

Now, 1f all the correlatlons are less than unity, we must have
,‘(Ozx{szy and also sz<Pyx STt follows ‘that the f’raction on the
o rlght hand 51de is less. than unlty, s0 that '

Isz xt( lpzy\
or, if PZ “is pos:.tlve,
: fzy x‘<(°z5g , .
Now, it is not alway’s clear what one does after "partlallng
:but it seems llkely that the inVestigator who goes so far as to ;
"ybesi,:nmate(o @x will not 1eaVe the result unreported Mo st 111{911.;5{»1

he will announce some‘thing 111{e, "The relatlonshlp between 2 and._

y 1s reduced whén X 15 held constant 'and perhaos off’er reasons'_;i'A
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<%hy this’might'happén; But; if Model i is true, this result is
: a‘rtii‘aétualo and thé-investigator‘s repoft is‘erronequs?
| Mg@@&‘ partial correlations may nét be merely~superfluou5
‘(as Wwas true forlozx y “in this case), but even downright mis-
“leading, Unless they h_a\;re a clear and definite role in a model‘
(as for Model II or I1'), don 't cdmpute9 report, or interprat |
them in your research, ‘ R

(We might note;_anticiﬁating_a,resuit obtained for Model

~III, below, that if the investigator had computed, not the

partial correlation P 4 but the correépbndihg partial pregres-  "'“ '

sion coefflclent, the outcome would not be misleadingu For the :

value of that regression coefflclent is 1

Czy ‘"szpyxw

2
" Pyx

0T, upon substituting szgy for Pz# on the assumptlon that
- Model I Js t:z'ue,. B v i
Cay ~ szP‘gyx , T

) £ =‘PZy ‘::_‘pzy .

That 1s, the partlal regr9551on coeff1c1ent 1s the same as the

path coefflclent as it should be for thls klnd of model and
the numerical result is 1ntellxg1ble in ‘terms of uhe model ‘while
-~ the one for the partlal correlatlon is mlsleadlng )

We contlnue to explore the 00851b111ties for models reore~ .

qen*inw causal relatlonshlps among 3 vavlables. We cons lder next'ff‘

'”Aa model in whlcb one Varlable has the" other two as causes.a

'T;,It takes ongv one equatlon to wrlte thls model Sihdéﬂthél 




. Pxy

‘ equation has two vafiebles that are'causally prioroto z, wWe

specify that- both are uncorrelated w1th the dlsturbance term:.

' :Pyv .va =;O. The model as such says nothlng about the corre-

lation of y and. x. In the absence of deflnlte 1nformat10n to theJ

ikgvcontrary,we would do best to assume that thls correlation may

"not be zero. Hence, the path'diagram will‘be drawn. as

. B e ,
N .
\\\f\\\5¥ék//~ '1 Model,III

'oji‘In previous literature it was the practice to make the contrary

:e assumptioo and thus,to_oon51der Mo del III', as below, with

x o S DR
: R S

~ Model III' has the ostensible advantage that one can tes't and

 :j;p0SSibly rejeot it The- "test" would consist merely in ‘ascer-

tainlng whether % set of sample data are consistent w1th the

‘hypothesis, O But,this "test“ does not get at the ggg5a1~ B
ny E N i N . i

'“"iiepropertles of the model in any way. Indeed, one should thlnk of

¢7?;be qulte famlliar) We flnd -

.'the value of‘o as belng entirely exogenous in this model The

'model might well hold good in dlfferent oopulatlons ‘with Varyingi

%

VValues (not excludlng zero) of £y gy Ve will have to work~harderu §_,£oj

3

ﬂfeﬁto get a eogent test of Model III

Let ‘us multlply through the equatlon of Model III by each

m?f‘Of the causal variables, take expeotations, and express the

5 8

ﬂff;result in terms of Correlatlons (by now. thls technlque should

1

,Fv
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zxpxy (from Model III)i
Cxz = zypxy Pux’ '

" This set of equations may be looked at from two viewpolnts.

H

_ £

'IygelFirst it shows how the correlations 1nVOlv1ng the dependent

“f‘-Varlable are generated by the path coefficlents and the exogenous

.‘.f‘carrelation, pxy.,Second if we know. the values of the three cor-

'l:relations in a population to whlch Model I1I applies, we may

'*jisolve these equations uniquelv for the path coefficlents‘

o sz— fxy

Poy T | 3

‘ l.= Pxy |

S PoyPxy.

Pox = :
ny

We note that any conceivable set of three correlatlons

:'.(i e., correlatlons meeting the oondltlon on the determinant on ;"‘e

-wfp. 2 @) are consistent w1th the truth of Model III (It may

happen, 1ncidentally, that a path coefflcient w1ll haVe a Value ”;if”f

‘>?lgreater than unity or less than -l 0., for thls coefficlent 15

ilnot constralned in the same way that a correlatlon ise) Thus to s

v‘"illcall Model III into question——other than by questionlng the -

'*;eeplauslblllty of estlmated values of the path coefflcle“ts°‘~

"1ﬁj{with confldenoe )

5'really requlres one to pit it against eome alternat1va model

,‘:supported by equally strong or stronger theoretlcal con51dera_‘ef;ﬁx,,

,,_tions'vsuch Lhatilf the- new model is true Model III is necessard;ihifi
.‘ily faulty, (We have not yet developed a broad enough graso of
the pOS"lbllltles to exemplify thls strategy here, buu upon comwlff::”

llpletlng your study ef this book, you should be able to employ 1ﬁ:i;if 




g ’
4 .

We have'now sﬁrfeyed the who le field of possibilities for

the class of 3»variable models 1nVolv1ng Just 2 oausal Uaths~and
'no'"feedback" or "reciprooal" relationships. Other models of the f"
fii klnds already studled can be developed howeVer, merely by 1nter~:‘l
1f;:lchang1ng the p051tions of the Varlables in Model I, II, or III
-It is instructiVe to studv the entlre set of models that can be
formulated in this way.
In the dlagrams in the aocompanylng figure, the dlsturbances
5 are not given letter names (as they would be in the algebraic v

representation of these models), but are symbolized by the

the disturbances are the same, 1n form, as those already stated -
for Models I, II, and III. i o
. (E;eﬁgisg Deere the condltlons wrltten below Models IB
Ic IIB, and IIC For each of Models IIIB and IIIC derJ.Ve a
palr of equatlons expressing correlatlons in terms of path
”‘:ecoeff101ents ) ; N ‘ |
l With ‘the aid of thls flgure, 1t is. worth ponderlng the
,.5; t problem of "causal inference.‘ Supoose that one does not know
| which Var1ables’cause which other Varlables, but does khow the e
. Values of the correlatlons among the 3 varleblesbln some popu~ a

p lation. Imaglne that these correlatlons satisfv the conditlen

.g1Ven for Model IA ( = ,’Should one report hls "y~
sz xypyz ,

;fﬁ:arrows that orlglnate out51de the dlagram. The soecificatlons on

~‘fcovery" that 2 erends on y and y in turn depends on x? No, for =

y-

thls same oondltlon is also consistent with Model IIB where theflf

i causal relationsh1p is qulte dlfferent

You should immedlately leap to the conclusion that one canfg
LT A s
;iijg: ngdgx infer the causal orderlng of 2 or more Varlables knowlng j”:_v
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‘sonly the values of the correlatlons (or even the partlal corre-

\‘.;lations!)

We @an reasen in ‘bhe othe? direction. however. Knowing
'}the ¢ausal orderlng, or, more preclsely, the causal. model
’linking the variables, we(can’sometimes infer something‘abeuf
, tﬁe correlations.-Or; aSsuming a model for sake of argument, we
can‘express its properties'in terms of correlations and (some~ .
times) find one or more COndltions that must hold if the model
‘is true but that are potentially. subject to refutatlon by emplri—
cal evidence. Thus any one of Models IA, IB, IC, IIA, IIB, IIC
‘fcan be rejected on the basis of reliesle estimates of the three
'geedrfelations, if their estimated values do not come close to
setisfying the condition noted in'the‘figure,_Failure to reject
a model, howeves, does not require one'to ascept it, for the

&reason, already neted that some other model(s) will always be o

ws,con51stent w1th the same set of data.

We turn more briefly to 3-Variab1e models with one causal
: arrow connecting each pair of varlables in one dlrectlon or theﬁ: 
 other, - | | |

There are actually only two klnds of model One is the re~

e;ecursiVe model of the form

L N
N
<

'f; in which each Varlable deoends on all "prlor" or "predetermlned"

varlablesa (E&ﬁl&,ﬁg Enumerate the 6 p0551ble models of thls



\_/)

it iR it A e L RPN ey

2.18

";general'form. interchanging Variables ) The 3-variable recursive7 “

model is included w1th1n the # Varlable recurslve model treated

lein the next chaptsr. so We shall not investigste it further hsre.”

The seCond is the nonrecur51Ve form, of which there are

"only these two instanceso One mlght be. tempted to diagranm them as -

X e yz/ : - J L e

2 '

\"j'Bﬁtvthese sre not 1ogicaliy possible models, for'a:feasen thst

s probably not clear now but Whlch will become s0 in studying

the chapters on,nonrecursive models. We could render ‘a model of

sfthis kind free of logieal‘seif—eontradlctlon by‘showing‘all.three

"~ disturbances as intercorrelated, as, for example, . .

n;1eBut this model, though loglcally posslble,'ls hopeless in another;;
‘dlrectloh being "underldentlfled"‘(we'll explaln what that means 

at a later polnt)

In. sum, We've'learned about all we can from the soecialjf"

‘case of 3 Variables. We move on to more complex examples of ,]ﬂm“* .
»models——ones chosen to exempllfy general orepertles of flrst

recur51ve and then, nonrecur51Ve models.,AV;{j
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3.
RECURSIVE MODELS

A model is said to be recursive if all the causal

linkages run "one way." No two variables are reciprocally

“related in such a way that each affects and depends on the

other, directly or indirectly. No variable "feeds back" upon

“itself difectly or through any indirect concatenation of -

causal linkages, however circuitous. However, recursive models

do cover the case in which the "same" variable occurs at two

distlnct p01nts in time, for, in that event, we would .regard

the two measurements as defining two different variables, For

example, a dynamic model like the following,

«

T =X 43

\

A

where t and t+l are two points in time, is recursive (even

though "x" apoears to feed back upon itself) The 'definition

bly contemporaneous dependent,Variables where none of them has

a direct or indirect causal linkage to any 6ther. This situa-

‘tion is 1llustrated by Models II and II' in Chapter 2.

~ -also subsumes the case in which there are two or more ostensi-

(assuming thatto | in Model II' does not 1mpllcitly arlsa fromftfv

“to consider whether or fot to specify p . = 0.

"elther a path y—__éz or a path z———%y) Tn thls case,vwe have

With the exceptlon of thls last kind of 31tuatlon»—wh1che1'7

- offers no dlfflculty in principle, though 1t requires careful -




?f:fhandling in practice——we can state that all the Qgheggggg

“5x§;$gbl_§ in a recurslve model (those whose causes are ex-

E v"‘,plici‘bly represented in the modgl) are arrayed in an unam'big=

'1uous causal orderlng,‘Moreover, all gXogenous variables (those

whose causes are'not explicitly represented in the model) are,

as a sat, causally prior to all the dependent variables. There

is. howevar. no caus al ordering of the exogenous Variables (1t
‘there are tWO or more) with respect to each ot.here (In some
  other modpl, of course, these varlables mlght be treated as
  dependent>variables.)

It'siﬁplifies matters greétly and fesﬁlts in'a more
powerful model if we can assume there ‘is only one exégenous

 var1ab1e (but this may not always be a reasonable assumptlon)

" We w1ll con51der models of thls kind flrst and then see what

‘f'modlflcatlons are entalled if we have to assume the contrary
All our exposition of recursive models will rest on
iilusﬁrations in whiph there are just fouf»variables, Through-
EEOut this bookAWeérely on”relatiVély simple examples, and it is

expécted that the reader will come to see how the principles

 ;}“pef£ainihg tg’these examples can be generallzed to other models., "‘ 

. There is some rlsk in this orocedure, but it is hopefully out-

'n:welghed by the advantages of maklng ‘the discussion both con -~

'crete and compact--vmrtues dlfflcult to attain 1f all prlnciplesfg? ;

‘and theorems must be stated in_a perfectlv general form°
~W1th four variablesy‘one of them axogenous, the causal
»iforderlng w1ll 1nVole a unlque arrangement Any one of the four
':mlght be” the exogenous Varlableﬂ any of the remalnlng three:,

o mlght be the flrst dependent Varlable, and elther ofrther
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‘T; r§méining two might fol;ow it. Hehce,ithefe'aré 4»362@l’= 24
 possible caﬁsai orderings of four variables, To build a
recursive model meansvthat we must éhoosé one and only one of'ﬂ'
’n:these 24 aé the "true" ordering. That choice, it should be
cléar ffom’fhe'discussion in the previous chapter, cannqt Be
based on thé correlations amohg thé variables, because ggx
~correlation matrix will be consistent with any céusal ordering

~one may propose, The information in regard to causal ordering

'1iiis.ilogiCally, a priori. Such information is derived ffom

" theory, broadly construed, and no amount of study of the formal |

y 0 following:

properties of médels.can teach‘one how to come up‘with.a true

ltheory, Wé‘éan,.hoﬁever, prescribe the task of theory-«to’

' pro§ide a causal ordering of the variableé,’Anothér-way to p@t'
. it is that the theory must tell us that at least 6 of the 12
possible dauéal linkagés among % variables are not present,iand
'1£he33.missing lihks, morQQVef, must fall.into a triaﬁéular'
pattérn; For; if 4 vafiables ére put into a cahsal order and
~ then nuﬁbered“inésequence; Wwe will haVe é patiérn like’the 3

¥

Caused by:_

Effect _*1___ %2 Xq X,
N (Xl) ‘ % ° e; . 0 - . O : 0
Xo K; e Y ’0
XB XX ;uu @
XL" X ’ . | X X o w &

It is immaterial whether one or more of the crosses is replaced . -

’by a'noughtbeut?all ﬁheﬁncaghts must begpféseht, to stand for

e thé~a$éumptién‘th£t X, doés;ggi'cause'X1 (though Xy may’cauée’

ﬂ;xé),:and_éd bnn-Iﬁvone:enters 6 noughts in such a matrix
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vd(ignoring diagonal cellS):before‘the vsriebles.are numbered,’itx
dp’mey or may not be nossible'tovtriangulate‘the matrix, If it:is}
S then the matrix defines a recursive oausal ordering, If not, |
llone or more nonrecur31ve relationships is present Thus, the |
1lindispensable contribution of theory is to put»noughts into the‘
; matrix; It is an odd way to put it, but-the deoisive criterion
~of the utility of a theory is that it can tell us deflnitely.
5what ‘causal relationships do not obtain, not that it can:suggest'l
'i(hoWeVer evocatively) what relationships may well be present.
-d(This remark w1ll seem even more poignant when,lin a later
,bchapter, we discuss the problem of identiflcatlon for a non-

- recursive model )

There is Stlll another way to descrlbe a recur51Ve model

>We may say that all exogenous Varlables in. the model are.
"n?guedege‘mined with respect to all dependent variables° Woreover.
each dependent Variable ls predetermined with resoect to any
lother dependent Variable that occurs 1ater in a causel orderlng.
"lWe shall always assume: that all exogenous Variables are uncorre—,“
“'*lated with the disturbances in all equations of the model (If
“one cannot ‘assume this. the remedy is to bulld a better model )
'iMoreoVer, we shall 51milarly assume that the oredetermined vari~‘l;f*
:7 ables occurringlin any equation are uncorrelated With the dis—‘

'turbance of that equation._(This does 1eave open the 90551bility,eff

noted aboVe, that of two decendent Varlablss in ‘a recnr51Ve model

f,neither is unambiguously predetermined w1th reSOect to the other.ned;

:».dwhilo the: disturbances of their equatlonsrare correlated ,as-is‘7'dﬁ
the case for Model II’ 1nvtbe prevlous chaoter ) Again, this~l

. assumption has to be eValneted on its theoretlcal or substantive

'”,merits and if it must be feulbed the recourse 1s to propose a




=0

’;j_;ﬁsfi~ l  The k- variable m°del ’elready descrlbed by a matrix ef
! ﬁ' erosses and noughts, is more expllcitly represented by bhis set
’ ;_ of equations e | | - ’ -
(%] exogenous)
Xp = Paa¥p ¥ PpuXy |
= byt * o ¢ ey
: "‘4‘9433’*9422*%11*94
lfl or by the" path diagram

We continue to %ssume that E(x ) =0 and‘E(xﬁ)lz,l,‘h = 1,2,3,4;

u,v,w (the Variables are in standard form). Hence, E(xhk.)v=,oh3;‘

’»;;lthe correlatlon (in the populatlon) between xh and xJ The speei-

b‘flcatlons on the dlsturbance terms are (a ) the exogenous Varlable 
is uncorrelated w1th the dlsturbances | | i

E(x Xy ) = E(x X, ) = E(x X, ) =0

S A ’ . L

”ffend (b) disturbances are also uncorrelated w1th ‘any other‘predetere
i mlned variables in ‘an equation "
E(xzx ) E(xzx ) F(x X.. ) | |
A standard manlpulatlon is to ”multlnly through" one equa~fl
,tion of the model by a varlable in the model take expected Values,’
and expre s in terme of path coeff1c10nts (the p' s) and correla—
Lfitlons (p's ) Followmng this Drocedure w1th the xz—equatlon, making
'ieeuSe of (a) and (b), we deduce that the dlsuurbanca 1n each equa—;3:

']“tlon lu uncorrelatod with the dlsturbance in’ anY other equatlon'& ‘

7ffor example,i



so that p . =0 simllarly,

er

,  ‘3;6 |
E(x ) p21E(x Xy ) + Poy E(x 3 )

Puw va = 0. But note that the dis-

v‘f turBance in each equatlon has a non -zero correlation with the
dependent Variable in that equatlon and (in general) with the de- "
‘pendent Varlablé in each “later" equatlonﬁ To take another exan-

ipleg,»if we multiply_through the.equatlon for x3 by'x2, we,obtalh L

E(Xz 3) = szE(x ) + p}lE(xl 2) + vaE(xz

Pza Py p31912

. (Singe E(xzb ;glvandrb(xzxv)‘:yd), Prdceeding sysiémafidally,’wa

’»ﬁobtain

P12 7921_1 :’  "“;f. (rrdm:fhg‘xéQeq@atiqn)

Pag ¥ PasPyo L e e
31 ; 32z : \(from the.x3~equation)»
31712 32 :

Pa3
P23
P14 = Py tPye1p * Py3P 13 S .
qulf‘pﬁiplzy+ p42 +'943p23 j,(fromthe x&~equati¢h)

P3h T PyiP13 * PuzPay * Py

- We may study. thisfset'of "normal équatibné"'in two ways:

'/,I gglzg for., tha p! s in termg oﬁ thg4Q“§
: We ubtaln, for the flrst equatlon of the model |
Plz
'13‘ for the second equatlonp ‘
Py T (P13'“ pLZPPB)/(l - @12)
Py = (st»“ 912P13>/(1 "Plz)
- and for tho thlrd equatlon,‘
T @14 P12 P13
A O s
Puy = Tp7{Pau b P23
O3y Py 1
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: TN LR JR S S
Pz = TpT |Pi2 Pau P2y
l 'lf'llplj PB%@-; ;
P ez Pu
SRR R R

Cm3 = Th P12 2 - Paw
LT Plj P23~p3u‘

o P12 Py

where D = |o,, -1 P23

'Plj Pz3

Thus, if we knew thé correlations we cosld solve for ‘the coeffici«
k'lents of the model In practlce, ‘we have only estlmates (from a
sample) of the éorrelatlons. If these estlmates are, 1nserted 1ntq
lthe foregoing formulas (1n place of the population correlatlons),
the formulas w1ll yleld estlmates of the p! s,,These are, ‘in faét
‘the same estlmates thaL one obtains from the OLS (ordlnary least_l'f’
}~§squares) regresslqn of, | B o |
»x3 on xé’sndfxl
“ x), on xB,E 7x and Xxq.
'Lvif the varlables are in standard form°v5

'?fg 'II §leg_£gnnghgﬁg bs.in terms oﬁ the o's o

‘This may be done” qulte 51mply,‘mak1ng ssbstitutlons in the l?;
’“lf"normal equatloqse"‘We obtaln | : v 2
P12

P 932921."
P23 P3P
73}!;P;4f“ Pulg,:puz 21 ¥ pu3(93i + p32921)
' PQ& 5 ?&éi ;943 32 * PyiPay * p43931 21

9‘34.'-*--‘Pug‘;*_paz(%z + 931921) - Pul(Pal + pBZPZl)
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 These'exbressions‘are instkuctife ih‘that theyfshow‘how the medel'

’1 1e'genePates the (observable) correlatlons, It is worthwhile to study  [1
"them w1th some caree - s

—Tf'(l) We 5ee that the entirety of the correlation between Xl eﬁd“ﬁé

L fis generated by the direct effect le ' | | | | o

TS

=y X >

3

‘”_(2) The correlatlon between Xy and’ x3 1s generated by two dlstlnct

..paths, S0 that 913 equals the direct effect 931. -i. _f/

:(3) Tle 31tuatlon is dlfferent 1n regard to xz and x3, for here've fjf
V*Bivj'.have the total correlatlon (p23) generated as the sum of the direct.f

'fj;ffﬂ;effect, l32e:e,

ﬂ_;gﬁ correlatlon due to a common cause, p31 21




L s
-ﬁ?T;-» (U) Thé'corfelaﬁion between xl and X, is generated by b distinct ,;,

ausal llnks. Plh equals the dlrect effect phl e

2 .Puz?21°

gl

(5) Both an 1nd1rect effect and correlatlon due to common causesf:f;f

e

‘ ._are 1nVOlved in generatlnc the correlatlon between xz and x4f V

PZQ equqls the dlrect effect pqz

SRRy
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~glg§ corrélation.due‘to‘xl opérating aS«ATOdmmon”Canse. directly,

Pyy1Pa1

. . FER
‘,and indireetly (via Xq 7, PQBPBlelb

M\

uh;43w

(6) There are no indirect effects in the model oroduclng correla-7'vf

“tion between x3 and x4, but there are 2’common causeso Hence,‘034_

jequals the dlrect effect, p43

blus éorre}aiioﬁ dué’tdVCOmmon°causeS{fWOrkingfdiréétly;_p&zp32.~’;  

SR

 or indirectly, p




~and py3PsaPy

3411

X

73

'7In‘a11.6 of these cases, the correlatlon may be read off the oath

"diagram using Wright's Eﬂﬁ multiplication rule: To find the cor-

relgtioniﬁétwaen xh and\xJ 'whefe xJ éppeérs'“later"'in'the modelé

begin at xJ and read bggg to. kh along each dlstlnct dlrpct and :

" indirect (compound) path, formlng the product of the coeff1c1ents
" along that path After readlng back, read fgrward (1f necessary),,:j
but only ohe reVersal fron back to forward is oermltted .Sum thé

: oroductq obtalned for all the 11nkages between Aj and Xh°

We con51der next a modlflcatlon of the. model Suppose'bbthw Lot

‘-xi and X, are axogenous, that 15, the model cannot explaln how uhey”

are generated ulnce we don't kriow anythlng about thls, we' cannot

mékeVany strohg assumptien»about~thelr correlat;onOVHence,-we shali_

u-j,have,to-SUPPOSe;\in generalg_thatapiéu¥'0;;Thé ﬁode1;now has but

o 2 equ tlons,

X3 = § 32xz + P31 i + p3v v

Xy = p43 5 F Py2* 5 *41 1+ puw S

fDlsturbanceo arie uncorrelated w1th predetermlned (lncludlng ekovéﬁ§ 
’ :.0us) vgr ables° Hence, Plv = le ‘ PZV QZN S Py =‘0, “and, as:élmw
7ucopsgquence, va = 0 Normal equat¢ons are obtalned>as before,v.S
'  £axcept of courseg that there 1s no normal equatlon w1th‘012 on .
 tho Taf t hand sgdau Alro,‘exeepu for 1nn cht thdt no p21 occufﬁ?”
‘ ;,1 the ﬂodel the solutlon for the p s is thé same ‘as before and, Hf

‘fhas thp same 1nteroretaulong =

In studv1ng tho nodel from standboint II (solutlon fﬁf P s
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in terms of p's), however, We must racon51der the situatlon.

,"Algébraic ﬁubstitutlons yield

- P13 T 931'*v932P12

‘P23 = Pyp * P31P1n

Piy = Pyp + Py3P3q + <p1+.2 * Pu3Pyplens
Pay = Pup * Pygpg, * (pyp + Pu3P31 P12

Pau = Pyy ¥ PuaP3z T Py1Pyy * “’42"31 MRIERSTR P
. We cannot ellmlnate PlZ from the right- hand side of these equa—‘
‘tions, since the model cannot (by deflnitlon) tell us anythlng
about how that correlatlon is generated Moreover, the presenca
} 3 }bof thls correlatlon mean s that the remainlng correlatlons are genn
eréted in a somewhat amblguous waya Con51der the correlation be-

tween xl and x3 We have a dlrect effect The other term,

P31° -
: pBZPlZ” con51sts of the product of the direct effect of x2 on x3 ’:
and the correlatlon of x1 and xzc It represents a QOntrlbut;on |
to 13 by virtue of the fact that another cause of XB (namely xz) ; 
‘15 correlated (to the extent of Pl?) with the calse we are exam- :
‘L,inlng at the moment (namely xl), As in Chapter 2 (see Models II‘
.  and III) we use a curved “double- headed arrow to refer to a cor-
”g’relatlon that cannot be analyzed in terms of causal components‘

'51w1thmn Thls model Hence the way to 1ook at th1s Sltuatlon is

Wthat @lj‘equalo the dlrect effecﬁ p31

gigg aarrelaticn due to acrrclatlon w1th another cause,,pBZPl2

U
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Similarlyo we may break down p23 inte the_componénts; digéct

o effect p32

The same kind of reaqonlng interprets the. remalnlng corre-

latlons. For 914 we obtain the direct effect, p#l"

o &
e

blusg correlatlon due to the correlatlon of xl'With anothér cause:

“eﬁ(xz),vworking both dlrectly, Puob iz




{_@J*"ei<'f;,;ei“ ';4_,g;'ﬁ

i o

soag

\"We deéomPOSe poy into the direct”effect,,phz '” 

‘ C

| T i i e
plug correlation .due to the corrélation,of‘XZMWith'an?ther gaige
(Xi)o’working both directly, 941912'

. o o » % /
, o - ?ﬁ$3
and indirectly, p43931912

i As in the prev10us Ver51on of the model p34 1nvolves no 1nd1rect

effecte; but the correlatlon generated by the common causes (x

V dhd Xy ) 1nV01V6u both the dlrect eifects of those causes and the,hﬁ‘7
'correlatlon dUe to the fact that they are correlated w1th eachf"»

:~‘othere H ence, PB“ equals the dlrect effect p43

Q«gg correlatlon due tc xz as a common caueo,;p42p32f,g”f




e
> AR DR

‘w%;*:3 _ (
Qlﬂﬁ correlatlon due to the correlatlon of x; with another common -

f°aF5?‘(*2)"p42931P12 |

. and correlation due to the eorrelatieﬁfoffiz With;anetherfcommeh

cause (x), Py1P32P12

3
g_For some purposes, one miz;t be content to aggregate the last

fefour components, S0 as to descrlbe the correlatlon 934 a’s belng‘
lfgenerated by the dlrect effect (p43) end the correlatlon due to
lethe 1nfluenoe of the two‘common causee, xi and x2, en xziand xq,fff:‘

To br1ng thls dlscu551on w1th1n the scope of Sewall erght's;v‘

'fmultlpllcatlon rule, we. stlpulate that the cuPVed double headed

*}'arrow 1s read elther back or. forward

lt'ls, of course, an . undeSLrable nrooerty of thls modlfled

‘;*model that we cénnot clearly dlsentangle the effects of 1ts twofViiif

' 'ffexogenous Varlables.iBut our theory may s1mply be unable togb811L> 

‘*f.fus nhether xl~causes xz xo causes xl,‘each 1nfluences the other,p_g
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e/

both are effects of one or more common or correlated causes, or

‘some combination of these situations holds trus. In that event,

we cannot know for sQre whether a change initiated in (say) Xy

"will have indirect effects via xz or not, since we donft know

whether X, depends on x1$ Tt follows that we cannot, with this
model, estimate the total effect (defined as irect effect +

indirect effect) of X on, say, X. There may or may not be an

‘,> indirect causal linkage from x:L through X, to Xy But since we

don't know anythlng about this, we cannot include any ﬁuch

: indirect effect in our estimate of total'effectc

It should be noted, in,both‘forms of the model, that the
zero -order correlatioh between two variables often i1s not the

correct measure of total effect of one variable on the other,

- since that correlation wmay include components other than direct

: and ihdifect effects.

In a further modification of the 4-variable model, we

 suppose that x,, %X,, and x, all are exogenous. This gives rise
o : 1 2 : 3% , 7 -

to the degénerate case of a single-equation model:

LRy T Pyg¥y T Pup¥p t Pyt Py

“‘The disturbance 15 uncorrelated with the exogenous variables.,

There are three narmal equations:

Py T Puyt 942?12 E PuaP 13
.

i

Poy p41F12 T

3y :‘p@1?13 Puofag * Puyj

As before, if sgmple correlations ars inserted into these equations,

the solution for the p's yields least-squares estimates of the

~ None of the correlations on the right-hand side of the normal



“equations can be expressed in terms of path coefficients, There-

7»fore, we cannot.separate indirect effects from correlation due to

W

~ common or correlated causes. Thus, the only decomposition we can

“provide is the following: »
' " Correlation due

S varhsole soxralstion = effect o x, T to common and/or
L m o eny o Ppr o PugPiz T oPagPig
i _‘xz ey | Puy PLiPiz * Pu3P23
B CPu3 Pyuipaz o PusPas

The path diagram for this single-equation model is shown

o balow:

>.: o v , | ‘ i ‘,

: 3 | |

: Correlations between exogenous variables are represented by
chrved, double}headed arrows. The normal equations can be_written
~using Sewall Wright’s rule, The curved arrow can be read either

" forward or back, but only ohe curved arrow‘can,be included in a

: 7giveh'trajéctorﬁ° Thus, to find gy, (fdr‘exampie)s we read Py

RN AR

- Rlus puoeqn
RLUs Py4Pq 4 s
o : g X
";\?ﬁ{’\ lwwmg L{ff
iy e
2 T T
— %fk' e
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~The singlemequétion model correctly represents the direct

effects qf the exogenous varlables. But, since the caugal

structure of relationships among the exogenous Variables'is

unknown, this model cannot tell us anything about how the

indirect effécts (or total affects) are generated° In this

respect; it is even less satisfactory than the two~equation

mbdela

A magor goﬂl of theczryn therefore, should be to supply
a model which will make some of the. exegenous varlablcs en -

dogenous,

This discussion has illustrated a significant theorenm:

.‘The ‘direct effects of prpdeternined varlables in one eguation
of a model on the dependent Varlable of that equat;on are the'

same, 1rrespectiva»of the-causal relationships holding among;> '

the predetermined variables., Thus, returning to the complete

model~discussedéat‘the ‘beginning, the values of Dai, pua; and :; -

p43 in the thlvd equatlon do not debend oh whether Xy nauses

Xl or vice. versa in the first equatlcn or on whether kl, xz,

“or XB is the dependent varlabie in the second equatlon°

Ehus far we have only cons“dered models in which all

dlrect paths allowed by the causal orderlng are in fact

'present in the medel We must now comsader procedures
suited to recur<1Ve moﬂo]q in which one or more such paths

are (or may be) mlsclng These. procaaure& have to do w1ubg

the a1>t1no+ Cthouvh reluynd)fproblems of estimation and

: tﬁﬁtlﬂga We discuss them in that order. K
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WG hava seen that in the fully recursive model with direct

’pathq from éach ”earlier" Variable to each "later" variable, the
‘path coefficients may be estlmated by OLS regression’, Suppose9
howevcrg that our model, while recursive,-expllcltly 59301fies

- that ohe or more coefficients are zero, To take a conciete exam- -

ple, consider this path diagranm

. The equations of the model are
{x, exogenous)

PayFy T Py

3 T Pgp¥p toPgyEy o oPa X

N
Y,
Re

. oo p43x3;+ p@lxl;+ Pua®y o e
The only change from the model on p. 3-5 is that Pyp = 9.
de continue to a;sume thau all varlables (1nclud1ng dlsturbances)_

are in standard formg In each equatlon of the model the‘disturbandé

H

ib unocorrelated w1th the predetermined variables, Moreover, in view

of the recursive, form of the model, the disturbance in each equa-

o

ton 1s uncorrelated wicd Dredetermiﬂed variables in alli"earlier"’?f
squaticns, The force of thio specification, w1th soecial reference'

ia the DW@SHﬂt eyamole, is thatga?w'x‘ﬂo even though xz,does not

1‘ ‘ BN
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 ‘1appear‘(axp1icitly) in the'xuneQuationg’We have, then, the follow=-

ing spesification on the disturbances: Py = plv :iolw =Py =

..P I @3w ()N As a consequenee of thl& specification» we find

that 1% is also true that Puv = Puw = Pyy = 0« (To maintain an

explicit distinction between population and sample, we -

‘designafa ce:rélatioas in the po pulation byfj's and correlations

tn a sample by rfs,.)

The normal equations for the x?;equation and the #3mequation

>

. are the same as before, and OLS estimates of their path coeffici-

ents are obtained by formﬁlas given in the earlier memo.
MultiplYing through the xuiequation_by each,predetermined

variable, we find

Piu = Puy * PusPij
Poy = PuiPiz * PuiP23
Py T puﬁpl3,+ Pug
Assuming the p%s are known, we have 3 equations in the 2 unknown
péth coéfficie&tsd Intmathematical‘terﬁs, the solution for the p's
is overdetermined, In the languagé‘of otructural equaulon models,v
the x& ~equation is gveridentified. In uhe event that an equatmon

in the model-i€ overidéntified we may deduce that one or more

gVerldent fying restrlﬂthns must hold irf th@ model is true,

  Herea‘wa>can asgerfann the QVerldentifylng ‘restriction . by wrltlng'

5

louc $3uh of the solutlon for the p's sbtalned upon solving a pair

(

" of the normal equatlonsovThera are 3 distinct solutions., If the

1

‘model holds, the values obtained in all three must be equal.

Thus,
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(1) | (11) = (114)

ﬁmi“!"l_aloja P14P23_“VP13P24 Cou = P24
pl&l hid l 2 = ‘ DdaiadE -~ i -
P13 P23 = P12P13 P12 - P13F23
Py “P13914 CPay ~P12Pan P13 T Pasfau
943 = 5 2 = =
" P13 P23 ~12P13 P12 "~ P14f23

where solution no. (i) makés’uée of the first and third normal

‘squations, no., (iw) is from the first and second normal equations,

and no; (114) is from the last two normal eqnationso If p(i) =

piii) it follows that

£ 24 "'F’13P:z_uf°?3 YE1013P34 - ‘*24?13 ~Po3P3k " PPy =0

'We note that this expression is Just the expansion of the

'determlnant at the %op of Pe Jw7y and that deteminant

mast be zero”lf_pah =, We reach the same conclusion from

o cany of the other ways of expressing tha overidentifying restric-

thﬂa. For sxample,nthe condition péB) = i%li) yields the same
expression whose value must be zero i1f the mcdel is true,

Now, the OVGrldentlfylng restrlction mnst hold in any
: Qggglg*lon in whﬁch the model;aoollesu But if we have only q@ﬂQLg
ﬁValues of the correlations we cannot exDeot it to hold exacily,
nor can we expecm,the tbree,solutloés for each path coefficlient
;tb bé exactly eq}lal° In ﬁhét evéntﬁ to estimats the path ooeffieiw
ents we must ehoése qne of the solutions, or pawhaésvsome average
of them. Since egch solution makes use of only 2 of the normal
'equatimns,.it/wo;ldvappear,that averaging the solutions would be

advisable, since we would then bs making use of all the sample

sorrelations rather than only some of them. This intuition, hQWGVVLL

'.jgggﬁxgggj it turés out that the preferred estimate is obtained upon
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inseriimg sample correlations into solution (i). It will be noted

that the estimates of Dul and Py3 obtained in this way are just

the OLS regression coefficients of xaygn Xq and'x3; The general
rule, then, is this: in a fully recursive mmde‘l-9 estimate the

coefficients in each equation by OLS regression of the dependent

variable on the predetermined variables included in that equation.

The basis for this rule is a proof that the sampling variance

of a ﬁ\estiméted by OLS is smaller than the variance of any other

'consxstent estimate of the same coefficient, even if such an esti-

mate appears to use more informatlon in the sense of combining
correlatlons involving the 1ncluded Variables w1th correlatlons
anQ¢v1ng the excluded predetermined Variable(s) Some of the
earller llteratura on . path analysis was in error on this point;

it was called to the attention of scciologlsts by A Sa Go¢dbargef_,
[1q] .

We now turn‘tb thefproblemfof testihgfkln the pre-

ceding example, we discussed estimation on the assumption

~thgt the model and; in*particﬁlar, the_quridentifying

restriction 6n thé model are khown.in advéncé'to be true. But the

1nvest1gator may not feel confldent of thls sneclficaulon Indeed,

_hn nay be uﬂdewtaklng a study oreelsely uO test that auQGCt of his

theory whlch says that a narulcular Go@fflclent should be zero.

7Much of the literaburn on causal modeis in thé 1960's~qparticﬁ~.“
~larly papers d1§cu551nglcr using the sowualled "Simon~B{alock'
.,'techﬁiquélmfoQUSsed éh:thistﬁéfy OQFSblﬁne Sometlmes the problem
ﬁas described a$ that1§f "m;kfhg &ausal Jnferences from correlaQT’
'ﬁ‘taeﬂal dataﬁq but that amb gﬁcur Dhrase seems to Dromlse far too_ﬁ

’ﬂuung In the leht of Quw precedlug dlscu551on,;1t wquld be»more '

E L P
e
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‘acecurate to descrlbe the oroblem as that of nggmg Qver-

;antifving‘reatrictiggiﬁl of a modelq

We first taks note of two plausible and congeptually correct
procedures for’méking such tests on recursive models., But, since
these procedures are not convenient from the standpoint of the

standard methods of statistical inference, we conclude with an

alternative recommendation.

'vCon@inaidg with the example already described, suppo se the

analyst computes estimates of the‘path:coefficients, pui'and 9439

' bV s0me methmd (not neéessaril?'thé~OLS estimates reCommended

above). If these estlmatesm~call them p#l and 943w~awe combzned

with sample norrelat:ons aecord1ng to the normal edquations, we naVe,
% o -
vy = By 943 13
= p + p r
24 41¥12 #3 °3
r* o +
34 T P@l 13 p43 ;
where rhj'is an;ebserVed sample correlation and ni}is the ”imollwd"

(“Dredwut a or "reoroduced") correlation that would be observed

.flf th@ Qverldentifvlng reotrlctlon(s) neld exactly in the sampls

Becauae of samollng error, 1molled and obserVed correlations r¢Ll

f ardinarlly not all be equal Thus, we have a set of dlscreoaﬂcless

o m

diy = Fyy - Ty

SN Dy
don = Toy = Toy

Gy T Fauit Ty |
1f the OLS method of estimation wers used, we would have dy) =

dj& = 0 but d 201 40, If some other method were used we wowld still

'ﬂkfmnd one or more d's dlfferlng from zero. However if ‘the model

holds true in hh@ pouulationg cany such diLfoGhG@(S) ahOUld ber

Msmall," i.e., no. 1ar ser than one mlght reasonabiy exnect as a

eonsequence QA'Kampllng‘e;rar,alonea
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It would seem plauSible to use the set of d's in a formal

‘statistical test against the null hypothesis which asserts the

tfuth of the ovéridantifyingkrestriction(s) of the model, How-
ever, this suggestlon would probably not be operational in some
cases and, in ény ovent, would be dominated by the standard test
procedure dsseribed later, in théveVBnt that that procedure is

available. We conelude that examination of implied correlations

is a conceptually correct method of assessing the valldity of

OVefidentifying::estriction(s)9 but is not an operatigéal method
fron the‘staqdpéint bf formal stétistical inference. Under somse
circumstances--though not in the case of the model used as an
example here--the method of implied correlations may be recom-~
mended cautiousiy as a heuristiec expedient, if an appropriaté
étandard statistical tést is not availlable. It may alsoc be of

use in the»initiallstage of‘specifying a model, where the investls
gator wlshes to:make'an informal tést of‘his ideas.

A»similaréappfaach to testing of overidentifying restric-

i

tions is the Simon-Blalock procedure. Consider any fully recur-

. H .
sive model in wﬁich one or more paths are taken to be missing,

3

i,e,, to have t@e value zero., It is then possible to deduce that

certain simple gnd/or‘partial correlations will be zero. Blalock

;. " ' s :
gll ‘has actually provided an exhaustive enumeration of the

i

4

The example

‘given here appears in Blalock's snumeration as "Model E," and we

o~

find that in this modelﬁﬁzn 13 = 0. The corresponding sample

artial corfelafi n (r.
p v : . ; ’O ( Zu’al?)

) should, therefore, be close to zero.
If it is not--if the difference from zero is too great to attrib-

ute to sampling error--we should be obliged to call into gquestion -
. : : | ' , , , ,

B
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the overidentiinng,réstfictiqn of this model, Blalock does not

“‘deVeloD formal procedufes of statistical inferencé for’this kind

of testg Againv we conclude that the proposed test is concaQtuley.'
valid and is useful to the invastlgator who wants to be sure he

understands the prooertles of his model, Once he has reached the

‘point of making his decislon for or agalnst the model on the basis

'iof a statlstical inference, howeverg the- research worker will do

well to'call upen standard procedures for statlstlcal inferencs,

. where theae ‘are aVailableo

In,dur_example, the issue as to theuspeéification of the

 model is ﬁhethe& p42-=4giorip&2‘% 0. In othérvw¢rds@ ﬁevmust’>

decide as between the competing spacifiéations of thé'xnwequationi
Xy ¥ Pug¥y t oPyqFy T OPXy
and - o '

Xy = p@sxz T Pup¥p opyyxy * Pl RN
We proceed on the latter sp801f1catlon and estimate by OLS the equamf

_tion which 1ncludes Puoe In the usual routlne for multlple regres-

sion we obtain as a by~ product of our ca]culatlons the quantmtles

‘ |
necessary to comoute the standard error= of our estlmated coeflei»_

-~ . ents (see, e, g,§ chapter on. mult1p13 regresslon in. Walker and Lev,'

e

,‘Qtéggggkgal Inferenca [}é} Where the procedures are desorlbed for e

standardized Varlables) We mqy then form the ratlo,

i

t o= 94213 B, (P’L!,Z)

and refer it to! the t- dlstrlbutlon wlth Tne aporooriate degrses of

.freedoma Qoughly soeaklng, 1f one is mlmg w1th a reasonably
'"large spmole, when !t1> 2, O we may conclude w1th no more thanv’

' 5 peroant rlsk of errgr that the bull hyoothesls is 1alseo In thls‘

event we wou?d reJec» hhe ov~V1dentAfy1ng restrlctlon of the model

: and preaumably;‘resaec1fv it tovlnclude a non -~zero value of ph°' 

i
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In the case of faﬁlure tc reject the null hypothesis-~1.e,,
if Lhe t-ratio is not statistlca]iy signlficantauthe situation is
_imtringically'ambiguous; Glaarlyg one is not obliged to acgent
the null hypethesis unless there is suffiecient a priori reason tn,_
‘do so. It could happen, for‘exampley that the true value of Plo
.is positive buﬁ small, so thatvcurAsamplé is just not large snough
i@'deteat the effect reliably@‘lf our thecry stfongly suggests,
this is the casbE we would do well to kesp 942 in the equation
desp% te the outcome of the test. In any event, it»is goqd practice
to publish'standard‘@rrors of all coeflfficients, so that'tﬁeireader
éf the research rebert may draw his own conclusion as well as hévev
some idea of tﬁe precision of tﬁe estimates of coefficients. A
good discussion of the issues raised by tests of this kind is
givén by Rao and Mll eTD(AQQLAQQ Eeoon {?5] their diga.

on 1s pres ented in the context of‘a Qingleuequatign model, but

£
;,J.

15

o
b

1)

2 carvxos GV@P to the problem of Tesbjng an overidentifying
restriction on any equation of a reeursive model,
This is ﬂot the place to. d@Valop the theory and bachnlques

of statistical 1nfnrnn 6. What has been said can be reduced to a
51mple rule; if O0LS regression is the aoovaprlate method of esti«
mation, the uheorv and technlques of statl stical inferenceg 28
pregsented in nhp literature on the multiple fegression model,
lﬁh@uld he dra qn‘upon when maiiﬁg tests of overidentifying re-

-

striciicons. Thls rule does not cover sll cases, as will become

<)

when wWe consider models for which QLS is not the appro-

]
[
e
TE
o
-
i
B
g
¥

Ty

~priate method of estimation,
.

ft iswital to keep the matter of tests of OVGrldentlfylng

restrictlons in persvective, Valusble as such . test may be, they



N’

QVSrldentlfylng

3

j,do not really béar upon what may be the mo st problemaulcal issue
in the specificatlon of a ‘recursive model i.e., the causal
ordering of theEVarlables. It is the gravest kind of fallacy to

'Vsuppose that, from a number of competlng models involving dif-

ferent causal orderings, one can select the true model by flnding: '

f: the one that comes closést‘tovSatisfying a particular test of

overidentifying;restrictions.,(Examples of such a gross nisunder-

  standing of the Simon-Blalock technique can be found, amongvother“"

piaces, in the polifical science literature of the mid~l960's.)'

: In fact, a test of the causal ordering qf‘Variables is beyond the

‘capaclty of any statlstlcal method. or, in the words of Fisher

V[B, p,'l9i], "5"1f ase we~choose a group of soclal phehomena

; ,:,with no antecédént-kn¢wiedge of ‘the éausation or absence of

‘causation ambng}them; then the calculation of correlation edeffici-'

ents, total or partial, will not advance us a step toward evaluat-

"3'ing:the«importancefof the causes at work.,"

Exg;gmggo ‘Show how to express all th correlations in terms

”of path coef;101ents in the model on D, 3- L9g using Sewall

'.erght's multlpllcatlon rule for reading a path diagram.

ELgxgigg. Change the model on p. 3 5 so that p43 is Specl_ .

: fied to be zeron Draw the rev1sed oath dlagram. Dbtaln an expres- :
'51on for the ovegldentlfylng restriction. Indlcate how one would

"estlmate the coeiflclents in the rev1ecd model, sup0051ng tne

restrletlon was not called berlously into questlon.v

3
I8
H

CoRL

o
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STRUCTURAL COEFFICIENTS 1IN RECURSIVE MODELS

In Chapter 3 a 4-variable recursive model was formu-
lated in terms‘of'stéhdardized variables. That procedure
has some advantages: (l)vcertain algebraic steps are simplified;
(2) Sewall Wright's rule for expressing correlatiohs in terms of
path coefficients can be applied without modification; (3) con-
tinuity is maintained with the earlier literature on path analysis
and causal ﬁodels in sociology; (&) it shows how an investigator
who se data are available only in the form of a correlation matrix
can, nevertheless, make use of a clearly specified model in inter-
preting those correlations. ‘

Despite these advantages (Seé also, S. Wright, "Path Coef-‘
ficients and Path Regressioﬁs," 'E?él), it would probably be salu;
tary if research workers relinquished the habit of’expressing
variables in standard form. The main reason for this recommenda-
tion 1is that standardization tgnas to obscqre the distinction
~between the stfﬁctural‘coefficients of the modelvand the several
v#riances and charianceé that describe the joint distribution of
the variables i@ a cértaih'popglation. |

Although it will involve some repetition of ideas, we will:
present the 4-variable model agaln, this time avoiding the sti§u~ﬂ
»iatign’that all variables have unit variance. The model is
| (xl exogenous) | |

+ U

Xy = Ppyxy
X3 = Pyp¥p * Pyy¥y TV
Xy, :qu3xs + by %, F byyxq * W

We continue to assume that all variables have zero expectation;
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unlike»standardization, this echieves a useful simplification
without significant 1oss‘of geeerality or confusion of issues,
-(Only in special cases, where "regression thfough the origin" is
involved, does this stipulation require modification.)

The specification onbtﬁe disturbances is that the dis;‘
_turbance in each equation has zero covariance w1th the predeter-
lmined variables in that equation and all "earller" equations.

‘The one strictly exagehous variable, X0 is predetermined in each
equation, In addition, X, 15 a predetermined variable in the Xoq=
"equaﬁion and the xu-equetion, while XB is a predetermined'variable:;
" in the xnnequation. Thus we specify E(xlu) = E(xlﬁ) = E(x;w)
E(x V) = E(x oW) = E(x w) = 0, We find, as a censequence of this ,,
peelficatlon. that it also is the case that E(uv) =‘E(uw) |
  eE(Vw) = 0, | |
| (We note for future reference that in both recursive aed non-
recursive models, the usual spe01f1cat10n is zero covariance of
predetermined Varlables 1n an equatlon with the disturbance of
-that equatlon. In the case of recursive models thls generally
implies zero covarlances among the dlsturbances of different equae
“tions, Thls does not, however, hold true for nonrecursive models ) ;

To deduce . propertles of the model from the soec1f1catlons

: ;regardlng 1ts functlonal form and its dlsturbances, we multlply

:through equatlons of the model by varlebles in the model and

take expectations, For convenlence, we denote the varlance E(xJ) ;ee

by @ JJ’ u51ng the double subscrlot in place of the exoonent of
k"the usual notatlon, qi"olmilarly, a coVarlance is denoted by
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‘The normal eqnations are'obtained by multiplying through
each equatlon by its predetermined variables:

= e (from the xz-equatlon)

© %12 T P2y

O g = Bgq0yp + bazflz

LT

(from the x,-equation)
+b 3
23 31 12 32 22 . ' : ‘

i

Ty T Py @ 11'+ 2%z * bu3 13
Ooy = §41¢12 + by ,05, + b43¢23 (from the xu—equation)

Tyy = PuyGyg * Bypdpy + Pysdsy

Clearly, it is possible to solve uniqualy'for the b's, which we

p- A8

“'shall term the structural coefficients, in terms of the population
variances end covariances. Tn oractice, of course, the latter are

‘unknowh. Hence, we can only astimate the structural coefflclents.'

k‘d‘If, in the normal equatlons, the ¢'s are replaced by sample

‘moments, the estimates obtalned are equlvalent to those of
”_»ordinary least ~-squares (0OLS) regression of x, onvxl x3 ‘on x2~andn'{

X1 and xu on XB,‘xz,,and X1 By samnle moments we mean the

'f_quantities'

= 2
"y = EZx. S
mhj = Z:x xj (h # j)

. dwhere“the sumMation is over all the obserVatlons in the sample

I

“-and each observatlpn on x,'is exoressed as a dev1at10n from the
T : : S J . :
~mean of Xy in the sample.

, Along with the preceding normal equations, wefwill find it

“'useful to obtaln exoressions for the varlanees of the dependent

:varlables by multlolylna tnrough each eduatlon of the model by 1ts;”?~
f dependent variable | v
"C;i ¢é2,= b21diz + @é LeE
G Ty 32 23 * b3153.0 LLE

Ty T Puys 34 ¥ bazﬁ”zué . bul"’l@ % ‘W o

s

4
£
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‘These may be simpligied slightly by noting that 6, = &, . 3y =

G}V, and Gﬁw dﬁw” which facts are deduced by multip ylngr rogg

each equation of the model by its disturbance.

If.is instructive to rewrite the eipressionsifor tha var--
iances and coVariances in the férm'giVeﬁvbelow (the 'algebra
involves only straightforward, though tedlous, substitutions'inb

' the equatlons already given) The Varlances may be written :

611 exogenous

2

T2 % 951937 * Sun

22 s

i ) S

| 33 T ATy * Bty t Ty S

e 2 o

Jln s : ,Ghb N A9611 + Aadh + b436§v4f'ﬁﬁw"
and. the covariances: o

L Oyp T by07g

Oyq = Ajoy,

923 = R39, +;b32€qu
Oy = Ay ol
Cou = A14»6011 + A5 uu

Ty T Agyy t ATy *vbajﬁkv-* ‘3”

whetre

=
i

SR + b32b21 i
o Ay mhyy bbb b43 1
-'»lj ”ff ':  A3 - b%i * b32b§1
‘77l"‘ n"f'f :A4';.b41 21 * PP gl ! bMBAB;
Ay = by, t 43 32

Ay = by, é + bBlAl |

7?f‘b“1A% * byphy * DQBAé

8 =1 (b42 + b&? 39)1 e
9 -,buz ? Pu2 4‘+ bulﬁz',v-xpf;“:”

e *“;-‘?:AOJ,_buzAg * qu 8
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‘f The_A’s have been introduéed merely to abbreviate the presentation:-
" "and have no particular interpretation in themselves, It 1s impor- '

- tant to note, however, that all the A's are nonlinear combinations

‘ .of the ;ﬁructural coefficients (the b's) and involve no other

. terms. Thus, we can draw an important conclusion. The variances

and covariances:are all functions of (at most) three kinds of

‘quantities: (1) the variance of ‘the exagenous Varlable, (2) the
“1Variance(s) of one or more disturbances; and (3) a nonlinear com-
" bination of structural coefflclents, The accompanying table makes -

this expllcit in each instance., The first component (G‘l) is

 Variance or ooeEs a Function of:
5_Covariance. &1 Suu‘6§v.€ww ‘321 b?l b3%;i%l buz b43
o1 S
;GZZ X X oioee aes X. e e e ales ,..',..v
633 X £ X X ’ X oee veo ses
dh@ X XL X X X X X X X X
5 X es sea sae X e ses wee ses oes
613 »X : .o . oo e X r X .. e ae .
614 X? o e es ee X X X X X X
55 DO SR S S S
oo, X X ... ... X X X X %X X
(4} : X X X ‘ £ X X X X X

involved in all the variances and covariances. One or more of the

“disturbance variances (ﬁhu’ o Sﬁw) are involved in the variances

vv

. of all the depeﬁaent variables in the model and in the covariances
of-tﬁese’variabi@s with each other. Some'combination of structural

caefflclents (the b's) is involved in ail varlances (except 611)

and. covarlances, Thus, it 1s possible to regard the varlances and

M‘lGOVariances of the observed Varlaoles as having arisen entlrely
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'o from these thrae sources, Moreover, Wwe can descrlbe these com-i~"
“'ponents as seoarable, in the follow1ng sense, We can suppose
:% without contradlotion (that is, without violating any other
i‘o property of the model) that one of these components may change
: vw1thout.either‘of the others having to change, If any of them

v chéogos. howeVeo, the‘obserable variances and covariances will,

 _ in general, change.

This remarkable property of the model should be considered

~carefully by the investigator, for it has some far-reaching impli-

.+ cations.

Suppose we had two populatlons under study and we specifled

‘}_ our 3- equatlon model as holdlng in each It could haooen that the

structural coefflclents are the same in the two populatlons ‘and the

'varlanoes of the several disturbances are likewise the same, But if

- only 1 differs between the two pooulatlons, we will obserVe dif-'
o:ferences ‘in all the other varlances and all the covarlances.

’oIncidentally, we will also observe differences (in general) in "all ;‘

" the correlations observed in the two pooulatlons and also (in

igeneral) in all the standqrdlzed path coefflolantb. Thu the

~obserVable facts about the two populations (as reflected in samole .

vi‘estimates of Varlances. covarlances, and correlatlons) w1ll suggest E

that they dlffer ‘in many ways“ But the orem’se of the 1llustration

“is that they dlffer in only one way"w1th respect to the Varlance g,o,
,Zof the exogenous Varlable; The mode] is 1nvariant across popula-yt°“
~tions with resoect “to. the structural,ooefflclents and the varl—,ffbﬂ '

i ances of the dlsturbances,

Another po 551b111ty is that both. °"11 and the dlsturbance

ﬁfVarlances dlffer as. between two pooulatlons, but the structural‘of'V
“f coefficlents are the sama, Aga:n we would observa entlrely dlf-ﬁ'ﬂf"’

”fAferent Varlance cOVarlance (or oorrelatlon) matrloes 1n the twof* ‘
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A'} populat1ons, even though only 4 of the 10 quantit es in the

”,,column headings of the table actually dlffer.

The possibilities just described are only hypothetical. But

_there would not be much purpose in devising a model to use in

k intérpreting data if we did not have some hope that at least some -

features of our model would be invariant with respect to some

Hjlchanges in the circumstances under which it is applied, If all thé

w:model is good for is to describe a oartlcular ‘set of data«»lf with:

any new set of data we will be obliged to change all the quantltles

‘:1lsted in the column headlngs of the table, even though we contlnue‘
to- specify the same mathematical form of the modelmathen we might ,'J
as well forego the effort of devising and estlmating the model

‘ 'It offers no economy of description, since there are as many

parameters across the top of the table (neglecting the oosslbllity

" ‘that some b's may be zerc and therefore may be omitted) as there

 » ére.vafiénces and covariances listed in the stub., We‘can transform B
f the'varlances ana covariances into thé oafaméters,‘or vice Vversa,
7iby mathematical Qperatlons already descrlbed in these notes. Hencé;
~ from a purely descrlptlve—standp01nt we might as well let stand

Ejthe flrst set of estlmates we compute-nthe variances and cOVarlances.

”Vdr correlatlons--and not bother with the structural coefflclents.>‘

Another 11ne of reflection is suggested by this analvsis. It

”filcould happen that ‘a macro sociological mnodel proposed for a glven
| 5001ety gave rise to (nearly) invariant estimates of structural

'_Coefflclents OVer a perlod of time (for examole, for beVeral succes-7

sive blrth cohorts), even though the variances of the exogenous

7' var1able and the«disturbances werse changlng One would: then observe f

.’d

f,"soc1a1 change" w1th respect to variances and covariances of the
‘5*?dependent vzrlablpse But in. another sense, no "soclal change

 .woqld be occurrlng, since tha structural coefflclents were stavlng ;
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. constant. If, on the cﬂner hand, the latter should change, one

L anould really be dealing with social change, in a deeper sense of
the term. The flrst kind of soc1al change would in’a sense, be
o explained" by the model {(though, of course, the model does not
';;speak to the sources of change in the exogenous Variable and dis-;'b
turbences themselves)., The second kind of 5001al‘changefemod1flca—»n
ticn of-etructnral coefficients‘(or "structural change;"lif‘one,v
: likes)~fcannot be explained in'any sense‘by tne mo del. Even so;vc‘
llone might argue, the model—~1f one held to it with good reason,
‘f»despite changes in structural coefflclents—-would at 1east make
>511l;¢1e§r what;lt is about the soclal changes occurrlng that requires
‘:‘explenaticn,lBuc sufely our ecientific aspirations'end effcrts
“H‘shonld be direcged towandbﬁhe construction of models which are
= chemeelves "ekplanatory" in a prcoer sCientific sen se of the word’
land not merely 1n the sense of providlng some parameterlzatlon of _
the descr1pt1Ve statlstlcs which serves merely as a clue to the
"', task of'sclentlflc explanation,
We gain stlll another persoectlve on the conceot of

'-structural coefflclents 1n learnlng how to transform the

N

”7]5mcdel into a diﬂferent set of equations. We contlnue -
| Jiiw1th the model presented at the beglnnan of this Chapn

2'l5ter. By_stralghciorward substitution we ellmlnatev;':



’73g,This ylelds

by

Xy from the x3~equation and both x2 and x3 from the xuuequatioh}

'the xz—equation is repeated as it stands° These'manipulations

yield the following 3 equations as the xgggggg form of the model:
(xl ekogenous) » '

=P + . u

21%3
b.. + b
( 31

x2 j
X3 320210%1 * Pyt Y

‘x4-=.[bu1f+ib42 21 * Pyszbyy + bBZbZl)IXl * (b o 43 32>

v+'w

3"

"ijo obtaln a compact notation for the coefflclents and disturbances'
A of the reduced form, Wwe rewrlte the foregolng equatlons,vmaking use,

iof the follow1ng deflnitlons 'y

'321v=,b21f' _
831 % Pa * b32b21

i

i

By ;bu' * bue 21 * bu3(b * 32?21> 

! ub + v i

‘H

32 e B B
(1%2 + bu’3 32)u + b43v + W

S

’ :.W",’

xz T8 %y
{ x3 = 31X11+ vf

Xy = A%y W"

'Y"ifWe find that the exogenous’ varlable is uncorrelated with the, o

f'reduced form dls%urbanceo, smnce

: E(x u') = E(x u)

E(x )

,ll

szE(x a) + 5(x )V~'O “

E(x W ) = (qu + b43 32)E<X u) + b43E(X v) + E(x w) = 0
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~ ‘making use of the initial'specificetion on the disturbances in

”,_the nodel., However, in the reduced form (unlike the strueturel

‘k‘l form in whlch the model was origlnally specified), it is no longer'

‘true that dlsturbances are uncorrelated among themselves. In fact,
we can derlve explicit expressions for the oOVariances among
}reduced-form d1sturbances (recalllng that the covar;anees_among

structural-form disturbances are zero )

Gu,v, =(E(u'v') = bBZE(uz) +‘E(uv) ='5328hu‘
Ty = (Byp + bysbys )0y, B
Oy T bjz(baz + bygbyo ey, * 3Ty

The reduced form disturbance variances llkerse are functions of

o structural coefflcients and variances ef structural form dis~‘g:

L Lurbances:"

o = g

u'u! uu
o W2
Tyryt = bBZGhu T Oy v
o ‘ 2 2
Ttwt = (b42 + b43b32) Tou ¥ bh363 * Cuw

Suppoee we regard the expre551ons for the varidnces and

"coVarlances of the reduced form dlsturbanees, taking these quantln”'

”7  t1es as knewn, as 6 equations 1n the 6 unknowns, o, O, O

ua’ Cwv' Cww!

U by, by, and bl Although the e uatlons anolVe nonlinear i
- 43 L2 32 9 R

i:comblnations of the unknewns, they are readlly solved by E

sequence of 51mple substltutlons. Hav1ng SolVed for these

'"ifparametérs, Wwe could return to the 3 xuatlons dellnlng the ‘a's.

’l~}4e;(tak1ng them as knewn) and selve for the remalnlng unknown struc-f1~7

'{{;ﬁural coefflclepte, b419

31, and b,lq
Thus, 1f the reduced- form coeffl01ents (the a s) and the
ifvarlance COVarlance metrly of the reduced form dlsturbances were

éfknown, We oeuld solve fow’ctructural coefflclents (the b's) and _iff}

mffthe Varlances of struetural dlsturbances. From a oomoutatlonal

”.ll olnt of v1ew, thls result is eP no great oractlcal Value. Because"T
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?36f its conceptﬁal idtereét however, We‘indicate how one might
"fproceed Multlplylng each reduced form equatlon thrcugh by the

"iexogenous variable, we obtain:

912 = Aoy
13 = 23303
%1 T AT |
Leaeﬁ oquares astimates of the a's are, therefore,
_21 =, 12/m11
3}1 m B/mllk
‘Ghi 14/m11

‘Multlplylng through each reduced form equatlon by each dependent
;iVarlable ‘and each reduced form dlsturbance ylelds (after a little"'
'”:algebralc manipulation, Whlch may serve as an exercise for the

"einterested reader)

Oy T 522*“ a21"’12
Tyiyr = 933 - 231974
Turet T Ty - 214

| Gg'v* ='62% - a21€i3.
Syrt = Ol - 221914

D e

e: efThus;eif we

combine sample estimates of the variances and cevar—‘ S

-f iances of our obserVed Varlables with the least:= squares estlmates ‘jf
1e9f¢the a's, we_w;ll generate estimates of the reduced~form
distubbahee veri;hees and covariances, Putﬁing these through theke ’;e
'ﬂeolutlon routlne outlined earller w111 yield estlmates of otruc~dffe;
Eeyevtural coefflcients and stwuctural form dlsturbanceVVarlances ’
’{.orecleely the same as the estimates obtalned by direct 1east~f

;ﬁ Squares eetlmatlen of the structural equatlons themselves, -

1
- .
S
-
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Comparing the path diagrams of the structural and reduced
”*i;fforms of ﬁhe model may put somé‘of.these results in perspective:
S o = G ’, | |
VA o e

xzﬁ

, X

Ny

lN\\\Nﬁ“\ﬁg )f/,)ﬁ H ' o 1\%\\\\;:X3{

x
A3
v
' The diagrams are squivalent in ode‘sense for, as we have shown,

given the parameters (coefficlents, Varlances, and covariances"

- of dlsturbances) of ona form, we. may solve for the parameters of   :"v

‘ : the other° Each diagram depicts a. model with 10 parameters,vln‘ '
\ the structural form we haVe‘ |
: l variance of the exagenous Vafiablé~>

6 structural coeff1c1ents

3 variances of dlsturbanoes
i; vIﬁ1t5e reducéd form we have:
| Vafiancé of the exogenous &ariable '
>reducedefo&m cgéffiéiehﬁs | |

3

variances bf reducedmform disturbances |

W W

3 covarlancek among reduced férm‘diStﬁrbancés
 L;The70aths in the reduced form diagram represent (ty01cally) some ?
?vcomblndtlon of coméound paths in the>structural fo rm dlagram.
‘Thls fact is an 1nqtruct1ve 1mpllcatlon of our deflnltions of the_ 5
r.  g's.. (bpe flwure on p. 4 13, ) - | /
'Thus, the reduced form coefflclents sum up the séVQral dir ect«

'"ﬂﬁand 1nd1rect paths through whlch the exogenous varlable exerts 1ts

ﬁ’?ieffects on each de@endent Varldblao If ohe cared to know only thev?j, '

\~ﬂ7::;£a effect of thF exogenous Varlable on a deoendent Varlable,
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Q fFigure=&,l How Structural Coefficients Combine into Reduced Form e
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" the reduced- form coefficient tells the whole story. But if one 15,  

::1nterested in how that effect comes: a“out the greater detall of

7ithe structural model 1s 1nformat1ve, After all, in the reduced ;

"kform, a‘graat‘deal of the "structure” is buried 1n’the rather
 , un1nforma£ive ﬁafiénces:andnéoﬁariance$>§f thelréduééd-form, o

’ '.:d"‘i sturb ari ¢ e‘s‘ .
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‘EX§;§1§Q; DeriVe’the.reduced‘fgrm for a Z_equation modelk
,!honsisting only of the x3-equatidh and the xauéqﬁétioh in‘thg
" model just discussed Both Xl and xé are eXogenous, S0 that
the variances of both and their covariance as well must be
‘ ;as§umed to arise from exogenous sources, Express the Varianceé‘».
‘and GOVarianées of the,réddced-form distﬁrbances in terms of

structural coefflclents and structural fornm dlsturbance var~

"'. iances. Show how the direct and 1nd1rect effects of exogenous

2 Varlables (1nsofar as these.are exp1101t in the model) are
summed up in reduced—form coefflclents, Compare the number of
‘Hiparameters in the structural and reduced forms.

We have managod to po stpone to thls point a_matter that

" many sociologists con51der--erroneously, we believe--to be

thé Single/mbstlimportéht feature of a model, the pfopbrtioh"
of variation in' the dependent variables that is "explained.
1Although thls emphasis upon the misnamed "explanatory power"
: of a model is mlstaken, there 1s a limited utlllty,ln the

a 5mult101e correlatlon statlstlcn We proceed to indicate how it

'fﬁflts lnto the account of PchrslVe models offered herer




Suppcse the structural coefflclents of the model
(Po h-1) have been estimated by OLS. This method minimiyes.
"~ the sum of squares of the sample residuals and thereby 1nsures_

that the res:dual from an estimated regression equatlon is uncor-

related with the regressors in that equatione Hence we have

,ZX u o= Zx v o= ixlv = ijw = sz Ex W= 0, where the.

summatlon 'is over the entire sample and u, V, and W are the
= ’;_sam'vp‘le residu‘al‘s that estimate the corresponding disturbances.'v
‘ .'I‘-h:is al‘lows »us"to operate on the'equati‘on‘s of tﬁe model, iqhen

' the‘Struéthr§1~coefficients therein are repléced by their OLS
estimates, in much the same way that we héve hithertobworkéd’

© with the mode‘l‘iitselfa Thus, in the molg,. we h’aj_f,e

".A Fa
x2 = blel 4+ u
: —f\ My Ay
Xq = baoXy + bagxy +
’ ~/\ V) A A
Xy = byaXs + byox, + By xy + W

(These are, in ei‘fect, the i‘ormulas for computing ’u\, ?r“, and ';r\, :

~ respectively.) Each variable will . have been expressed as a
- deviation from §it's*samp'le‘ mean., Multiplying each equation

" through by the residual and the dependent variable, we find,

A
Exvzu = mas
2%
-zx3v = mAA
A
Z %X, = mas
a2 = P21Miz T AR |
mio= 8 M, baam .+ mAA
33 32023 731713 vV
~A +%



bo16
*’)ﬁff; ‘i  'The1g§3££igigaleg£ determination for“thelthree equations
RZ(1) = 1 - maa/m
au’ 22
sz ‘= 1 - mAA/m =
3(21) v/ 733

| | Rb,(321) =4 - mA“/mau

{The mgl&;gﬁg ggrrglg_;gg is the square root of R .) If we
_fWished to put our results in the framework of standardlzed
AT  variablés~aﬁd path coefficients},we would procégd to noté

T OO A A 4TI NS STENGY,

it

]

V- R§(21>

. 2
- T/l - Ru(321)

whlch are the - so‘called re51dual naths,

Ji ang
e
{

It will be seen that the deflnltlon of R? rests on the
distinction bethen varlatlon "explalped" by the model‘andythe" 
:"uhexplained" variation, It is, someﬁimes suggesﬁed that the
-;>;   formula deflnlng?RZ be used to effect a partltloning of the-
"-explalned variatiion 1nto portlons due unlquelv to the several

'v‘determlnlng causes. Thus, accordlng to thls suggestlon, 3<21)

would.be allocat@d between xq gnd xz in prooorflon to b}l 13 andi¢'j‘

32 23 reSuectiv%ly (or;;in the‘ffamewcrk of path Coeff1c1ents,j' zj

~,.931 13 and p32 213)' But the suggestlon.ls mlstaken. Itfls trug;Aﬂ“.w:

gVM that b31 estlmates the dlrect effect of" xl on XB; but m13': 

fﬁfreflectq a mlxture of effects arlslng from diVarse sources.~Ifff[];ﬂgi

?ﬁ_iwe multiply through our estlmaue of tne AB equatlon by xl wev'  ,f’f

’7{find "[affff5 *f°Q:‘+ff ‘f f  &ff“' 



"nseen,wsuch a modmflcatlcn of o

=% + 8 '
M13 % P32M1p T PygMyg
Hence R |
A R AT v
P31Myy = P3pP 31"12 + b31 11

1and the first term on the rlght is certainly not an unalloyed

indicator of the role of xq alone in producing Variation in x3,

Indeed the "problem" of partitioning_RZ bears no essential

>i , relationship to estimating or testing a model, and it really

~does not add anything to our understanding of how a model works.

The»éimplest reebmmendation~~obe which saves both work and worry ("

;eis to eschew altogether the.ﬁask of dividing up Rzkinto unique -

‘causal components, In a strict sense, it just cannot be done,

Indeed the whole issue of what to make of a multiple

“correlation is clarified by noting that R% does not estimate any

parameter of the model, A comparison of the definition of RZ

with the tabulation on p. 4-5 indicates that RZ is

not really a function of the structural coefficients in any
direct sense. Nor is there any reason to expect r? to be:invariént  f

:‘across populafcloénsa If e;ther i OF 611,(and, therefqre, 634)

changes in~going;tq a new population, while the structural'COef4‘

 'v,ficiénté~femaih fiked 'RZ w1ll be changed Thls is a matter of

f_spec1al concern in the event that the Value of 611 is: essentlally

!

“under thp 1nvest1gator s control, accordlng to whether he Qfor
‘examole) puts grsater or leaser varlance 1nto the dlstrlbutlon e
‘ othis ex perlmental sflmulus Xl’ or :amoles dlspTOOOrtlonately

F:'from dlfferent parts of the "naturai" range Of;xl?,AS we have'i,fﬁf"

ryy will change all varimnces sad

”‘j‘}covarlanoes, as well as R even though there is no change in -
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\structural coefficients--and there is no reason to expect then

'~to be affected by either of these aspects of study design.

The real utility of R2 1s that it tells us. oomething

‘“iabout the precision of our estlmates of coefficients, Roughly

.2

"~ speaking, the higher the R ,- the lower the standard errors of

- estimated eoeffieients.

We have defined Rz as a'sample,etatistic but net as an

-d‘estimator of a population parameter because there seems tofbe‘

'd litﬁle'purpose in.pdstuiating such a parameter. It can be

dbserVed nohetheless, that R2 is biased upward in the sense

that its expected value is greater than zero even if all the

structural coefflcients are zero, For in that case, our esti-

matee of the coefficients‘wouid not be exactly zero, and,Rg

would interpret their nonzero values as giving rise to "explain-: -

ed" variatien;-Fgr_this reason (especially if the sample is

1 ,
small and/or thefe—are numerous independent-variables)»it is

advis able to report not only R2 but also R2 the "corrected"
"coefflclent of determinatlon, taking account of sample size~andeg‘e"’
‘number of coeffieiente, the formula for which is glven in many‘ddftd

‘“aedtextbooks on statlstlcal methods and regr6351on.

& In thls:coqneptlon. ‘we may take note of -a Draculce of some

‘ﬁfi:reeeerch‘workefe;fwhich is to reach a final,Specification of anv;dffii
efﬂeequatlon in the model only after trylng other ver51ons of that
‘Jdequatlon using addltlonal exnlanatory varlables. Thus,’one mlghtf;v S
: fregress y on n 1edenendent Varlables, drop those (m,— k) vari—
”;qdiables that produqet small" coef;lclenis, and retaln as: the flnal;;f“ﬁf
*d?equatlon the regre351on of y on the k remalnlng Varlables. Thls‘efi7:d
Jiiprocedure, where (m ; k) is large, can only be recommended as. a““

;fgcrude exoedlent (at best) 1n the early,‘exploratory stage of 74* 




f AL L

o

_51on of x3 on Xy
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:‘reseerCH But 1f it must be used it seehs best te aseume théﬁ
”e:the flnal R2 should-be computed ae though all m perameters had
.kiv‘kb,kbeen estimatéa'rathgr'than just the final k coefficients. The
;[ often reported'”Shrinkage"eof multiple correlations in going
ffrom oee semple to another is no doubt due, in part, to an -
"_iﬁdiscriminaﬁe use cf this exploratory technique. and to a

. fallure to cehsiderban appropriate correction of R

It is a mistake--the kind of mistake easily made by the

- novice~--to focus too much attention Qn’the magnitude of Rze
‘Qther things being equal, it is, of course,:ﬁrue that one pre-
fers a model yielding a high Rz'to ene‘yielding a lower value,

'vaut the ceteris paribus clause is‘terribly imoortant'.Merely .t

‘1ncreaslng R2 by lengthening the list of regressors is no great _"‘

achlevement unless the role of those varlables in an extended

>causa1 modedld 1szproperly understood and correctly renresented“

Supoose,ifor example, that in using the 4- variable . recur-:
sive model we hmve been studylng, the 1nvestlgator becane dls~‘

atlsfled w1th ihe low value of R It~would be qulte easv o

3(21)"

to get a hlgher value of R2 for examnle, bv running the regres~

4, xz, and xl,’and reportlng the value of R3(421)

But thls regr9551on does not correspond to the causal orderlng

 eof the Varlables, which" was reoulred to be 53901f1ed at the
'5n_outset It 1s, therefore, an exceedlngly mzsleadlng statlstlc;e;fe :
‘(One does not often see the mlstake in qulte thls crude a form-:f;? 
‘But naively regresslng caus es\on ef;eots 1s far from belng
“;;flunknown in the llterature ). |
i ‘Another wgy to raise 35(21) would be’te 1ntroauce anotnerff_ﬂ H
7f;yariable,"say x3 that is essentlally an alternative measure ef;“e:

'rffef 3 though g1v1ng sllghtly dlfferent results. The regr3531on offff;f
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. of R

420

' Xy on xi, xz.‘and Xl is then,guaranteed to yield a high value

2

Indeed the best known examples of very high corbélations

~ are those selected to convey the notlon of "spurious correlatlon,,

"nonsense- correlatlon in time series," or other kinds of artlfact
This shows us that high values of R2 ‘in themselves, are not
suffic1ent to~evaluate a model as successful, ’

.‘Before worrying teo ﬁuch about his R2 therefore,’the

investlgator does well to recon51der the entlre spec1ficat10n

- of the model, If that specification cannot be faulted on other o e

grounds, the R2 as such is not sufflclent reason to call it 1nto

‘*_“question. i

Ege rei gg. To conclude, for the time belng, your study of

fully recursive models, rev1ew the materlal on estlmatlon and

etestlng (pp, 3- 19 to 3- 27) and restate the essentlal polnts so‘
‘~ethat they apoly to the recur51Ve model as excressed w1thout

V‘-e;standardlzatmon of Varlables (p.;Q 1)

R

st o e 5 e, e
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A JUST IDENTIFIED NONRECURSIVE 4O DEL -

.The model con51dered throughout this Chapter is

o
=

X3 = bgyxy ¥ b34x4 *-9

.xu'a 42¥p * Pus¥s Y

For convenience, E(x ) =0, j = 1, ..oe, 4, and E{u) é‘E(v)
iHowever, we do not put the,feriables inletandard,fofm. Variableseq
ﬁ‘ﬁee¥l‘ahd XZ are gxgg_gggg, their ‘Vvariances and thelr covarienee are
hAot explained within the model. Varlables x3 and Xy, afe jglailx ;e:
. deg ndent o or eudogenous; the ourpose of the model is to explain

" the behavier of these variables. Varlables u and v are, respec—'

tively,dthe disturbances ih the xj-equation~and'the xq—eqhation.‘

- Their éreseneevaccountshfpr the feetrthatﬁxBIand Xy, ere‘not ful;yihﬂ;
~ explained by their explicit determining fagtors. The model will -

‘f«e be‘eperational énly if we can assume that disturbanees’are'uncor; ;'

"hhreleted‘hith‘exégenOus'vefiablee; hence the‘epecificatien E(x u)f;

‘E(x v) = E(x u)i#'E(x v) ﬁ 0 Th'glig a serious essnmoglgn. The

S research worker must carefully c0nsider what c1rcumstances would:  
violate 1t and whether hls theoretical understanding of the 51tua*g{

”w,tion under study permits him to rule out such Vlolatlons.

, In contraet,te the,case'of a fully recur51ve'model, in the

nonrecursive model the specification of zero covariances between

>“disturban095'an@ eXogeneue variablec does'not'lead'to either zeref‘“

!

7;covariance between the two dlsturbances or zero covarlance between -
‘;the dlsturbance and each exolanatory varlable in an equatlon.-Te'

t&g}see thls, leu us multlply through each equatlon of the model by

.«.‘

”heVery var;able in. the model and take exoectatlons. To exbress Qhehhf

-result of this eperatlon 1n a cchvenient form, we w1ll adoot the T




> inota£ibn E(x%) where sigma with the repeated subscript refers

2 S A B
" to the (population) variance of X 4, and E(xhx ) = O}, 4 Where (1f-

fh % 3) 31gma with two different subscripts refers tc the (popula~.

'Q t1on) covariance of xh and X 5 From the x ~equ3t1°n in the model we

3
‘obﬁgin, after multiplying'through by x; and x,:
E(ilx3) =Eb31E(x§) + bjuE(XlXQ).+ E(xiu)
E(x2x3) =Eb31E(xix2) + b34E(x2x4)_+'E(x2u)
.;or;\since‘E(xlu) = E(x2u) = 0, |
o33 = P3Ot b}@“&@ | . gk
0py = 31 o, * b34 ; ‘»1 . (1)

j _\ f~H6wever. in multiplying through the x. —equatlon by endogenous Var~

3

‘5Viables and disturbanees, not all covariances invOlv1ng the dis~““

‘7turbance drop out’ we find:
| 553j§ 31513'+ b3463u + 53
T3y = 31,14 34€b4 + Gh
Ty = 346hu LI Cslel

v = Baﬁh o, R e | (11)

i

&

:1Sim11arly, in multiplying through the xu equation by exogenous Var-'
">'. ;;flables, we obtain: | |

e, = by by ot |
UL T Pk2fiz T PW3T13 | | et

o = PupTep t Pu3T3 e R (111) i
“But_in multiplying it through by endogenous Varlables and disturb—'\

ances, we find::
f

O3y T Puplfpy * byadhgy * 6,

i = Puafoy ba3¢34~+'5hv‘

61“'1 : bLl’B Ju * 6‘ . S : : ’ . S :-S-ét'
Ty = 43 T3v 5} R g

S . ,wquatlons in Sets (1), (i1), (111), and (iv) are termed
A nopulatlon moment equaulcns, Lhevlserve to express the relation-

Shlps thdlné among the atructural coeiflclents of the m&del (the f5

i
LI



?B’s) and the‘§arlonces and co;arlances in tho"populatlon under o

:ostudy. A number of important propertles of the model are dis-'

“;closed in studylng these sets of equatlons. v

| Noto, flrst that if the b's in Set (i) are regarded as un-o
_known and the G s as known, it is posslble to solve these two

'_ equations for the b's

byy = (o405, - 514523)/(‘11524 - 01,00y
b

. Set
34 = (‘11623 ~ 67,0730/ (805, - 6 ”14) | <V)'

’In practlce, of course, we would not know the populatlon varlances

ST

' Wand covarlances. HoweVer, mf we replace the &'s by the corresoondlng ;.

ts, = d = x.), where the summatlon £
sample moments M X(x ) an m X(xh ,

_ 'is over all sample obsarVatlons on variables Xt1and Xy we obtain _
A . .

£

°31 (mlB 2k ml“m23>/<m11 24 7 M12" 14 cot
3y = (myimpy - mppm 13)/(m11 2b = ™12m14) (vi)

- ~ A o
“ " This method of obtalning the estlmates, b31 ‘and b34, of the strqc-if

tural ooefflclents is termed Instrumental Varlables. Here 1t is

equivalent to t?e method’of Indirect Least Squares, for reasonsﬁ']-f

‘_lthat will becom? clear 1ater. The method works here because the§ ‘

vnumber of equations 1n Set (1), obtalned by mult:plylng throughfo ¢T‘

N the xjuequatlon of the model by all exogenous: Varlables, is

"’Thls fact is %mplled when we descrlbe Jhe model asv"gust 1dent1-‘f47i

‘”fﬁffled" or "exactly 1dent1f1ed" with respect to the. xB-equatlon.«If]S?%

J .

’Set (1) 1ncluded more equatlons than strucuural coefflClents,,WeQ79 “

rliwould descrlbe ?he x3~equaulon as "over- 1dent1f1ed"_ 1f there,’

o[?were feuer momeqt oquab1ons in Set (1) than suructural COGLfiCiJf‘v.

g

'ogents, the xB—equatlon wou*o be “under 1dent1f1ed" or “unldenti—i;ﬁflf
1[ffled In the oase of oVer- 1dent1f1catlon, we must reblace"

'4ivInstrumental Varlables (IV) OT Indlrect Least Squares (ILS) by

'spec1al methods of estzmatmon. In the case of underldentlflcatlon.b

‘.'.,’_Just the same aF the number of unkmown structural coefflclents.o~o373



) ,other one., That is, for xu in the x

5-4
Lo ,
”g‘estlmation of structural coefficlents is'not p0551ble
| fTurnlng to the moment equatlons in Set (111) we flnd that Fe
‘the xu-equation of the model is likewise exactly idsntified The_ ,
solution for the b's is '
42 2;(614523 = 039540/ (07505 = 07495, : Sit
Py E ’.(5’12"'24 - 4"’22)/("’12""23 - F159%,) (vii) )
IV estimates, 42 and bq3, may be obtalned as before by reolaclng

the G’s with sample moments, m.. and mhj

Jd
A | | M |
b’-&Z = (mlumZB - mljmzq)/(mlzm.?.} - mleZZ) _Set
. ’g’ - ('ﬂ -m m )/(m ~ ) (‘Viii)'
43 12"24 14M22 12™23 13 22

Further study of this model is fac111tated by solving for its

“ reduced fonmo Each equation of the model may be subst1tuted_1nto the'

3~equat10n we substitute the rlght

’hand—slde of the xuuequatlon, and for X, in - the. xu—equatlon wo. sub-

3

4f_  stltute the rlght hand- side of the x3-equationa After collectlng

terms, thls algebra ylelds the two reduced- form equatlons

v
b

9 ; SR P - Sy

Xy = zm‘mgwm;“— (bgyxy + bayybypx, + 0 +ib34V)« :
T g A : L S

- - 34 43 » ‘ , _ -~‘wrff

k'u fLet us adopt the notation,

gy = oy /1 - bgby)
a3y = b3ub%2/(l - By, 43)
84y Py 01/(1 = Pyyb 43)

i

; 84 = 42!41 = baybys) R i o
If we now multloﬁy through each reduced form equatlon by the.ff$, uﬁf

'}exogenous.varlables, we obtain

TR S )

I



5-5

Oy T80y + oa,, & :
14 41711 4212 | |  set
oy = 41‘712 * a0, . (x)

| o‘lsince terms like bABE(x uw) and E(x v) drop out.

, and

It appears that the reduced-form parameters (the a s) are

“exact nonlinear functions of the structural coefflclents (the b's)

and vice Versa,' Indeed, the four expressions defining the a's could

-v ‘Just as wéll be regarded-as u'equations in the unknown b's, so that

f,if the a 's were known we'could solVe for the b s bv the following

k7routine
‘b34;=,332/au2;' _ 'Setv‘
By = oayy/agy - (xa)
whence '
b Paubyy Tl o-agpaygfagia,
o . . ©
b31 = a l(l.- 332a41/331342)~,‘ | ,Seﬁ,
byy = 342(1 - a3zau1/a3lauz) o bas),

 0£ coursaB the a 5 are not known, since they are fnnctlons of oopu-f
'latlon varlances and covariances, as shown by Sets (ix) and (x) But -

~ we.could obtain estimates of the reduced form parameters by replaclngi

,,,,,

0 >

31 =,(m13 22 = My 23)/(m11 22 f 12

- RN
%32 f’(mll¢23‘"‘ 12M130/ (myymyy - 127
 >? = (m M., = m. m'n)/(m’ mn S )
24 147 22 © iztanl ez T Mg
2 = (m g - ' m . 2
ke 11" 24 12 :LL»)/(m11 22 - mlz),

ﬁ o It turns out that these are oreolsely the same as uhe estlmates weﬁfo 
' ‘ would obtaln for the coefflolents of the Ordlnary Least Squares (OLS) 
;,g,regr9551ons of (respect1Vely) x3 on “2 and Xl’ and Xy on . xz and xl

‘that is, of each endogenous Varlable on all exogenous Varlab;es.,of



: reduced~form xq~equatlon bj x

Suppose we now replace the a's in Sets (x1) and (xii) by the

'  c§rresponding OLS estimates, the 2's. We w1ll obtain estlmates of;
 ;'the b's that are the Very IV ‘estlmates presented earlier as_Sets

; (v;) and (viii): that is,

o?

34 =‘332/3#2
43 = aul/a31
, I
31 < (1 - 33?a41/ 31a42)

o o> o
]

i

42 auz<1 G TRV ORSY) |
afe ﬁhe v estiMatesrof'the b's. This fact may not be immediately

"~ obvious, but it is easily'pfovedvby algebraic substitutions. (This
aigebra will COmpriée an instructive exerciseffof the stpdent.)rThe.
.fact,thatithe‘%*s are obtained from the'@fs,.which in turn are.oLs.

".estimates of reduced-form regression Coefficienﬁs, justifies‘the'

iname Indlrect Least Squares.rWe obserVe that the ILs technique 01‘Li'

estimating structural coefflclents is aVailable only if each equa-j‘

f t1on of the model is gust identifled whereas IV is aVallable for

~ any equatlon thgt is Just 1dent1f1ed

In addltlon to its 00531ble use for purps ses of estimatlon,_the

 reduced form of the model is 1nstruct1ve in the way it dlsolays the

)

‘!mechanlsms through whlch the exogenous Varlables 1nfluence the

l

?gf:vendogenous Varlables. In thls connectlon, study of the path dlagramcj

>~cf the model ls also 1nstruct1vee’ L e _J'TE ] :‘5f5”

3f'jThe coVarlance of Xl and xo is obtalned by multiplvlng through the

[

‘l
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oy o A :
11
P3uby3 Lo baybys

'x_;¢13»"

1 - b 612:

- iftNota that there is a dlirect effect of xl on x3

Q' il

X2 §X4§‘~

-m»e/,}

v

- But another part of 613 arises from the correlatlon (covariance)
"of xl w1th another cause (namely, xz) of x3 even though the .

o latter WOrks only 1nd1rectly

T “E _'
Xu\&\

2 v

Note that we are'feading the path diagram according to Sewall

 Wright's general principle, but are not using it as an algorithm -

g :ffbr-cémputing covariancés;'ln particular, when actually calcu1§ta.;

- ing o), we must inflate both the direct path and the component

X

dué‘to a correlated cause by the factor l/(l,— b34 43)  This isf

 ;thé-"multipl1er effect" in the model due to the.ﬂ51multanelty”:ork
 ‘:“reciprocal causation" of the two endogenous Varlables° Tha covar—

 ‘}g§§§ of xzyand x3'1s

- Py PPy,

Oy, = "0y, T " & :
23 12 22
71 - gy, 1 - b34b43 ~

thﬁe see that it is oroduced by an 1ndirent effect o¢ xZ’Qn“XB:

e
g,l“f”*“% i§

‘igf




.

 :1 effect of the f‘.ac‘t:oxv l/(l . b
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 Again the multiplier effect comes into play for both components.

,The same kinds of comoonents can be found for the cOVar~,;,

iances of: the two exogenous Varlables wlth xu, shown below as

"  they are obtained from th@ reduced form xu-equatlon

Pz PagPy
65 . - 05, R
Y24 T - 22 12
) 1 - by, 1 - bgby g

it

. L2 o kb43b31 -
= : 6, F G-
1y 12 11

.‘furhuss‘ﬁzq'arlses “from the direct effectrt

', and the‘contributionydue to a carrelated’cause; 6perating

‘,indirecﬁlyf

E l_.?,Tji

2 * L"{‘Q“‘“\.V

!
L

and the contrlbutlon of a corwelated cause:

e ;Again, all these comnononts are seen to lnclude tho multlpller ,? :"

>3} 43>
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It is important to understand preclsely why special methods,g

Et*flnstead of the conventional statlstlcal orocedure of OLS are

S required~fgr estlmatlng structural coeffloients in nonrecursive.

b

 models. In the x -equatlon (to take 1t as a typical example) the

3

two explanatory Varlables on the rlght hand side are xl'and xuf '
If one were to estimate the coefflclents of the xanequatlon by
f_.OLs, therefore, he would obtain as the estimate of by
13“44 - mlumau
m 2
- 1174 - M1y
“o and ‘as the estimate of b34f

"11%34 " P13T1y

e
| I SR TR B R i S
7fAs we have seen, in Sets (i)”andi(ii),lthéfcoYariénces of'x3‘

with these eXplanatorY'Variabies:arefn‘J

+ b

G4 = bjlyll 3@‘14

Tgy = BTy o bayoyy ooy,
We may solve for¢the b‘s in terms of the d s

o Uﬁm’"ﬁﬂ%4+‘mmw,f,fi',fﬁf"“a sk
b, = el R O —
31 5 s

-

%1% 7 T13%1 T T11%%g
L = 11
34 2
0 %1% - Sy

The implication ?é clear if we nate thatg.apart from 6145# infthe\>'

mfifnumerator, the'eXDression forbel is the oooulatlon counterpart of 

~the OoLsS estlmator of Db Cand aoart from ~611¢4 '1n the~numerauor,f,7:

BL'
"]the exore551on for b34 is the populaulon counterpart of thp OLS

stimator of b34 Thus,jeVen "f our samole were 1nf1n1te1y large,'

 "f so that we could form oLS. estlmauora from oooulatlon varlances and .

eoVarlances (inaﬁead of»oamole mom@nts) the OLS estlmatos WOuld be ‘o

.nblased.‘lnoeed the OLS nrocedure would not estlmate b31 but;rather~,




sl

&14€ﬁu

o Byq =TT 2
1144 < Tiu

and it wuld not estimate by, but rather
61161u
+

34 2
Wllfua = 514

~8imilarly we can show that OLS aoplied to the xa-equation would esti- 

b

,mgﬁe not buz but rathe?

- GEBGBV

b -

L2 2
.6%2653 - 523,

an&;_insﬁead of b43, it would estlmate';

52253y
b +
byt T o
T ‘-522?33»‘ 623

‘The basié‘rsasonkfof the failure dffBLs;‘fhen, {s ihéﬁvﬂo£ ali1#:f
‘ the explanatory Varlables in the equatlon are uncorrelated with
‘">the dlsturbancs. And thls is 1nescapably s0 given the Jointly
'dependent (51multaneous,‘rec1orocally influencmng) relatlonshlps f‘f'
';of the endogenous variables of a nonrecur51Ve model For if .
3w~@>x%, then X -m%x3 1mp11es that x w—ﬁpXB-mﬁwxq w1ll con~‘   ; " 
 jtribute a non-zero component to. dﬁ Slmllarly,'x ——ﬁ9X4-~§X3 |
W'Wlll contribute & nonmzero_component iQ'K3V“ It could hapoen thatyl. 
one or thenqtheréofvthese,isf&anceliedfodt by €u for in Sets:if.3vl'

(41) and (iv) we find

Dlamd T T e e e i
Chy TP YTy

yﬁgnce,,if 6 :'&bBQGh then‘ﬁ% = O, or it 6‘ = h} 3 then-f'  
, 5&@ = 0. But for elther of these to hold would be merely a 001nci~:”fj

'fdence, and fcr both to hold would be a rare coln01dence 1ndeed   f
R Coap : , , SR S
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. Exercise. Working from Sets (1), (11), (1ii), and (iv) in

s‘},the spirit of Chapter 4, pp. 4-6, TShOW‘that the variances

and covariances of the obsePVable variables in the model studied

in thls chapter may be expressed as functions of (1) the vari» 

"vances-and coVariances of the exogenous;Varlables, (2) a (non—

‘llnear) comblnatlon of structural coefficlents, and (3) vari-
ances and ccVarlanoe of the dlsturbancese Verlfy the follow1ng

’tabulatlon:

- Variahce or Is a,Eggqtion of
EiVariance dll 612 iﬁzv bBIvbuZ b34 b43 @uu fuv Gkv
: fo‘ll " X ,Q 8 o s o & ' ol # LY ° e(‘o vofo :k' B :a f s 6. B8 .. .4 66
* 0”12 ) a‘e [ X s w e ' Ceee P 5 0 6 b a8 cvef». 6o e 9 o @
0'22 oc.q % 8 n X' ‘v”", [ 5 0 & st‘av >,;“ 2 eeo‘b‘c b}y
513 X ) X € 6 X X X X 'y LR o & @
@iu- X ;rX . X X. ‘X_‘ X’ o vE ielhe
; : . o
623 Al X. X X K_ X’ ;X‘ . 6 as 4 e
oy coni X X ¥ X X X e e e
35 XX X X X X X X X X
634 X X £ X X X X e X X
Lx Exogenous | -

~ Discuss implications of the pessibility'that some, if not all, :
“of the parameters across the Lop of the table are'inVariaﬁt

‘across populations,

W e A



6.
UN DERIDENTIFICATION : THE PROBLEM OF IDENTIFICATION

Let ﬁé make one change in the model considéred~in
' CHap£er 5 so that x4'now dépends'on bo th eXogonous var-
é“riabiés,.Thé‘new model is

Xy = byyEy F byyx, *ou

Xy = byyX) * bk, + byaxy v

2%2 53%3

;,?he path'diagram is

Multiplying through the x3~equa£ibn“by‘eXogénous*variables we{“
~ obtain (as before) ’

153 b31€31 T P31y
F23 = P3197 * Py

o Hence,bwe may estlmate the structural coeff1c160ts of the Xq-

17}_'because of 1ts correlatlon with u.) The estlmates are glVen in

"ﬂ' Set (vi) of Chapter 5.

L;;Q; Multlplying through by the 1nstrumcntal Varlables we obtain

'Tfiu'? bavgil * Py b43613

%y = b41€12 + bazﬁéz ALY

We see that even if tho @’" were known we cou*d not;golVe'

”:[uniquelyifor,thp,b's, slaye uhere are 3 unknowns in only 2

B equatlon by v, (x serVec as its own 1nstrument whereas Xy is ¢

S the 1nstrument for X&’ Whlch cannot perform thls role for 1uself;fiﬁ

Turnlng to the x@-equatlon we nuta that only xliand xzka}e',”  

‘¥\ ava1lable as 1nstrumental varlables, slnce x3 is correlated W1th*7 ;



622

§

equatlons. The xu equation of thls model is unge ;Qen ii;ed

'efLVote that the problem of identlfloation is qulte distinect. from
Hayproblems due to errors of sampling, We would be unable to esti--
ﬂ: mate the structural caefflclents in an unaerldentifled equation»f
ievenbif we kncw the population variances and COVarlances.
Another perspective on the identlflcatlon problem is

.wgaiced in examinlng the reduced form of'the model. Substltuting

: jeach equation into the other we obtaln

xy = [(byy * dyybygdxg * byybuox, +u oyyv J/1 - PauPus)
% = E(bql + bygbgp)xy * by,x 2 * b43u +v ]/ - b34b43)
‘>,i>";Ne may adopt new symbols for the reduced- form coefficients,

';thelr deflnitlons serVeito-express the reduced~form coeff;cientev;
bic‘terms of‘the structufai coefficients:v‘ |
‘5‘31»= (byy + b3ub41)/(lv; LIVLTED)
ey, - b34b42/(1 - bybys) .
241 = (Pyy + b3y )/ (1 - byyby5)
242 = by, /(L - B3u® u3) |
The analysls of the prev1ous model (see P, 5 5) car-
fﬁﬁfjutcrles over to the extent that we can estlmate the a'l s‘by oOLS,
o “ However, even if we knew the a's, we would not be able to solve
. for the b's, 51nce there are 5 unknowns in the 4 equatlons def1n~ 
e $ing the a's, It?does turn out that we canj501Ve for b34 = 32/a42.7

This corresponds to the fact that the x,-equation is just identi-

3
“ffied,'eVen thoagh the xuaequation is underidentified.

Thus one dlagn051e of underldentlfocatlon arises from study

of the model's reduced form 1f there are not encugh reduced formig’i

occoefficlente tesdeflne solutlons for the structural coeff1c1ents,"

at least one omzthe equatlons of the mcdel 15 underldentlfled
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‘Villustrativé model we find G

‘explanatory variables) and H
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A general cdunting'rule is perhaps easier to apply. For -

"f‘feach,eq&ation of a model‘count the number (G) of explanatory Var; ‘3'

iables (variables on Which the debendent variable depends direct-

“ly, or which have causal arrows pointing directly to it). Then

count the number (H) of varlables available as 1nstrumental var-.

5 ‘iables. these w1ll include all eXogenous Varlables in the model
and any other varlablas that are predetermlned with respect to

» the partlcular equatlon. (In the simple nonrecursive models con;_ t
'yrsidered thus far, all the predetermlned variables are, in fact,
:if strictly exogenoué.) A necessary condition for identification 1w
 that H Z,G’ (This is the so«called "order condition" for identif ‘
- fication; but we shall not explain that term here.) If HL G,

the equaﬁidn 1s underidentified. For the xq*equatiOn in our

i

3 (countingva; Xy and Xy as

2 (counting the exogehous vari-

M

ables X and&c2 as instrumental Variabies); H (VGf so that the a

X), - equatlon ‘is underldentifled The countlng rule is necessarv,

,v  but not strlctly:sufflolent although it usually suffices in

o practice; except for the klnd of oathologlcal model noted prpsentlyg

The sufficiont cond*tlon for identificatlon (the 50 ~ called

o Mpank condntlon") is that each equation of a model be dlstlnct
jfrom every_other%equatlon in- the model and from all p0551ble llnéar
~combinations of" equatlons in .the model. (We will not try to eluci- :f

: date thia.statement but slmply Ieier fhe sufflclently hlghly |

'vmot1Vated reader to the technical econometric llterature, especla

,,_,;ally [&1 ~ however, we give below an example of how the condltionfﬂ

‘,equatlcn is exactly or gugt 1dent1;1ed but 1f H } G 1t is overr;7

‘identlfled % o

F maV be violated. ) If thls condition is satlsfled and 1f H ffG{ the : _
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Note how this definition of overidentification applies to the
recursive model studied in Chapter 3 (pp, 19ff ). The xb-equationu

of that model 1ncluded 2 explanatory variables, whereas 3 Vari-_f"'

5 able. in the model Wwere oredetermined with respect to Xy There :

DA Vas no need there to resort to 1nstrumental varlabies oot in the

‘ xunequation (indeed as was indicated, it would be a mistake to

do so), since each of the explanatory variables was, in fact,

',oredetermined and - could serve as. its own 1nstrument

We consider later how to proceed in the case of OVerldenti—ofw
fied‘nonrecursive models, but note here only that bo th ejerldenti_N
fied (H > G) and just identified (H‘=‘G)-hodels are termed
?tﬁidentifiedg" | |
IOur.present concern is how to recognize undefidehtificetion}

_We present a new example:

*2
’o;The,equations of the model are
X3‘=;b31xl'+ o34xa +’u

52 2 bsyxy * Boyxy

We pause. in the discussion of underldentlflcatlon to ob~ L

+ W

—

ZserVe that thls model combines features of~the two main klnds of

 Jff:models~~recurs1ve=and-nonrecursive. W1th‘regard to x5,all|the

',f preceding variebles are oredetermlned, and the speoificetioo on:f,-f

“fthe disturbance of the x5~equatlon is E(XJw) - 0 | 1 ;;,;74f;j"‘n
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(Ezggg;gg Determine whether the x5-equatlon is identlfled’

"*end if it 1is, whether 1t is Just 1dentified or OVerldentlfled

3 “If it is overidentified, determine the OVeridentlfyjng restric-
“tion and suggest the approprlate methods of testlng the restrlc-v
~tion and of estlmating the coefficients, asqumlng the over- |

_1dentify1ng restrlctlon is believed to obtaln )

With regard to Xq and . Xy the model is nonrecurs1va, since -

ethese are jointly dependent variables., The soeclflcatlons on

thelr distirbances are E(xJu) = E(x v) =0, J =1, 2, since bﬁthg

Xq and X, are eXogenous.

The model as a whole is block-recursive. The Xg- and xué
equations comprise the first bloeck; the x5~equation by itself

makes up the second block, The property of recursivity holds as

between such blocks, the separablllty of which turns on the fact

B that Lhey do not share any ggdgg§QQQ§ variables., (In the present e

exemple,-x3 and X;, are endogenous with respect to the first two
equations, but predetermined with respect to 25 )

~In our ana1y51s of identification we focus on the x3~'and

‘xumequatlons. Multlplying through by exogenous Varlables, we find»

Y S oy, + - ‘
. 137> ,3; il - 34 l@ ,(from'the,xj_equation)‘
oy = by * o) T
RN 41711 Th3¥13 (from the xy-equation)
+ , :

O2u = PyyTip * byao,g

Taklng the o's as known and solv1ng for the b's, we obtain

'bBi - (313 204 f 14”?3)/(611 24 - ”izgiu):
.~b34 = (5115é3
by T ASVErP T o 59 2a>/<511523 “e@iz?13)

£

12 7130/ (01105, = oy 00,)

w3 T (€116%4 - 5125 Q>/<5'l§23 " T12%3)
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'Now we observe a’disconcertingvfeature of the solution: b43 =

s

1/byy, whatever the valuss of the ¢''s, and similarly by, = 31/b34.-
5o there‘is really only one set of coefficlents that governs bo th
f,ofythe équations.'Or,-more accurafeiy,‘there really is only one

equation, and whether we call it the x3~equatien or the xu«equa;,

tion is a matter of ﬂndlfference. Perhaps that should have been
~lclear at<the outset,»for now we see thatblt‘15190551ble to

v"rearrange the xB-equationito read

1

31 e |
X, = - T % tTTUX ===
., YT Py Th Py 3 Py | _
«j; which is 1ndlst1nguishable 1n form from the orlglnal xu—equatlon.. f"

4 There 1s 51m01y no way to tell whether we are est1mat1ng b@i or
31/‘0349 whether we are estimatlng th or 1/b34 h
Let us. 1magine a scenario--one w1th a basis in exoerlencé
.and not wholly fictitious. An 1nvest1gator is worklng on-a three;: >
variable problemé He feelskconfldent that x4 precedes %5 and x3kin;‘

a causal qrderiné;~but‘isipncertain4which~way,th§ causal aerW' "
| ‘runs beiveen:xz ;ndeB;'Th#t"is; he is iryiﬁg to chooge bé@ﬁeeﬁ»;J: ¢
. the models, . | T | ‘ '
: , (i)‘  f~_’;‘   ¢ 3 -(ii)

M
ra

2

S ‘ and

s,

§
b

" “He resolves to let ﬁhe,questioh be decided by the data andIS§éci;??fiﬁ

~fies the nonrecursive modsel
T e T T




K

"1 'Thus, he reasons, 1f b 3.is‘large and'b32iis‘small I wiil con =

"f[?,clude that the predomlnance of the causation is in: the direction

3am)x2, so that model (11) is preferred. if the opposlta is

true, T'11 decide for model (1). At this point, he sees that by

'f;‘the counting rule, both the xznequatlon and the x3-equation are~ 

underldentljied Hencse, he introduces an 1nstrumental Variable,'

and considers the model

. \xku
' C 1 : o2
%o T T e

But we know already the end of this story. The hapless investi-

o'

fgator works 50 hurrledly in making his comoutatlons (whlch go

smoothly enough offerlng no hlnt that anything is wrong) that

 v,he falls to notmce the curlous fact that b32 = l/AZB,,Dreclsely.4

3  He does note, however, that b23 is large whlle b32_1s small,and iy
?(w1thout reporting this prelimlnary 1nVest1gat10n to anyone in A
';particular) 1n hls further research treats the e >¥3 path as"i i  i

B negliglble.-

Mgrgl: Underldentiflcatlon. not "causal 1nference,' is

S achleved by "lettlng the data de01de which way the causal arrow s

runso )

i

Exg glse. Imaglne that the reasonlng of our unfortunate;

1nvest1gator had been dlfferent He began w1th a model in whlch,7 f7'

Vfboth equatlons were underldentlfled
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ijf ‘fIt then occurred to him to introdune an exogenous Variable that

v,appeared in the r4~equatlon but not the xs-equatlon o

‘XB ' >X4

'e>Show that thls results 1n the x5 equation being just 1dentif1ed
: .,_whlle the xu’-equatlon is still underidentified. If the investi-

vgator next introduced stlll another exogenous varlable, which

e,thls tlme anpears only in the x5—equatlon, he would haVe the modelw~e7

\‘\‘/

‘fWhet,i the"- status of each equation 1n this last model with re— 7'
fspect to 1dent1f1catlon? What do you conclude about the kind of
5»theory that is needed as a basis for soeolfylng nonrecursiVe

eﬁemodels 1n such a; way that tney are identified? What theorles in

f soclology are known to you that persua51vely provide such a basis? f"

gyggggﬁgo Dlscuss the follow1ng model from the standpolnt

of identlflcatlon

g

If one or-mMore equetlons ‘are underldentlfled descrlbe modlfica‘ v

o tions of the model that would render all 1ts equatlons 1dent1fled' fff



S .

2_e”elm_giﬂghengem§ When ‘the identiflcatlon problem is

‘le,presented in a purely formal way-~as we have done here, for

compaotneesunone 8 suspiclone are aertainly aroused that achiev~ ll'

cing identlficatign is only a game. If your first eketch of a
V/jmodel turne out to be underldentified, Just put in anotherVVari—

able in the "right" place and see 1f that shortcoming is remedied.

eBut of course, however 51mple,"putting in another Varlable may
‘evebe in mathematlcal terms, it dls a dlfflcult undertaking in sub~
"fstantive termse Our tralning in what passes for 5001ological |

l’theory tends to inculcate the healthy instinct to presume that.~

“everythlng is connected. to everything elsea ‘But a model in

v¢wh1ch thls is true -and in whlch all the connectlons are direct is':

ian underldentifled model-—sometimes called for rhetorleal pur-’ -

3

 p0ses, a "hopeleesly underldentlfled" model

The 1dent1flcatlon problem w1th nonrecurslve models is much

the same as the problém of causal orderlng with recursive

r_no_delsv You have;to be able to argue‘eonﬁincingly that certain

logically possible direct'ednneetions between variables are, in
e rea]ity, nonexisfent‘ Ydur theory mﬁst orovide you with a seeure ;T‘
'ii:ba51s for "sectorlng" the world in such a way that the causal

"‘mechanlsms of quatlon no,_l are really dlfferent from thoee o

operatzng in equatlcn no. 2, whlle s»lll a different set of mech-

,anlsms comes 1nt? play in equatlon no . 3, and so on. If the endoge-‘fﬁ
;nous variableq 1? all these equatlons are really Juet sllghtly dlf-f?'
,4ferent measures of the same thlng——say, an 1nd1v1dual's qttitudes:[fn

" on three dlfferent but closely related 1ssues—~1t is golng to R

i

“f,requlre a very s?btle and elaborate theory 1ndeed to produce als-{l*”
ﬂVtinct sets of determlnants of those attltudes, 1f, by contrast

N the flrst equatlon descrlbes the behav1or of labor, the second
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ihe.behavicf'of management, and thevthird the behavior of govern-

‘ment {or, respectively, the behaviors of the father, the mother,

and the child), we may more easily argue that at least some of

'_the causes involved in each équation do not appear in all the

sther equaﬁioﬁse‘

Sociological studies involving serious efforts to construct

',honrecursive modélsbare still so few thgt no conclusion can be’
drawn as to the productivity of this apvroach, One can only offer |

éoniectures, as above, concerning the kinds of problem that may

prove amenable to study by such models, It does seem likely, how—

" ever, that some modifications in our'habits of theory,construction

~-and not only in our practice of statistical analysis--will have

© to ovccur before many convincing examples of nonrecursive models
~are forthcoming. An investment’in the~3tudy~of thevformalkcroper-ﬂ
‘ties of such models amounts to maklng a wager as to hhe dlrection"”‘

of development in the subgecn matter.dlscipllne ;n Which one-wil; 

i

' War‘ke

0



7.
OVERIDENTIFICATIQN IN A NONRECURSIVE MODEL

Let us enlarge the model consldered in Chapter 5
We assume there are three exogenous variables, and their direct
'éffecté'on'the éﬁa Jointly dependent variables are asgshown in

 the path diagram, |

' The model, therefors, is:
.] x4,=.bulxl %kb45x5 + u
| Xy = b52x£ + b53x3'¥ b54x4‘+ v | -
”o]w1th ‘the usual soeolflcation on the dlsturbances,,Applioétioﬁﬂf'37
ZY  of the counting rule (pb 6-3) suggests that |
:o;fthe x5~equatlon is Just identifled (there are 3 explanatory Var—oof 
i;iables in’ that.;quatlon ‘and 3 exogenous variables .in the model f;fz*@
;fgs a whole) The xumequatlon is overldentlfled (there are only’ é;ﬁg'
">f3f~ttw° explanatory variables in this equatlon) | | | T
G lojMultiplying through by exogenous varlables, We obtain » *o;
;”¢14A“ By 11t Py 15  Sema |
' bu5@é5: - (from thé:xu*eq“?tiOH)f;liuo

Goy =P 41;12'*

-

-4

4‘615~:__52 12 ‘b53¢13*+‘b54”iu'

= P52t * P53yt wzaj/ (from the xg-eqiation)
L T35 7 bl by by, | Sha e
’_ :?5:* We see tnat the~IV»Method 1s avallable for estlmatlng coefflcl-f

~.;';ents in tho ,5~oqoatlon. The estlmates are obtelned by solVIng
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- 7. . the following set of normal equations for the b's:

Myg = Bgomy, + b53 13 * 5um14

. ,G -+ @ m
5217 53053 + 54 24

nys = Byom 23 7 Bs3mys *+ Baymyy

i

"z

The sltuatlon is not so straightforward for the overé

identified xunequatlon. The overidentlfylng restrlctlon 1m011es.

that _ C
(1) ‘ (11) (111)
T14%25 = To4%15 T35 < T3u0 5 Tpu035 7 TyuTns
D R = : = S
R e Wl 091055 = 01075 913035 - O13915 12935 ® %13%s5
1124 = T14%12  T11%3y - 1314 %1234 - T13%2s
b, . = g = . =
45

‘nfa'fﬁmﬁj~‘ﬁfbg‘”m?w ﬁj%5“ 1f%5  ‘
We might esﬁiméte these E' by raolaclng the 6 s with’ sample,:"
~'moments in any ‘one of these solutions, Note that nelther solutlonf
k (1), (ii), nor (iil) 1eads to an OLS estimate, in contrast to the i;
~ ‘result for the OVeridentifled equatlon in a recursive modeWb =
f(pq 3-22) . i» We aireadv know. in any event, that OLS is- nct a-!,
17:»2;7  cons1stent method of estlmatlon in nonrecursive modelse If we ’
.' freplace the o s by sample momeﬁts in the foregomng solutlons,'we_:

: ‘w1ll in general, obtain 3 dlfferent palrs of values for the'
'\estimated b's, The equallties will be only aoproximate, not exact
- even 1f the model»»or. 1n Dartlcular, nts overldentllving restrlc-}_
 ;tion~~1s true, Tha essence of the overidentlfled case, then, 15
that there areé"too many” dlstinct o»tlmates of the structural
>fcoefflclents.‘lt is not obvmous how to choose the best one from,‘

ﬂ‘amcng them, nor how to rcconclle themn‘It mlgh* seemvplau51blef7 

1't° dverage the estlmdtes, In a sense, thas is what 1s ‘done by thef‘*

” method that mlll be deac;lbed later onogout the approprlate:
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“aVerage ig not a 51mple, unwelghted mean of the three estlmates.

Slnce a direct applicatlon of the IV method doesn't work

for an overldent;f;ed equation (there are Moo many" instru-
.. mental variables;and no firm basis for choo sing among them), we
" 'lodk'for>heIp in another direction, by studying the reduced form

“f ofAthe:model. We find

xa = a&lxl +‘342x2 + au’3x3 + u!

Xg = agyXy *oagyXy +oagyXg t

where the reduced-form coeff101ents and dlsturbances are the

+. a

’follow1ng functions of the structural form COefflclsnts and dis—

‘turbancesa‘

B 41/(1 - bus 54)
Ay = Pygb 52/(1 - bygb 54)

= b45 54)

243 = PusPssl (2
agy = b54bul/(l'— by 5P 54)‘

tasp = bgpl/ (1 - By )

a5y = byl (L - Bygbyy) :
ut = {(u +. bu5v)/(l - b@ﬁ 54).
v' =

(b54u + V)/(l - bl}" 5[“) : ] e :
(gzg g;‘g Using technlques ,simllar to those in Chapuers

4 and 5, | veqlly these expresslons. Flnd the variances of u'

{

1” and v' and thelr covarlance in terms of structural coe1f1c1ents

L

‘ and Variances. and covariances of the structural form dlsturbances.-mVs

Remember that, in the nonrecur51Ve case,fﬁﬁv 0 does ggt follow f;i

Q{&efrom the usual SPGC¢flcatlon on . the structural dlsturbances )

a In 1s apoanent tnat our work 1n deerlng the reduced form

'”V*coefflclents has not solved our problem 1mmed1ately We flnd that "
. a@Z/aEZ :_bqs but also~auq/a53v_ b45 f the @odel‘?s true, both ’;,

- equalltles must hold 50 bhat
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1n(matesk

oAy, A3

= o

855 asy

a42353 = a43"“52

-~ But, in practice, we do not know the a's and can only hope to
'nsecure sstlmates of them. Suppose we adopted as our. estimates

- ,of the a's the OLS regression coeff101ents of X, on xq xz, and

X5y and Xg on xl. >0 and X35 taking ‘advantage of the fact (which

the reader should verify) that covariances of u' and v' with the

 three exogenous variables are all zero. There is nothing about
" the 0LS method whlch guarantees that estlmates of coefflclents 1n
"~ two dlfferent equatlonsp estimated 1ndeoendently, will satlsfy l
: exactly the proportlonallty 01ted above (Whlch is, indeed anothere}i

'7:way of expressing the OVerldentlfying restrlctlon) The best we

could hope for is that
2 £y
b2 - 43
A

&5z 53

@y

‘(where % means aOproximately equal to") - But thls would leave ‘us

=1n the posltlon of havmng to choose between the two dlstlnct est1- 

na

e _a A
by “.343/352»
’\(2) -

Pys = a43/‘353

op otherw1se reconclllng the two, But Lnere is no o5v1ous way £§e
*Qado thls (unless the reader whose patience bas by new worn thin i
‘f COhSlders it obv1ous" Ehat it is good enough to split the dzf- |
ffference o We would stlll haVe to harass the‘dlstraught fellow,;neif-ﬁ
'7 however b/ 1n51st1ng that uhere ﬂs more than one way. toe sOllt
fﬁfln the dlfference"ume g‘, by reconcmllng dlfferenu estlmates obtalned:fn{

’n*fvia tbe reduced form or by reconolllng thoss obtained on the IV



e
“‘ ;ppfoach.) i
| We~caﬂ,'héweVer. put our Oleestimétgé‘of.reducediform
n i¢defficients tofgbod usé forvtherpuipOSe at hand. They’will
séfve as "first'stage’ragression" coefficiéntgyfor the mathod

" known as Two-Stage Least Squares (ZSLS)VY

v We are worklng on the overidentlfled xu—equatlon, and it
_15rthe presence‘of XS in that - equatlon that occasions much of =

 'four dlfflculty. To finesse that source of dlfficulty, we. procaed

'fr;as follows0 Define Q} as

X = Buox, + A
5 5171 5272 533 S
‘where the B's are the OLS estimates of coefficients in the

+a

reduced-form x5 equatlon. We have then
55X v |
whére o is an'estimate, calculated as the sample r931dual from N
*the estimated regre551on equatlon, of the reduced-fornm dlsturb- f  “»
dnce u'. We substltute thls-expresslon‘for,x5 into the,xq-equa{~ff*v~
tion of the modél, obtaining
-xu = b4lx£ 45 5 u‘ +u
f”’Let u's multiply through by. the two explanator/ varlables.

Il

E(x Xh> ‘~41E(x )‘+ buﬁn(xlx ) bu5E(x Ty 4+ m(x u)
E(R XM) = %QlE(XS 1) + bQ5E(x )+ thE(X u ) + ECA u)
e must look closely at the four terms 1nVOlv1ng dlsturbances., 

:Flrst E(x u) = 0 by the orlglnal g0901flcatlon of the model.

’kSecond E(xﬂu ) must be zero, since u' 1s the sample resldual }ﬁffﬂ_

frow a regre551on in whlch xl is one of uhe 1ndeoendent varl-q hfc'”“

'i’ffables. It is a oroperty of OLS that each” regressor has a- covar~7f7 ”p

':ff:lance.of zaro, 1dent1cally, wluh the samole resmdual Thlrd

. for much the samp reason W(xﬁu ) = 0; for XS is the value'of .i

;the dependent varlable caiculated from a regre551on equaulon,
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and @ u‘ is tha resmdual from that same regression, The oLS methodrl
““dinsures that the covariance of the two 1s identically %910 .
The situation 1s messier with respect to the last term,

’1_E($5u). We recallkthat, by définitioﬁ;’

R = aoxs kR
5 5171 52%2 53 3
e Sﬁppose, for the moment, that we knew the actual values of the

S G . _
‘a's in the population and’ d1d not have to use the a's. Then.we :

i

“l"could compute a sllghtly different quantity,

¥* + a

"?5 #5171 52%2 7 53*3 | | |
If we then considered E(xsu)’we would find that its value‘is

+a

aSlE(Xlu) ? a52E(x2u) + a53E<x3u) =0 B , e
The a's can be w?itten to the left of the expectation sign'Since_
‘:they ars conStants. (The samé'is not trde of the @'s;‘they are,?ﬁ

flrandom variables that vary from one sample to another ) And, of

l‘course, sach of the expectatlons, E(Xh

u) = 0, h = l. 2y 3. 81nce;_l
xl’ﬂx2l and xq are exogenous varlables, | ,- -
All this is Verv nice, but x5 is not the same as x?* it’isvr“

" only an estimate of X%

{ 5

“ theory that lieslbeyond the SCooe of‘this sxposition..Whlle waf'7'”

®

"i_may only wrlte x5 ﬁlx5, the ‘error in the approx1matlon will -3

l‘dlminish,fonvtheﬁ

i

~Here, we must_appeal to some statlstiCalifiﬁ'

average, as we ‘take larger and larger samnles, S

In the limits 35% the samole gets 1ndef1r‘1tely large, the probl,

v'lability that ?5 ?1ffsrs from x5 by more than any orespecifled'%
',sﬁqﬁnt:ténds ﬁs-gsfo. Rsplacmng x5 by x5s1sfthe sxpsctatlsn's‘?
ffE(xxu) thsréfsré, we may write L |

. E(x u) ~»G |

lffand the error 1n the aoprox1matlon gets smaller, on: the aVerage,ﬁl:

ftne larger the sample. Hence,,E(x5u) is"asymototlcally equal"

S to z8%0 The apnroxlmation 1nVleed in- taklng 1t to be 1dent1-f714sfl

e ally zero is of the same klnd that ws use whenever wer emoloy
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>5f,"lerge—sample‘stﬁtistics" Or‘"asympiotic estimators.™

We have presented a long argument to the effect that when ;ﬁ

l[werking with a "large" samnle, Wwe are justified 1n dropping the
:'1ast two terms in the expressions for E(xlxa) and E(x5xu) pre-f

‘ Viously given. We find, therefore, that

E(x 1%y) = qlE(x ) *+ by, E(xl 5)
o OE(R xu) = bulE(XE 1)t baSE(x ) |
We see that if the n¥n g g replaced by "=", and the several ex-

pectatlons by the corresponding sample moments, we will produce °

» 0LS.estimates, gﬁl_and‘%45’ by simply regressing xqvon xlvand Q};;
wheres Q} is calculated from the reeult of the first- stage regres=[l7
e tsion and the 2 b s are estlmated in this secand stage regresslon.f”
- What we do, in effect, is replace x5 in the xn—equatlon by’ the““
:l,estlmate of X g glven by its regression on e_l the exogenous var~wel

‘l 1ables in the model, and then use OLS on this revised equationg

We mlght equally well estlmate the x5—equat10n by ZSLS

i,In that event we would calculate the flrst stage OLS regresslon‘_

"of‘xu on Xy, X 2° and x3 compute the calculated value (xa) of xu e

from that regreSSLOn, replace X4 in the x5-equatlon by xq, and -

f4:est1mate the coefflclents 1n the xS-equatlon by OLS regresslon 57w7;"

"e’of xs,on X5 x3, and X4 It turns out that the ZSLS

v:estimates obtalned for the Just 1dentifiea X5~equatlon are tne';;:l:”

esame as. the IV estlmates, The fact that ZSLb and IV glve the samelv_ie
"bresult in’ tne case of any equatlon that is Just 1dent1fied may belll
' 'seen as & heurls?lc Justlflcatlon for the approxlmation used in ii

-lfd?riv1na the ZSLS methed
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'(Exgrglﬁé.-What if the x5;equation were udderidentified;!
Je,specifically, what if it were speclfled as » |
x x5 = 51 xq ¥+ b52 2 + b53 3 + b54x4 + v
 could we ‘then estlmate the coefflcients by 28LS, where the
‘eacondgetage regression is Xg onkxl. Xps Xgo and Q@? Ansuwer:
”No} beeause Quzis a weighted sum (With 2's as weights) ef Xy
Xos and XB, whlle all three of these varlables appe;r elsewhere
in the second- stage regression equatlon. Our efforts to calculate‘
OLS estimates would fail because of "51ngularity," If this form
of pathology is not known to you,. ask your teacher to exoiain‘it; 
,/b’e_; QQQQLQ;;QQ Nelther 2S8LS nor any other method of estimation is ai
| “cure for underidentification, because the identlficatlon oroblem.f'
 ~does not ariss from sampllng errors but from difficulties of a  ‘e
logical klnd ) |
- We have trled only to sketch the loglc of 2SLS and not to
,describe efficient computatlonal procedures. We do not moreover,-
“T_rdeal with tests of hypouheses about the 1nd1v1dual struc»ural
coefflcients; The standard errors requlred for such tests are pro-

‘duced by any good eomouter program for calculatlng the estlmaued ZSL

; !wcoeff1c1ents themselVes. The 1ntent of our dlscusslon was to show th
‘jlreader that some speclal method of estlmation is both recuired A
ffand feasible wheneVer a model contalns one or more oVerldentlfled’*'
Vequatlons.. | | | | | |
| There are several other methods beeldes 23LsS for estlmeteewﬁ
¥':ingbover1dent1fied equeulons or, in< the case of some methods, o

’for estlmatlng all equatlons in the model at once. All of thesev&Vey

‘,’methoda’are more: comolex, concepuually and comoutatlonaLly, than

'fYESLS Tnerefore, the well«mothated reader must be referred to

e Ny e T U S :
AR e P e

‘ﬁf,the adVanced textbooks of econometrlcs, of whlch there are several_”

,

"fexcellent ones (Johnston, Goldberger, Cnrlst Malanaud Thell

Kmenta,,among others) For all the 1nterest in these metnods, ij
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St gy
s )§,  most éﬁpirical %ork ﬁses‘ZSLS,1which.is:quitssflexible in appliff
| | éations'and,whi%h appears'to Have a serﬁain‘robUStsess in‘the .
" face of the présiicai difficulties that always arise:in a ser-
B lous plece qfsempirical work,
| Ffom‘estimation; we tﬁrn to some curssry remarks on the
'virproblem of testlng overidentlfylng restrlctlon(s) Formai proce-
“~vdures of statistical inference haVe been prooosed in connectlon
'thh this problem. But thess procedures are little used in prac~w‘
‘tics, ana somé Qﬁesiions rsmain‘about iheir éurely Statistical‘
‘prropertles. | | | |
| It is easy to see one reason why the outcome of’anyvsush ‘? ;_
1testsmay‘not beéhighly instruétive.‘?irst' suopose the ﬁodei
Hupasses the test. one is not requlred to regect the null hypothe-‘s's 
'.sls which - asserys the overidentlfylng restrlctlon(s) to be true.”h's~“
‘f‘But this outcome, of course, dces not guarantee that the model 1s s
‘true, it oniy prov1des some reassurance to the 1nVest1gator who
~fth1nks he has other, adequate reasons for belleving 1t to be trues'

\-Second sqppose the null hypothesls must be regected One.

f:»then concludes,5w1th only a small orobablllty of belng mlstaken,s l 5f
 ﬁthat "somethingf about the overldentliylng restrlctlon( ) is o
i;wrong» In the eiamnle used throughout thls dlscu551on, the OVQr~sff 
 iJﬁent1fy1ng resgrlctlon takes the slmplsst Dosslble form,ylt

‘:Qasserts the equ&llty of two ratlos of reduced form coef;lclents
  342/a52‘?:a43/a53 In more thhlV overldentlfled models therefffii?bsﬁ‘

Cwill be seVeral such condﬁtlons But the rsgectlon of ths null !j;

'f‘hyooth651s only tells ‘one. that "somethlng" is vrong. not what 1n R

T,;;partlcular is llkely to be wrongu

*jﬁj, 7f ’7 Thls is true even in our simole examn ,If we. must regect

{

'L:the overldentlfylng restrlctlon, how may we remedy the sltuatlon?
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‘1 If e draw in a‘:causal arrow,vxz___;xhi'anduthereby revise the

e xuoequatiOnvto read,

N?u-‘ Pya*y * Y%, * b45 5 *

" this equatlon.vas well as the xS-equatlon, w1ll be Just 1denti~§

fied. There Wlll be no overldentlfylng restrlctlon(s) and thus

:no way of reJectlng the model for fallure to fit the oVerldentl-
”"fying restrlctlon(s) But exactly the same thlng will be true 1f

7; instead we put in the arrow, B—mu§x4, so that the xu-equatlon
L will read

X, = byyXy * Byg¥g + Dyg*g +

;i The result of the Orlglnal test of the QVeridentlfylng restrictlon

‘1s of no help 1n decidlng which (1f not some other). route to take.:;' 

.;

2 A formal analysls can only reveal formal oondltlons that a good

“model must satlsfy (or satisfy approx1matelv) Whether it 1s,f
"4really any good must be determlned on substant1Ve grounds, w1th

»‘.‘the guidance of the best theorv avallable.o3

Exercise. What haopens if we reVlse the xunequation to

1

jilnolude both X5 | ‘and x3?

53 g;sg. Enumerate all posslble 2.~ equatlon nonrecur51Vefﬂm‘1, “

,,models comprlslng 2 endogenous and 3 exogenous varlables, each b

i

'equatlon of eVery model belng Just 1dent1f1ed Let every model

'i

,:have the same set of endogenous var1ab795 (Sav, x“'and Xj) and C

PR

the same set of, eXOgenous Varlableb (xl,'ng‘and x3). Nhat oossl-'f }f
fbility, if anv,gdo you see for lettlng bbe choice of one from

o’famong thls llst of models be deolded by the results of a statlsti— if
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| SPEciFICATIOx ERROR
The title of this ehaoter; like much of tbe nomenclature;'c
';and content of - thls book derives from the llterature on econo—fl
el metrics. It 1s’qbite a useful euphemlsm for what in a blunter ,
llanguare would be‘called "using the wrong modol° There are
‘vuany more wrong models than right ones, so that specification ’
‘error is Very common, though often not recognized and usuallyr
‘not easlly recognlzable,id

The main message of the entlre boo k would be mlssed 1f

the reader did not understand by now that we can seldom be sure

"f_we haVe the rlght model, although we can sometlmes be nearly

o -ecertain, on the ba51s of emplrlcal ev1dence, that we 've been

“u51ng the. wrong one. Indeed, it would requlre no elaborate
.‘1sophlstry to show that we w1ll neVer have the "rlcht" model 1n“f'7
any absolute sense. Hence, we shall never be able to comoare onellii :
o of our nany wrong models w1th a def1n1t1Vely rlght one. Is the~b;°i

';matter of SOGCIflcatlon error beyond rational dlscu551on. there-

‘ff]”fore, even if we have no dlfficulty in "talklng about" BT whllefff7*7*

failing to,"dlscuss" 1t?
| As the term will be used here, "soecification error" re;

“lates to a rhetorlcal strategy in which we suggest a model as

o the "true one for sake of argunent determlne how our worklng

fmodel dlffers from 1t and what the" consequences of the dllfer-tﬂf‘
o B

'“,ence(s) are, and thereby got some sense of how 1moortant the
”flmlstakes we'll 1nev1tably make mav be.

oometlmes 1t is 00531ble to secure genulne comfort by

7this}route. For example, 1n u51nv'an eSL1matlon method llke




8;2 ,"7_

‘  ‘2SLS, where. we estlmate the coeff1c1ents of Just one equation ine;
( .

‘othe model at a tlme, it turns out that hav1ng the wrong form fore'e :

‘"the other equatlons doesn't matter, if only we haVe de51gnated

”s‘correctly the predetermlned variables that are 1ncluded in and

‘:excluded from the partlcular equatlon belng estlmated (This is

’ falrly "obv1ous" from a review of how: thls method goes and no

5further proof is offered. here ) It could ‘happen (11 one is 1ucky)
ethat the particular equation is the cru01al one for the light
'e‘that 1ts COefflclents shed on the ‘theory we are working w1th

o>Hence, this partlal 1nsulatlon from the effects of soe01flcatlon f~.

'}]error can be welcome.‘

oA 51milar theorem was stated for recursive models in

feChapter 3 (p. 18).. S js;_ﬁ‘* " In estlmatlng oath (or

“[sstructural) coefflclents in one equatlon.'we do not harm the

h

 ‘fresults by hav1n% an erroneous causal orderlng of the varlables
~4prlor" equatlons. of’ course, we do harm to the results for
;'ﬁ:the hodel as a whole,‘so it is well not to take too much comfortti

ffroﬁ’£hisk£heerem.: k |

It should not be suoposed however. that a mlstake in re-f,'

'5#j,gard to the causal orderlng is the only form of soeciflcatlon

ii.error. To 111ustrate the contrary, suppose ‘We are worklng wlth
F “ :
v_three Varlables and have a firm basis for the causal orderlng,,:

1«-§x2-~ax3 Qan we be sure that it 1s,safe to take

LWy
"BK~""

Model 1 . -

as. our model (espec1ally since 1t subsumes the case in whlch

3 : g

'ffj‘any one of the structural coefflclents 1s zero)?

SO

Yo e
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'clse) that

‘QlHéhoe;iif we use the:"false" estimatdf}flf“”

-/;///ﬂ \\\\\*' ////j? f Model 2.

o2
".'V2 i

(The disturbencéé'earry subscripts because v andlw in Model 2
vvare not the ‘same ‘as V and woin Model 1.) You should be able to‘
"see at a glance that Model lis faulty. Even_though Xq is
: causally prlor to Xy and x3, 1t is not 1eg1t1mate (1n the light:

vof "true" Model 2) to treat xl by 1tself as the sole exogenous‘

5var1able. To demonstrate the- Speclflcatlon error more rlgorously
and to dlSGoVer its prec1se consequences requlres some algebra:o{ef”
"h;of the kind we've been d01ng throughout our study (AKQ*Cl

,Write do wn the equatlons for each model and from them deere‘

1

Z;expfeselons forfthe Varlances and;covarlances-of ell dependent
N?Vériables,’set Wpifhé’f°rmuianQT*OLSéétimetes'df S£r@ctdralj"
coefficients.) ’ o | |
We find.thatlthe-etrucfurel coefficients and OLSFestimaﬁeSl? :
ll:lgthereof are the (same for the x3~equatlon in Model 2 as in Model;{

lﬂfil For the xz-equatlon, however, we flnd that Model 1 (Wlbh thlef;_ﬂ

i

‘usual Speclflcablon on the dlsturbance) 1mp11es b21,; 612/511.\3Qf7~'

'B‘t from "truem Model 2 we see (glven the results of the Exeranhw

e 8

01;‘ :

b

v Zl : 20611

15
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. we shall be estimating pot b,y but a quantity that differs from

o by by an amount bzodbl/cll, which w1ll be p051t1ve or negat1Ve
o éceording to whether bZO and - ol have the same or dlfferent

signs., Indeed, ‘since © b and 611'" blc“bo Oy (you

ol 1060 2 2

j,should use results of the Exercise to verify this clalm), Wwe see

k‘that-the blas 1n}bgl can be wrltten

- o0 | | | £y
b, b . — | | o

20 10,2
blOdaO % Ghzuz

. 80 that its s1gn depends on whether b 20 and b10 have like or dif-

'ferant signs (the remalnlng terms in the expression belng 1ntr1nsl-

?bcally posithe) We also ses that if elther b2 or b1 is Z2ero ,

QO o
"f;the bias i's ﬁil»%(This agrees with the results of common sense in .
400mparing the twe path diagfams~—or, if it doesn't, you need fur- -
ther to'deVelep &our common seﬁse abeut these diagrams.) If the >
“ipvestigetor can?effef'plauéible considerations favoring the view ;
that one or the ether of theée coefficients is."sﬁall," he maye
© take comfort in the implication that the bias in his estimator
%gl) is émall Q%, eqdiﬁalehtly, that Model 1 is "nearly true."
;§,<, ”eSuch'comfert would be prized in the realistic situation where
| '3 Model 2.1s "knd%%" to‘be’true, but measuremehﬁs on Xy are ndt:
aVailable, whether by reason of some defect in. the studv deslgn
Cor because x@ is not an observable variable. ‘ |

Suppo se, however, that x., though not observed, must be

. o’ , , v
fbjiassumed to haVe substantlal effects on both Xy and x2 Whet then,::
.i:,ls our recourse? We can only adgust to thls unsatlsfactorv state

1efof affairs by substltutlng for (false) Model l the rev1sed Version
R 7. ( '} b elo w Sl - N . . N
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‘The fact thet models like7Model'l' are. intrin51cally less informa~

 it1Ve than those like: Model.l. (if only. the latter were true!) has

‘been remarked in ‘Chapter 3 (ng 11ff. ),

There is another instructive way to describe the specifi«
cation effor.iLet ﬁs compare the xzuequaﬁions of the two models., .
+fvl

21X T bogXg *V

X, = blel (Model 1)

,xz = b 5 (Model 2)

Now, we can render Model 1 "true" by resolv1ng to thlnk of b21’as;,, =

: the same coefflClent whlchever model it appears 1n and noting that_

o

r,this requires us»&o recognize ‘a relationship between the'disturb—

édces in the two @odels, given’by',,‘”k

Vi T P%e F V2

"eEValuatiﬁg E(xivl) we find

E(xlvl) ='b2;E(x xl) + E(xl 2)

20 Ol

- since in "true" Model 2 the usual soec1flcatlon on the dlsturbance ;

‘ffewould be E(xl 2) = 0. But 1t 1s precisely thls'“usual" soeclfleae;f

r‘

f}?tlon that we cannot legltlmatelv adopt for Model 1, g1Ven the

. ,must ‘not assume E(x Vi) o= Go But with that assumpulon:not,aVall—eef‘: ;

;fF be weighed Cerefu

truth of Model 2 Another way- to ‘put the whole 1ssue, then, is

that in Model 1 (as We - know from companrwmT it with Wodel 2) we

 able. We cannct rely on the‘OLS eetimﬂte of bZl in7theefremeworkfwﬁbﬁe

Wfffof Model l We come. full clrcle back to the statement in Chaater fT;fo

4
o

ef;l (p._6> ;'g"e -'"The assumptlon tnat an’ explanatory or‘jff;;f

',’fcaueal varlable 13 uncorrelated Wluh the dlsturbance must alwaysf?eif"

o L L i T o

lly Perhaps the meanlng of "to welgh carefully“{f Vf
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now, the,"true" model is

it i s s ot e S e 4 s LAt e, B S e RSN e s e 1

8.6

will be a little clearer now than it was seven chapters ago .

Let us make use of thls alternat1Ve way of descrlblng speci-

e ficatlon error in attacklng another 1llustrat1ve oroblem. Suppose,_f 

xiz// N xk(/%'.,”

Studylng Model 3 after the fashion of Chapter 4 we‘

‘ ‘find among other thlngs (ﬁ;g;g;gg Verify these results)

= b. .o

o1 10 00
9 = blo"'oo ST
; 373
%2 b21bla“bo |
C1p F bzlblo“bo + b21 a5t
W2 2 2
»”22-7,b21 105 * P1% o, T

373 V3Y 3

"_Now‘ we propose to study Model 1 in 11ght of true Model 3 But
""this time, we make expllclt the fact that E(xl l) # 0. That 15,"'

. we take the x3-equat10n from Wodel 1

%3 T Pgp¥p FbgyXy f:“l

7and;vafter observ1ng that if Model 3 1s true,fy;'

W) T bay oﬂ* B

3
‘rewrlte the x3~equat10n as
x3 32 Z + b31 l,+ (bBOXG + w3) ,

Now we multlply throuvh by X, and,xl:
f b31 12+ (by

Oy 7 ®32 12 * by1o1y * (P

Gog = 32522 c>'"0.2)

Ol)

o taking adVantage of tbe speclflcatlon in. Nodel 3 that E(x1 3)
) E(x ) = 0 Just to make the next step easler to follow,'uhese;fff  ‘

«'_two equatlons are rewrltten

s
SR

; -
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: Gn the other hanﬁ

’~‘ent,

isy

already exhlblted This shows that the OLS estlmator of b32 from';d

‘estimator is

A "11%23 " M12™13

32 T 2
1rm22 = Myp

we obtain a'
0p 0" 13 - “12623
b = —
Pay >
| 511522 P

:destlmator from Model 1,

!
AF"' 2zrg3,f,‘
31 R

, M11M22 = Mo
ih fact

'°of that second term,

Thi° example shows that desplte the soec1f1catlon error, OLS d*:

‘Jgthough not for b31 One must

- 4

",reallstlc sltuatlon 1n whlch x

- Model 1 is unblased for if x3 is regressed on xz'and x

-p

8.7
‘-(obB “‘bBGﬁbz),= bjz“éz + bBlf
(13 = Pyp1) = bypoyp * b31 11
We’solve for: b32 o ; ' | - ,‘

| “il‘5é3 P30%927 = T1p(0y5 = by )
U 3e , 2

S ? “115b2 - %12

711923 "~ 912713 %01%12 ~ 952911
= : + b i
e 2 30 2
T11%22 - %12 ©11%22 - %12

evaluating the numerator, using the expressions for the 0'4

l‘the

0212 ~ %1%22
b .
30

611622 - 612

t"The second term on the rlght does not Vanlsh

12" 23ﬁ,*'“

perhaos, be hungry indeed to tak

'L much nourishment from such a result

O

so that the OLS

blased and’ the blas 1s glVen by the non - zero value

‘sf%apolied to Model l would hava yielded an unblased estlmate for b

Stlll.,one can 1mag1ne a.

though unobservad

may (w1th

©But the second term on the right vanishes, as will‘be seen upoh'v

when we solﬁe.for,the‘other'struotufalfo&éffiéi}fg“

D3z




o OLS estimate of: b

model is. .

: 8.8
; :

~ féasdn) be postulated to behave accofdidg to Modei 3; ih that
-, ¢veht.,we can still do something with Model 1. Certainly, it is
'  fiiﬁportant £c realize thatlspecifiaaticnrerror may havé diverse
f'effeéts; accordihg to,where it.occu?s; Hence, it is ﬁdt enough
‘iT fdr’a sképtical»critic ﬁovsay, "The MOdél isJimproperly speci-

, fied, hence the estimates of structurallcoefficients'are biased'"

'-propose'a new, "true" model that shows Just wherein the inltlal
model errs, and then compare the two to infer~as much‘aS'possifw

I ble about the cohsequencesyof the speéification érfor.

(Exg rcise We have seen that if Model 2 is true we can

still salvage the Xy

If the true model is thls,

:*ffswhat can be Salvaged from Model l?)

":   He must, on the contrary--or vou must taking the role of crltic-—

-equation from Model l If Model 3 1s true,', >»7

vlshow that we can salvage the x2~equatlon as well as an unblased ok

T lllus”ate sti1l another situation, let the initial,

J'ijjp0331bly erronequs model be

‘Model 4:'

'fm ‘Fur£hég'c§nsidé?étibhﬁéf relevant theory Shows.thatxthe;"truéﬂf:f"
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\\M \\\\\\; 7: ‘1f'i ‘Model 5 »

u5 ': W

':kThis is an easy 659, (E&g_g;ggﬂ Show. that the OLS estimator of
  b“3 in Model 4 estlmates b43 in Model 5 without bias and that the

"~ OLs estlmator of b@l in Model L estlmates b w1thout blas )

42 21

’"The prlnclole is that 1nsert10n of an’"lntervenlng variable! inton

 ‘£'one ‘path of an initial model does not 1nvalldate that model bdt

'”? merely elaborates 1t

~-But suppose the "true! model is“:"
Nt dh

\\\s ,///ﬂ \\\\\\s C Medel 6
B SR |
Ve ,

S X

L

/!

Y6

o The elements of thls 51tuatlon haVe already been COVered in the
;epioode of wodel 1 vs. Model 2, although the addltlonal varlablei”

“;turns up at a dlfferent place in the causal orderlng. (ﬂﬁnglxﬁ

e{‘If Model 6 is true,iwith the: usual sp901ficatlon on 1ts dlsturb- ,f¢;_

y.ances, show that the speclficatlon on the. disturbances in Model

~,g;4 may 1nolude h(xlwu) = E(x1 4) = 0 but Qgt E(x3w4) Set forth ]_;‘

~4;the 1mpllcat10ns for 0Ls estlmatlon of structural coefflclents

“in Model L,y Here the prlnclple is that 1nsertlon of an‘"lnter* i

'”ifAVenlng Varlable"~1nto an 1n1t1al model ‘where the 1nterVen1ng e

eﬁ‘Varlable then operates as a common cause. of 2 or more later Var-fe5

'1f!iiables, reveals soe31f1catlon errors in tne 1n1t1a1 model EVery~ ;

. L,

 fsuch ‘case muSt ba evaluated on its own terms. In the 1llustratlon  -g¢

1at hand (Model 6 VS.VWOdel 4)_we may make reference to the earller
"“, ) . . : y N B -



8-lo
u iiex§ériénce (Médél 3 Qs{ ﬁddel'i) to obéér§é thg£ spécificatiéh  2
,i érror may have bne—sidéd CQﬁsequenéés.'Létfﬁsﬁwriﬁe thé‘hSQmiall
:reduced form" equatlgns for Modal 6, éliminaﬁing_lefrom?thév

: other two aquatlons

1

- %3 = (Bgy F bapbay )Xy #bgpug v v |
W T Pug®3 T Pugbary FoBuptg v g
Or, more ccmpaCtly?j |
37 % i v
| h T 437 + aygx g
Ay T by b32b21
buB

Ay = bypbpy

Vé'= b32u5 + Vg

.Wé=b42?6+"’6 .
 ,Wé’see that 251 may be- estlmated by OLS regression of x3 on Xl’,
| 51nce E(x v6) ¢ (Exerclse Show thls) But oLS 1s not sultable‘
for estlmatlng a43kand a@l' 31nce not all the explanatory vari-
?ﬂ;ables are uncorrelated wlth W6’ the disturbance in the semi- |
'f;Ereduced form of the xq-equatlon. We note that the semi- reducedr”:

form of Model 6 1s Just Model L, w1th the aoproprlate reserVatlon ;

concernlng non - zgro covariances of causal variables and dis sturb-

“_ancas,'

Wuch theor1z1ng in soclologv takes the form of suggestlng

Hy«_‘"interVenlng VPrlableS" to interpret causal llnkages that ‘have

bean recognlzed earller, For the reoearch worker uslng structural-.°~‘

equatlan models 1t becomes v1tal to know whether the hypotheses

;'about thesm 1nterven1ng varlables tend to leave hls work 1ntact

!

(though Oolntlng toward a useful elaboratlon of 1t) or whether   ,'
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"eethey tend to suggest that hls estlmates of causal 1nfluences are

Tserlously biased. Since our examples of spec1float10n error have
~rbeen non numerlcal it 1s easy to miss. the polnt ‘that specifica-
~_tion errors may: engender blases that are real but nonetheless

_quant1tat1Vely tr1v1al In addltlon to a qualltatlve analysis:
:‘of the nature of the- blas (1f any) the inVestigator will, there-
'rfore, often put hypothetlcal (but concelvable) values on certain

structural coeff1c1ents in a “true" model in order to conJecture,

’ Tkw1th ‘some plauslblllty, how w1de of the mark he may be if. he’

‘contlnues to work with the erroneous one. Such "sen51t1vity

u'~analy51s" may sometlmes provide comfort where otherw1se the

examination of SOGlelcatlon error would yield pe551mlstlc con-ef7l'

:Vfijclusions as to the acceptablllty of a model

We have glven only a few rudlmentary 1llustratlons of

"nspeclflcatlon error but, hopefully, enough to suggest that the

.,SerloUo 1nVest1gator w1ll muster all his 1ngenu1ty to antlclpate T

'7threats to the valldlty of hls results from thls source. We have

focussed on the:"omltted varlable as a threat to Valldlty,
L

" because thls is one of the mo st common arguments encountered 1n

discusslons of models—~perhaps becaUse it is easy to suggest the glfv

‘,‘name of a varlable that has been overlooked though not elweys_solifj

;'easy to justify 'a "true"'model that includes it, ‘Specificetiohfl[;ﬁﬁe

error arlses 1ntother ways, however

v Suppose ode is in a 0051t10n to compare estlmates obtalned'gﬁﬁ

‘afor these two models

( ).
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At least one of these'tWQImOdels ought to give results that are..

 >questioneb1e inﬁthe iight ofitheoretioal‘expectations.'If not,
1t would appear that the domain undef'studY’actuaily is not very
oiéhly structufed'in causal terms, or the meaeuremehts all are
';grossly contamlnated by error, or our theory is v1rtually non -
commlttal on the signlficant issues. In any event, the clue to
'speclflcatlon error in (a) or (b) is prlmarily the substantlve B
f implausibility of the estimates. _ '
‘ In additlon to wrongly omltted Variables, the model may
v'inVOIVe erroneously included Variables; In theory, one such ”
 ’mistake should got be fatal if the model 1s otherwise correctly Le!e
bf:speclfied The erroneously dincluded Varlable should have a .
‘nearly zero coefflclent HOWeVer,‘a mlstake of this klndvdoeebv;~'j
. impair the effiplency with Whlch the model's coefflclents.are
‘ 'est1mated Hence,othe 1nvest1gator should not try to get by on’

-'rthe strategy of "1nc1ud1ng eVerythlng" on an 1nit1al run of hls

"'model This strategy, pursued relentlessly, leads to underldentlage}

':i'flcatlon, as we. have seen in Chaoter 6 (p. 7).

Other 1sspes properly subsumed. under soeclflcatlon error

>14151nc1ude (l) tests of oVeridentlfylng restrlctlons (Chaoter'fJ £

3,7 pp. 22ffo,ACbapter 7, pp. 9-10); (2) the

"»f treated in somea: statlstlcs texts. The neclect of these last two

’ ofof the progeot

'_valldlty of the spec1fleatlon of llnear lunctlonal form,‘a |

*‘_matter that rece1Ves con51derable ‘attention in most statlstlcal ‘

“presentatlons of llnear models, and (3) thevacceotablllty of the:lffo

:‘fhomoskedastlclty assumotlon in regard to dlsturbances,-likeWiseﬁe}"‘

c

U“}toplcs in our sketch of thls subJect should not be mlstaken for,f""

o a Judgement that they are unlmportant On the contrarYr;theY are:oafF
4 . o

’-so 1mportant that they must be squarely faced throughout a

g

v;progect 1n constructlng a model but espec1ally at the beglnnlng fffi

i
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]

i oo N ~ : R
' Exgggigg On p. 2.10 we suggested that one could posé a

”jfcounter-model to Model ITI' as a means of discussing p0551ble
'»' specif1cat1on error in that model on. p. 2-14, we made a :
'simllar suggestlon regardlng Model III. If you have not already

7:f“done S0y show how thls mlght be done 1n each instance.

SRR,




MEASUREMENT ERROR, UNOBSERVED VARIABLES

From a formal poiet ofwview, the topic of erger in (measure-
ment of) variables is much the same thing as that of unobserved
variables. All observation is fallible, no matter how refined the
‘measuring instrumeet‘and no matter ho# carefu1 the prdcedure of
‘applying it. In a strict sense, therefore, we never measure ex -
actly the tfue vafiableé_dichSsed in our theories. In ﬁhis same
strict sense, all (true) variables are "unobserved."

It.may happen that errors of measdrement are negligible,.
relative to the‘magnitudes of the disﬁurbances in our equations
or the standard errors of sampling in our estimates of coeffici-
ents. O0f course,  an: 1nvest1gator will not bllthely assume thls
is so, but will make every effort to assess his measurement
errors and their impact on his results.’If the verdict 1s reas-
surlng (perhaps because the other threats to valid inference are
so uncomfortably 1arget) he may proceed, for the moment, to treat
 >his Veriables as-error~free, as we have been doing implicitly
throughout this book. B

A second possibility,is that measurement error is'appreci-
able bﬁt "weil-behavedﬂ and, perhaps; estimabie, That is, a rela-
;tively simpie aed manegeable specificatioh of the behavior of the
*eefrors i1s acceptable. Eithef the errors can be shown not to imge
pair serieusly ihe results obtained, or their oerametere.can beu' 
estlmated and correctlons for their dlatorulons can be 1ntroduced

_ A thlrd p0551b111ty~~by all odds the moQt reallstlc one, in
'soc1olog1cal 1nVest1gatlons——1s that our measurlng instrument
'*does not measure "cleanly what we would Like 1t to measure,ibut7
'walso reflects both random and systematlc dev1atlons from the,"true

e varlable (the one dlscuSSed in the theory) whlch are both too large
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'r\tO'neglect and too complicated ("messy") to manage on any elemen -

‘“Trtary modei of their behavior.

. A counsel of perfection would be to work out a theory of

‘errors and develop a model for the behavior of errors pari Dassu

with the pursuit of the substantive objectives of every investi-

gation. A more realistic kind of advice is predicated on the

assumption'that any single inquiry is just an incident in an

"rhistorical stream of research, At a given moment, the investiga--

tor does all that he can to reduce errors of measurement, to esti-

- mate thoSe that remain, and to accommodate his models and etatist-~
irlcal orocedures to the facts of measurement error, as best he can
'understand them on the basis of his own studies and the llteraturef
v“g of his field OVer the long run, the cure for the more dlsruptlve f
}kinds of errors can only be improved. techniques of measurement |
~But, ae errors are tamed, it becomes posslble to deVlse reallstlc
:and poWerful theoriee of error, and to build directly into our
V‘models the requlslte assumptlons about errors. A mature sclence;‘v
‘with respect to'the matter of errors in variables, is not one thati
‘measures 1ta Varlables w1thout error, for‘ihis is~ihno$eible It”ra‘
 "is, rather. a sclence Whlch properly manages its errors,rcontral~-?~f
'.iling thelr magnltudes and correctly calculatlng thelr 1mp11cat10ns  

.for,substantlve conclu51ons.

This is a Very large toplc@ Indeed, almost the whole of

%‘ripsychomotrlcs can be seen as a frontal uSSault on,the problem'ofr.ff’

“ierrors in variables. In soclology,‘substantlal efforts to estimetei'

error have been made in some survey research organlzaulons. More-;~

:Qeover, soclologists haVe long been.sensltlzed to the "1ndlcator'
"i*nroblem”~—the often loose eplstemlc llnkage beuween the Varlable>e
'~spe01f1ed in our theory and even the most plau51b1e\of,the avallg'f7,

“» "able emplrlcal measures oi it. Many chapters 1n the‘symposium*‘

. ‘;‘
SRS
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ggﬁ)ff::edlted by Goldberger and Duncan [lil are concerned ‘in oee way'r
C :Or another with problems raised by models in which there are mul-
tiple . 1nd1cators of unobserved variables and/or models in which
:measurement error complicates the estlmatlon of structural coef-,, >
lfflclents. The symp051um opens up seVeral new, but difficult |
~approaches to these prOblems. We shall be content here only to
isuggest»a few of the sorts of problems that arise as soon as one
-broposesvto teke explicit eCCéuht of errors ie variables.
Let us begin wlthvthis exaﬁplee |

! e

' | T 7
x /) ‘
; a ‘

xg . >>x3'

"

e‘The primary‘causal‘model here is,the simple causal chain,

~_a.x2.—_>x3, already studied in Chapter 2 (with different

‘lnotation) But now,:one of the varlables (x ) is not dlrectly
obsefved; Instead, its observed counteroart (x ) is contamlnated
with an error (e). Hence the complete.model comprlses three equa—v

éf‘k{f 't1ons, one of which descrlbes the falllble measurement of x,

 while the other two repreSent’the_causal model as such:

: ~X2 = ’X2 + ﬁ :
2 |
X, = byyx 1’+ u
X3 = P32 2‘+ v

”eTo make the example easy, we ‘requirse ihe error of measurement tol
l'7~ ‘be‘well behaved. (Slnce we are talking about the propertles of
"igthe mo del and not about what the world is reallJ like, it w1ll be flle

Yelrecognl ed that thls requ1rement is 1tself problematlc in any |
- ;ggfvreallstlc context ) Spec1flcally, We assume that e is uncorrelated
‘ ‘w~w1th x? and also w1th bo th Xl and xq: E(xze) B(x, e) = E(x ) = 0

jThat is, roughly speaklng, the error is ﬁrandom"_and not “syste—;L_‘



E{matic.“ Moreover, E(e) = 0, just as for all other Variables in

lj the model We employ the usual spe01f1catlon in regard to dls—

";uturbances: E(x 1) = E(x> v) = 0. In consequence of these spec1£i-

_;catlons, we find (Ezgrglge Verify thls) that E(eu) = E(ev)-=

' E(uv) = 0, We find, further, upon squaring Xy and taking expecta-'

- tions, that

“’ meesurement That is, E(*c:L 2) = E(xl 2) and E(x.x

oy T 05, to
using the symbol 6?2 for 4:(X§)2]. That is, the total Variance >
l'of'the.fallible measurement (xz) is the sum of the variances of
the true but unobserved variable we are trying to meesure‘(xg)
and the variance of our measurement errors (e). | 4

Another useful and perhaps surprlsing result (Verlfy this

too) is that the covariances are not affected by the error in
5 3 = E(x2x3)
l»Thus,.when we multiply through the xz-equatlon by xXq wevobtaln' ;m

.., = b

| 12 21911
.~so that .
. 12‘

b =

C2l Toeyy !

We eee that the OLS estimator m 2/m1--est1mates b without»

21
"~ bias. In thls segment of the mo&el the well- behaved measurement
error has a.relatlvely benign effect Lhe effect is- not wholly

" benign, howeverf We must reckon with its 1nfluence on the pre-

L . S
eislofi of our estlmator. Substltuflnv tne x2~equatlon 1nto the IR

#

equation relatlng the observed to the true value, We obtaln

X, =_b21xh'+vu'+ e
:x'HenCe‘tbe“totalvvariance.of‘xg is
Coo = bZldll Ghu T Tes

“Q(obtalned by squarlnﬂ both 51des and taklng adVantage of the
" vanishing . COVarlgnces noted_earller)- Regardlﬂg the'"explalned"l;:;

o SR R T = _ ' ;'
. varlance, b, 0%, as fixed, we.note‘that_the "unexplalned" Varg
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eiance‘will increase as oo increases. Thus,'greater errer vari-
 ance means a larger standard error for our 0LS estlmate of b 21"
This effect can, of course, be offset by drawing a larger sample. .
| So much for the "good news." Now for the "bad news." We |
~substitute for. xz%ln the x3~equatlon the express;on x§,= Xy - e}

= b

x3 32x2 +.v - b32e
or '
x3 = b32x2 + y'
) Ve -
where v v ,sze,

We are tempted to regress x3 on Xz. that 1s, to~USe'the OLS‘;
estimator of b32, m23/m22; But, upoh mult?plyingkthe‘xBRequatlon;A

through by x, we obtain

623 = P3pfpp * Blxpv!)
byp0zz = PypElxge)
_ - b32(622 N 6”ee)
whence - ;
SRR Tt
32 95 7 Tee

,vTherefore; our OLS procedure estimates ggt‘bBZ'but ra£her &éj/déz,f.

or

RS g o5,
e (2 - 20 v
3 22 - 320‘*24-5“

,Hence, the greater the variance in the errors (i e., the lower -

- the prec1slon of our measurements) the reater the downwara blas"_;

5ebiin our OLS estlmate of bBZ’ (The bias ecuually is downward only

CAf b32'¢s positive. The bias is toward zero, regardless of thev’ﬁ

3w51gn of b37°>  | B ,

To generellze 'Efrer in ‘the dependent’veriable, if;"wél13 w

;xiﬁehaved.’»does nqt»biaé_ﬁhe OLS estiﬁete,‘Buﬁ'errdr in7theeinde;i. ’“
féendent‘ferieblei'eveh though'“well;beheved,” 1mparts a downward :

ﬁ,‘bias,te‘theeOLS_éstimate.‘The'kiﬁship‘betweene”measurement error



R
and "speclflcati;n error“ ‘i's brought out by this last result, ‘
’ r;:0ur dlfficulty with OLS arose in writing the x3—equatlon in termsi

- of tha_ebserved;varlable Xy and the disturbance v’, because, in

'rthis'fdrmulatioh,therexplanatory variable is'not,ﬁncorrelated'
 with the disturbance, that is, B(x,v') # 0. |

P ‘But_}et uéiréturn to the/"good neﬁs.“ Adoptlng a dxfferent

- approach to the,estimgtiop éf b32 wWe multlply through the x3
.éQuatibn - o | |
o XB”I 322*""
by:x (rather than x ) to obtain

913 = ®32%12 | | | |
.'i@asmuch as E(xlv') = E(xlv) - bBZE(xle>’= 0. Finding that b

32 ©
'613/612, we are led to propose instead of the 0LS estimator of
32 (to wit, m 37m 5) the IV estimator, m13/ml2,vusihg xl‘as an

;1r51nstrument for the contamlnatad xz' But from theforiginal'formu— 

‘>,rlation_of the x3aequatlon

| Xy = bay 2*+v
Cwe findv‘ ’
o, o

ke 23 32 22 = Pgplon, - o) o
’-[‘recalllng that E(x2 3) = E(x 3); Now, we have the IV estimate

32 = 13/m12 and Wwe can estlmate Gé3 and 6}2 directly from'ddrlv

. sample data, From these, we derive an estimate of the error var- .

iance, _ 3
/\
Voo (°23 32522)/b32

: it‘is, therefore, a reﬂarkable mronerty of this m§de1 that one o

ean hdt onlyfsecpre.unblased estimates of its ooefflclents, des%v
1”f,plte the presenc@ of measurement error, but actually estlmate
'7ﬁrfrthe cruclal Darameter of the measurement orocess 1tself Clearly,

“ ‘th1s ramarkable property is due to the fact that the 3- varlable,,

'1slmple causal chaln model is OVSTldentlfled to begln w1th Thus,
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we 1ﬁfer the pr1n01pie that overidentlflcation provmdes a p0551ble
: weapon in an attack on measurement error. But the weapon 1s no
" better than the theory of error that provides its ammunition,
'“(Our model 1t should be clear, rests on a very strong theory of |
srror, ) Moreovew,vthe overldentlfylng restriction(s) must be in :
'v‘the "rlght" place, relatlve to the 1ocatlon of the measurement

error, in order for the weapon to work at all (To éppreoiate
;thls last point carry out this Exercise: Suppoéehﬁhé fallible:
‘variable is xq in avéimple'caﬁsgl chaiﬁ mddel,énd,that»the efror"
is "well-behéVédh §s beforé: | |
| | 6. : e B ," . | ,
x,k’%v 1 i k(,///“  ;‘ k?/(/,’ ;
1  — Xg - %4 B

Show. that an unblased estlmate of bZI cannot be obtalned fromﬁ  f_5>

X

- sample moments, whether by OLS or IV, de501te the aVallaolllty

‘&-fof an overldentlfylng restrlctlon on the model )

_The uxer01se‘prepares.the ground for another example, a

f}_model in which wé dispense with the overidentifying restrietion:ﬂgvf'

sl We already know (from the Exer01se) the nafure of the dlfflculty ;};ff

5Iwith the xz-equatlon. Let us,,therefore, focus on the x3~equat10n

E f“qr, equlvalently, the model 7‘f~
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"efbontlnulng w1th the nowe famlllar sp601fications on the error and~

lﬁiﬂedlsturbance terms, we have. E(X e)~— E(x e),: E(x o) = E(x u)

f,eeE(x w)'=0, from which it follows that E(x u)

'~;jformu1a (aboVe) for b

~l[

E(au) =0, The

equatlons of the model are

75X

X

- % -
5 = b31x1 + b32x2 +ou-

We note that o1 * of, + o, and that. E(xlz) = o7, and E(x]q

B : 0‘130

We find (verlfy this) that
‘613 =byylogy -0, ) + b32 12
023 T byt b32°é2 |
Hence, o '
o 913922 7 912923

31 g : 5 ’
| 61192 = 912 = 9022
911923 = %1273 7 %ee%23
2 s
“ildbz =912 " %22

’From the presence of terms 1nVOlv1ng G‘e in the denomlnator of .

baz =
;~b31 and both the numerator and denomlnator of b32,‘we 1nfer that;‘

fethe OLS estlmates obtained in regressing x3-on xz and Xy w1ll not b
be eatiSfactory'in regard to'either structural coeffiCient. The

51 takes the form K /(K, - K;), where K is

R s 2 , Lo : R LRt
#he numerator, K&_~ ll 22 - 612, and K3 =0y géZ‘ Both K2 and K3:"

are intrinsicallyrpositive, althouah Kl may be either 'positive or

,ehegatiVe; The OLS orocedure estlmatog ne t b31 but X /Kg- ThPle~‘“‘ =

*'~ﬂfore;'we concludexthat there is a downward blas 1n the absoluteiif}iﬂu
"fﬁalue of the OLS eetlmate. To see the bias in the OLS estlmate ofif'

f oy b32 we. derlve another LOFWUla for that coefflclent (Verlfy thls)if}f;

R e )19 23 - D273 1”3& as
By = e 2 T g
ST %y ez - o, 11922 “'612:111‘

7QkBy;OLS§“we eot1ma$e only the first term, or
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32 *° TS
3192, = 912

‘k‘fThe sign of the biasfdependstonly on the signs of bjl and,dlz'

“If both of these afé positive; we'overéstiMate b (Whilé under-

32
estlmating b

3l | |
This-situation is hopsless, unless we can secure auxiliary
information about Ggé; Various ekperimehtal designs for estimat;‘
ing L gre aVaiiable. The choice of an appropriate one depends
‘(amoﬁg other things) on the nature of thé_variables,vahd’the-A
5hliteratdfe of a well-developéd substanﬁive field will usually
,_iﬁclude'stﬁdies specifically designed to estimate measurement
*~error,ASupPose that the frue variable'is‘cohsidered to be a
= relatiQelY Pérménent attribﬁtéwfof cach member of thejpopulaticn
“and suppoée'thaﬁ'we can make a (fallible) measurement of it more/V
than once without any carry over of ébrgr from one occasion to‘

another. (This assumption cleérly is implausible if memory or . =

"learning is involved or if the Very act of measurement releases '

'*'causal forces tHat othérwise would not‘ccme into the Dicture )f

‘ If the true varlable is y .a model for the experlment of carry-

'”1ng out two measurements on a samnle of members of the popula- .

. tion is

ey

Y p ks,

~ On each”occasion: accordlng to the model the error is uncor- -

‘w ‘related w1th the true value, 50 .. that E\y el) ='E(yxe2);= G. By3f [ff:“

'ﬁ]i*rullng out “carry over“ we. mean, Mo ¥6 pre01sely, to soeclfy

.‘

; E(ele?) =@, The suop051tvon of no systematlc error is conVeyedfv‘f

= by m(e )‘? E(e )v= If the eXOerlm@nt is well executed

' that each measurement sxmuiates falthfully the condltlons S



“Qe,prlnciples obserVed to operate in recurs1Ve models carry over tou;5]j:e

B 3 o : D
~ since E(elez) = 0 but E(ylyz) # 0. But 1f'E(yl) = E(yz)'F o

ﬂThe‘fariance‘ny is estimated upon poollng mll and m

-covariance 612 1s estlmated from m

9.10

encountered in a substantive investigation, then the variance of’

f,_measurement errorsbshould be the same".'E('e2 = E(ez . Thls is

one: assumptlon of the experiment that can actually be teeted
prQV1ded, of course, that onhe acceptS‘the prior assumptlonﬁthat ‘

y© itself is uncﬁanged between occasions. Our model implies'thati

" and

B(y}) = of, + 8(el)
Blyz) = o+ B(e3)’

-,VHence, if E(ei) = E(e2 «E(yi) = E(y2 Statlstlcal procedures

for testlng for homogenelty of Varlances are avallable. If the -

‘e_data are con51stent with the hypothesis of homogenelty,fi e.,i
““the null hypothesls E(yl) = E(YZ). we may derive an estimate of

“the error variance from the model by notlng, flrst thatlthe‘nv;x%.~if"

model 1mp11es

RAAER? T f1 o2

.. whence

E(yi) +.E(;§> ".ZE(Ylyz) = E(ez)-+lﬁ(e§).’ee

Yy
eand E(ez %‘E(ez) e (one Wlll have decided already to acceptﬂev
>this aesumptlon before proceedlnv) have_ | | |

Tee T 6§y - 612

22
Ty pe

. Given the eﬁtlmate of o cg’ W mav “eturn to thebformulasV

:  already glVen for b31 and b iand see at once that thls is the ig' 

YA

:a one item of 1nformat10n needed to "correctﬂ the,OLS estlmates

for thelr blases;

In our flnal examole of a model taklng account of "well-e

fevbehaVGd" errors of measurement we “alse the qu35u10n of whetherfeg{f.~

s y‘r‘ e

and the
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 E(xlu) = B(x% v) = E(x u)
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¢
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ihe nohrecuréivé case.'Thé'model, a'slightly modifiéd’versioh of

i she dlscussed by Goldberger f @J}) ‘is’represented by the path.

diagram below:

d

~+ The structural equations are

=

Xy = Byy¥y * Py P
¢ X‘: -
~’x5 vb52x2 + b53 3 + b54xu + v

~ The usual’ sp601f1catlon on the disturbance terms is adopted}

i

3(x2v)“; E(xju) ZVE(X3V),= 0. The

*‘:equations descrlblng the behavior of measurement errors are

. LE i
xl = X7 +§d,
x5 =,x§ +;e'

C‘"To»maké thé errors "well behaVed " we. specify E(x d) = E(de)_z

E(xsdd = E(x#d);= E(x?d = E(x e) = E(xze) = E(XBG) = E(xQe);ﬁ

_E(xf)':_a. We a%so have to make explicit the specificatioﬁ,
’impliéd by the diagram, that E(de) = 0. (The assumption that
”errors in two #A}iébles-are uncorrelated wiil often’be a prdbie;:’
IMatic oﬁé‘in’a fbalistic'aoblicaﬁicn ) The sbecificationékairead&
‘stated sufflce to guarantee that measurement errors are. uncor~ ‘v’ 
\“,related with structural dloturbances (dxgrgﬂs : Show thls) ., S
  E(du) . E(dv) = m(eu) = BElev) =0, But-note that nothlng that has ::
~ been. sald would 1m01y that the dlsturbancos are uncorrelaued wg 

. must suppo se, 1n;general,,than.m(pv) # 0.

P
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We recall from an earlier example that measurement error

*g:in'an exogenous Vvarlable causes trouble, But in that example the"

only plausible method of estimation was OLS, Here, we already

~ know that OLS is not suitable, so we havefto reopen the question
" of whether estimates will be biased by the errer in measuring xj.
'~1'we also recall e;rlier,examplee in ‘which meesuremeht error in E
‘dthe deﬁendent variable did not biasiOLS estimates.‘But now, x?
g -lis not only a‘dependent ;eriable, but istimdltaneouelyva Cadséi‘
'varlable (w1th respect to xu) Again, we cannot inferkwithoutﬁ
/special study of the issue that the prlnciple developed earlier

- will carry over to the nonrecursive case.

Let usbfirst examine the x?-equation.,we~ean iﬁmediately'

l;restate it as an x5-equatlon by substltutlng its rlght hand s1ded'

o .d for x5 dn x5 = x? + e. This yields

+ v':‘

x5 = boox, + bogxg ¥ bgxy

d:_where vi = g + v. We see that thls equatlon is Just 1dent1f1ed
Y'There are 3'coefficients to estimate,’and 3 (observed) instrq-e-."i
‘mental.ﬁariables are available, to wit; il’ #2, and X s Their' |
 7.eligibiiity'as iﬁstrumentel variables folloﬁs from the fact'thatdtd.
“:??each is uncorrelated with the new dlsturbance, v’, eiECe éach;ieixd*‘n
"7,uncorre1ated with both the orlglnal disturbance (v) and the
i’measurement~error (e). (ggmux How do we know, in partlcular,_:
jethat b(x v) =0 and E(x e) = 0, since these are. not explicit

speclflcatlons oﬁ‘the model?) We{may uherefore oroceed to v

estlmatlon of the rewrltten xseequation, hrltlng out the COVar—,e

‘f‘ianceeeln the us ual fasnlon and substltutlng corresoondlng sample

1e~moﬁents‘for themﬂ.we.flnd’

M5 T Mz’ T 13 53 ny 48 545‘!,‘
T2t maPl  mpgfyy *‘m24b54

sl ey
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‘ofso that we may solve fof the G*s by ahy conVenientbalgorithm.

‘We turn our attention to the xu-eQuation and nots that we

can eliminate the unobserved varisbles from it by the substitu-

,tions, xf-= xl - d ‘and x? = x5 - é, to obtaio

Xy = Pyyx + ba5 5 *

|13

wo=- b@ld - b45eu We See that neither X, nor x5 can

serve as an.instrumental'Variéble,'since E(xlu')_# 0 and E(x5u')'

 # 0. (Exercise: Verify tﬁis,) Howéver, since E(xgu’) = E(XBQi)
VO (Verify this as well) we haVe two instrumental Variablpé
vaVailéble. Slnce there are only 2 structural coefflclents to'

':veStimate, the rewrltten xu-equatlon is Just 1dentif1ed IV est1~¥ '

"mates are the solutlons of the following pair of equatlons

Mgy = 12b41 * m25b45
Cmy= B, .+
34 T M3 m35 b5

-To - Consolldate our results: Well behaved measurement érrorok“o

©in an endogenous Varlable does not render the IV method (or ZSLS
if that method were called for) unsultable for estlmatlng an
‘equatlon in a nonrecursive model (We note, without further dis~&
'cussion, that 1t does inflate standard errors of estlmated coef- o ; o

7oficlents, however, ) Moreover, well behaVed measurement error 1n: |

‘,  an exogenous varlable does‘not rule out the usual meuhods (IV or:~o

ZSLS)~providedbthat the original struotural équation is over-

*ideotifiedv If thefé;afé énoughbofedeterminéd variables‘in-the
- model to prov1de a sufficient number of *nstrumental varlables‘_lt‘”
‘o(at least as maﬂy as ‘the number of COefflcnents to be estlmated),o
 ’We may Uet up estlmatlng equ ﬁlons, on the IV or1n01ple, whose;%i

‘ ;SOlutl0n will yleld tne deslred estlmates

'ﬂ~Two noteworthyrfeaturesvof‘thls examplé,Mayjbe‘meotiooéd{'

“First, it'is not sufficient for the model to have an overidenti-

. fied equation "ssmewhere." The overidentifying restriction(s)

e



'%the parameters 1n thls eqUatlon, Wwe may SolVe for 9
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Tef'ﬁusf Be in thev"right place." In a complieeted model, iflmay
"ejreqhire extensive analysis to be sure whether this holds.trﬁe,“
eSeeopd,‘it:is,ef interest ﬁhat, although x; was eligibleeas an
.ﬂeinsﬁfument in‘eStimaiing the x5eequation;‘it was no‘lohger so |
':efqr’the xu~eqﬁa£ioh. Again, careful analysis islreQuired to}take' 

"‘advantage of sﬁch subtle properties of the model.

Finelly, we note that observations on the 5 variables in

'Lfthls model disclo se nothlng about the magnltude of the errors -

 ff1n x5. Wlthout addltlonal ev1dence, we cannot estlmate 6‘ o* For i

1, on the contrary, the model 1tself providee a method of est1—~

matlng the error variance. Recall the,"solvedeout"Verelon ofrthe':

'ﬂxu-equatlon

X, = Dyx i f bu5 st b41d - bas

'AWe multloly through by X ‘and take expectatiens:

“.514 Pyioyy * bu5515' 541%44

(You should Verlfy that E(x n) = E(x e) =0 and E(x d)

~already have esﬂimates of the b‘s,vand the &‘s can be estlmated‘7frk

 :j'd1rectly from the sample. After substltutlng the estlmates for 3e'h

dd

Qur 1llustratlons 1n thls chamter have eyemOllf]ed two;‘

",}broad surategles for coplng w1th measurement error, if 1ts

(

m"ﬂv40catlon gives rise to. dlfflcultles in estlmatlon' (1) Imbed'eT 
'fﬁ.model of measurement error in a substantive model that 1s other-?jﬁﬁf"
\;w1se QVerloentlfled and use the overldentnfylng restrlction(s)

: Q?fae a means of e,tlmatlng error variance (or GOVarlance, if that'{;ef'

;”fv~too,,15 oresent) and estlmaflng suructural coefflclents free of 3:"“

s

”cblas due to measurement error (2) Use a model of measurement
‘ “'7error to- conduc} an aux1llary anestlﬂat¢on de51gned to estlﬂatejlf’

'“ef_error Varlance(s) w1th whlch toe"correct" the estlmates of o

”351nce these facts have not hltherto been made exollclt ) We
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o struetural . coefficients,

' The two strategies are not mutually exclusive, but may be

‘used in tandem. Variants of each are conceivable, If, in an

auxiliary experihent, one can actually measure yx = ¥y directly .

“(i.e., with negligible error) at great pains and expense and at .

~the same time obtain yz'by the standard prbcedure, then T is

j"éiven directly by E(yg) —'E(yi) and bbth‘these‘quantitieé are

‘estimated from the:experimental data. (the that a minimal test‘

of ‘the model is that 5-22 > o-ll.)

A variant of the first strategy arises in connectlon w1th1v

;multiple 1ndlcaﬂors of an unobserVed varlable, cach of whlch is

not only falllbfe (Derhaos hnghly so) but also potentially sub-

"gJeot to systemaﬁlc distortions., Such a situation demands a,very‘,3¥V 

'“ >wifh a plethora
MMMfff%es»lVe, but may not prove satlsfactory for comollcated soc1o~wfju
© logical nroblems. In the next Chanter we try to suggest the

" ,character of thése comp11Catlons,

subtle but-noneﬂheless powerful theory concerning'sourcés of

error in measurement, Standard multivariate procedures for coping =

1

bf indicators (factor analysis, principal com-

‘,ponent_analysisﬁ,canoniCal correlation} for exaMple) are sug-

}

1

Another eépeclally ugly compllcaulon is that many

soclologlcal Vaqlables can take on onlv a small number of

. d1screte Values and are subgect to nard and fast floor gf 

andfor celllng affects, Suppose the true Varlable is the;' : jf13 {if

number of roomslln an apartment or house. The mlnlmum 1u,.'

l and the max1mwm, though not well deflned may,be,jfff??’

«;‘r
i
R N

P Ry
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f:effeeﬁivel&, 7 oT 8 There can be no‘negatlve error 1f y =’1

“:and (almost) no posltlve error if yo % 8 Under such circum- |
stances to assume that E(y 6) € 0 may be more plausi’ble than to

l'Spec1fy_E(y e) = o. Situations like this--no doubt there are .
bnumerous sivnifiéently different rariehts thereof--require more
,systematic 1nvest1gatlon than they have recelved We are only

;-beglnnlng to reallze that measurement problems reqguire theorles

‘fqulte as powerful and - orocedures just as well controlled as those e .

'if—needed to execute a study not fatally flaWed by sampling error'r

_yand speciflcatlon error.




‘;the Droblem of Valldltv of “1nd1cators Perhaos there 1s no ‘f

, 1o,
MULTIPLE INDICATORS

- Terminology to‘dSSignate undbSerVad»variables,tends-to

‘ vary by dlsclpnlne, In osychometriés, where one fallible Score‘

is at stake, the unobserved 00unteroart is called a "true

5 sbore";.erfors of measurement give rise to-“unrellability“
iand u51ng an estimate of rellablllty to- correct the estlmafes

~of structural coefflclents is termed "correctlng for attenuatlon.,

';:Where'there are~seVeral (1n practlce, four or more) falllble |

r~measurements for each of one or more unobserved Varlables,»thef,

latter are concgptuallzed as “factors, and the theory of factor. ‘

'anélysis is bronght into play.

In economics, recognition-of measurement,error (random'Or T

 fsystematic) is often symbollzed by referrlnv to observed var1~_kf
:Lables as-"proxy“,Varlables, acknowledglng that thpy are not 1den—irif
tical w1th the (unobserved) varldblcs dlscussed in economlc'f
: itheory. The examples in Chapter 9 dlsclose some ways in whlch
/“~est1mates of structural Coefflclenbs may be dlstorted by nalVely  ”¥
freplaclng the unobserved varlable 1n an equatlon by 1ts "oroxy
5ffEconomlsts are also sen51t1zed to tne posslblllty of hyoothetlcaliﬂﬁ“

"jconstructs llke}“permanenu_lncome, for which actual measurements;f, 

i
f

”1f'of 1ncome (eventlf free of observatlonal error) aflord only a’
’ i
Tproxy, owing to the random Varlabllluy 1ntroduced 1nto actual
';money recelpts from tlme to tlme by transltory causes

In soclology, thls generic oroblex often 1s referréd‘thQSQ'j, 

7fjd1rect measure of such a Coﬂceou as "soc1al coheslon, for exam—@nhf

,)E;Hn

Dle, but one th@ory of the phenomenon would suggest that the
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 j_LSuic1de rate is an "indiéatdr"fofvsocial~cohesion. There are many
: _reas0ns. hOWOVGr. why the relatlonghip between concept and indi~

 .‘cator is contingent and loose rather than fixed and exact In vdew;

5iof these reasons (we won't spell them out here) it is somefiméé'
ifelt that the 1nvastigator is better off with multiple indicato£$, . 
‘>on the theory (we surmise) that ‘thers is then a chance that anv,
 error in one indicator mayvbe offset by a compensatlng erfor in:

. another,

Here, we can only exemplify a few of the issues that arise -

when an investigator resolves to take $erioqsly the problem of

indicator validity. Our prémise‘is that thers is no general

solutlon to this oroblem, but that it has to be attacked on. its

_merlts 1n connect1on ‘with each substant1Ve model in whlch 1ndlca-f5

' ~tor varlables appear.

Let us modlfy sllghtlj the 1ast example in Chaoter 9:

d& =~

L > N
/ ¥

The new feature is that there are now two distinct indicators (or
- fallible measurements) of the unobserved variable. Hence, we have

o the‘th'equatioh%}'

X3 5% T

2 ax E{e’.

:f FN©te-thaf one dﬁ'these equations»mustfihcludé,a'"scale_factor"5



,(e) sinee, in general, we do not require that xq and X, be meas-

'hdfldfed on the same scale. (Suicide rate and per capita contribu-*

" tions to.social welfere agencies_might’be two such‘nonoommensﬁrg
'eble indicaﬁors'of‘"social oohesion"; but theereader must hence-
/forth supply his own illustrative names for Variables.)lwe requireA
ddﬁhe errors, d and e, to be "Well bshaved," so that they are uncor-l
-l rela@edeith xg and also w1th observed V&rlables xB,J;... Xg As:i

 usual, predetermined variables are uncorrelated with structural

'disturbances.,Thus{' g, X0 end(xd'are all‘uncorrelated with both ”

o and v (although the latter may well ‘have a nonzero ooVariance)

4‘uThese speclflcatlons sufflce to insure that both xl and X2 are>"“

uricorrelated w1th structural dlsturbances Ve and V., (Ehgrggse.

Qof Verlfy thls,‘lf 1t is not already "obv1ous.") We leave open for

']ggderiVing new eqﬁationsb These are then examlned 1n redard to

”A»later dlscu551on the questlon of whether E(de) Vleiand the edloligj

'sldlagram shows a dashed curve connectlng the errofs’d ‘and e.\Thew*“

structural eqdatlons are‘ ar | : a
*5 = Pgo é * Pse%s + W

%6 T Pgyx g Peyry * b65 5 * L

°We note that the status of each of these equatlons with respect

to 1dent1flcat1in is made problematlc bv the presence 1n the modelf}VL

of the unobserved varlable and the 1ndlcator Varlables.

A general heurlstlo dev1ce for Suudylng models contalnlng

’vfunobserved varlgbles 1s~to‘ smlve out" such Varlables, therebyaev.-

ff 1dent1flcatlon and problems of estlﬂatlon Let usssub3u1tupe;x; éf‘l“
‘eegxl =d (from the xlmequatlon) for x0 1n*the}x2:eqoétion{7* S

,’ = *2’;'aX1 te ‘»?@d | R e ,

;We see that foui of the Varlables 1n the model B{s...,'xés are’ \

iellglble as 1nstruments, 31nce each 1s unCOrrelated w1th both d

[
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"“”’i’,'and.’e. At first glance; it may seem odd that the list of mswu".

‘mental Varlables 1no1udes the twro endogenous Varlables, x5‘andr

xé. A closer look reveals that the model is, in effect, block

»,recursive, with the‘x5_iand xé—equatiohs,compris;ng one block,
%lthe X3 - ;ﬁd x,-equations the other, Wito,this emberraesmenﬁ of
~ii riehes, the fewritten xz—equation—-or, precisely, its’one'coef—ii
fficient (a>f4is clearly QVeridentified;fWe are tempted‘to proéeea
.e‘i-at‘once-fo 238Ls estimation.'Before doing so, However, we should

“note that our new equation can also be written,

o1 . e
X 0= ax2’+ d T a

5Agein, we have en overidentified equation and, again; it would

;jperhaps -seen that ZSLS prov1des a stralghtforward approach More-f

e;oVer, 1t hardly matters whether we eotimate aor l/a; it is the;

same parameter, 1n‘prrnciple. The unfortunate fact 1s, however;%y

that the ZSLS estiﬂate is sen51t1va to the cholce of normaliza—7

tion ruleo That 1s, 1f the esulmate 2 is obtalned from the solved—,

out xz-equatlon and 1/a from ‘the solved—out xl-eouatlon (u51nojﬁxz

'f‘,ZSLS with the same list of 1netrumental Varlables) then l/a‘%
AN

b"?j_l/a in general Moreover, there is no ba51s in statlstlcal theory

;

;::for preferring one of these estlmates to the other nor ;or averag—;uy

ing or otherw1se reconc1llng them‘ The 51tuatlon'1s ohat thlsvf fe" 

'oestlmatlon problem does not yleld nlcely oo,thevrelatlvely stralght-t

'forward °SLS ao@roach More adVanced meuhods-—well beyond the scope5 

of thls book«—must be brouvht 1nto play,

(The sen51t1V1ty ofAZSLS to the normallzatlon rule actually-fti

,:earlses as well in estlmatlng structural eouatlons The reason ‘e e*,,
;vi:dld not take nota of the orob¢em in” Chaoter 7 15 that in that

.context each equatlon bas a Maat ural" normallzatlon rule Author-f:j

} B

efiltles on methods of estlmatlng structural equetlons eeem Lo be o7difg'
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"~ agreed on thé‘pfsposition~4althoﬁgh3its(rationale is not entirely -

;Qlégr~;that onev%rodeeds t§ ZSLS on1y afterAevery‘equatioh is
[ normalized_in~the "naturalﬁyway,rso that éach enddgedous vériablef'T 
_pin'thé madelfappears‘on the 1ef£~hand siderof one and ohly 6n§” ’
'fStructﬁrél,éQuétionQ In our present oroblém, thié fule breaks 
3’dowh;vtherg_really is no‘“nétural“ normall atlon rule when there
' Af§-2 ar mbre inaicators of one unobserved variable.) |
‘ : Tﬁere is énother instructive way to look'at thé ovéridentig"'
’»f‘fication of the x; - Aﬁd'xz;eqqatiohs. Let us multiply through '

. each of them by all the ellglble 1nstrumental Varlables. we_f;nd_

B . oy %asgy
BT | 5%4;:'4654
Ti5 = GGy  Ohg = asgy
Ti6 = %56 T = 2%

- - The availability of several dlstlnct Ways of calculatlng the

W’j?parameter, a,'means that QVerldentlfylng restrlctlons are 1m011ed:"

 .ih oetting tho se | solutlono equal to each ouher

”23 ’-¢24: ;€é5 T
D ek 2,

e | 913 | 15 916 2
'“f Although these equalltles must hold in the OoDulatlon (1f the

; :model is true), they can be expected to hold at best only aonroi_vj,f.

'-f_lmately in the sample. But 1f there .are marxed denartures from

:fequallty in the sample data, we have ev1dence of some sort of

 Vspec1f1cat1on erro&. Later examoleo w1ll suggest some. ways-1n°

T whieh th‘s ould Zone abo“t Unfortunately, it ls,not;onlY‘diffi;f.ifu

. cult to deduoe a clgorohs test of the overident tfying restrictions

,f:ifor purposes of gtatistlcal 1nferencc. It a“so 1s the:cése¥~ydu?}f f

"_]fshould by now havb Comefuo @xaect thls klnd of "Dad newS"«~that_;‘?:

',,regectlon of the overldentlfvlng restrxctlons (or even some’
' , : : g_,,”“« : C : S




e
'fooartieular subset ofethem) doee not provide'unéMbiguous evidenc¢
’:'concerning the nature and locatlon of the Speclflcatlon error, At
”'.begt, this outcome prov1des clues to the speciflcation error.‘and
such clues must be interoreted with great ‘care and cautlon (Costner
i"and Schoenberg, Bﬂ) | - |
Let us turn our atteotlon to the other two equatlons, whicﬁ”""
'eefter all, comorlse the substance of the‘model Looking flrst at
“Lvthe xé-equatlon (becauee it is ea51er) we find that there are
i,actually four Varlables aVailablevas 1nstruments. 1, ...; Xar
: 51nce ~each of them is uncorrelated w1th the dlsturbance v, Hence, -
e},e vthe xéaequat;on is overldentlfled, and it seems»reasonable to
broceed with 25L§ estimation. It is a comfort to know that at
Utlcleast this much of the'modei is"relatively ﬁnbrobieﬁatio.:HOWeﬁeito:'
tlf there is aoy concern'about the correctness of our soe01f1ca;' "
‘ttlons on the xl-wand xz-equatlons, thls had beSu be resolved
first because aoy resoeolflcatlon of these equatlons mlght
“affect the ellglblllty of these Varlables as 1nstrumenus.

To.: eStlmat? the X —equatlon, we‘ll need to "solve out“ theﬁk'

v 5
7jgf~h unobserved;Vdrlayle. For example,»u51ng the xl-equatlon for thls““
',;purpose'Weyobtalq |
L o + _.
%5 7 Psou bﬁéxé 4 7 Pagd B |
It appears that the equatlon is Just 1dent1 1ed since only x3,~-‘
‘and xLL ‘are avallable as 1nstrumenta¢ Varlabtes. In that event o

; IV estlmaues of t“e suructufal coefilcneuts may be obtalned as; f';"

‘solutions‘to

| .ma',“.bsetxs " P56™36
“';mgf :’A +'@ m
k5 50 %4 56746

;:f5e . But, our conclu51on wa's uoo;hasty, fof»ﬁé}couldtequally,ﬁell]havé]ttﬁ7
S mamaeam i aaiel E
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i B o o |

5 used the xz-equatlon to "solve out” xg from the>x5-equgtidﬁ;
L Xg = (b50/a)x2 + bogxg *u o= (b50/a)e:

"{Jand IV estlmdtes would be - ' '

ma = (5 Tadny, + B,

myg = (Pgy/alhay T P5eh36

My - (bso/a)mza * Pgmug

. We would then obtaln 1? making use of our prev1ously obtalned

il

' ‘estlmate of 2 (supp051ng that llttle problem to have been solVed!)

‘fThe two sets of IV estlmates would not, in general be the same, -
balthough they should be "approx1mately so if the model is true.‘

="We must conclude that the xs-equation is overldentlfled but thls

 »-00mes about in such a way that 2SLS does not Drov1de a way to

’»resolVe the problem., ,
Indeéd the problenm is rea]ly more dlfflcult than that of
 reso1ving the dlfferences between these two estlmators. We can'~. v

- "solve’out" xg from the xS-equatlon u51ng not only the xl~equatlon_

'jor the xz—equatlon, but any welghted comblnatlon of the two equa«‘,

'tlons,‘Suppose W is a cqnstant.'We~may;wr1te :

. le)é~Wx§ f Wd e
(l - W)X = (l = W)aX§ + (1 - We
i #hence | ;  « ‘ | “
e kL sWxy - W - (3 - We
xg = : : - ‘ :

»j W+ (1~ W)a
l i‘ThlS solutlon, for whatever value of W, may be,used ﬂo}"éolVe}th":"

’ffx§ from the X5“eouatlon. (If W =1, we are using, iﬁ'efféct‘ thé

i . , :
* x1-e0uat1on alone,’as before, 1¢ W =0, we are u51ng the xz—equa~ S
"'tlon aTQne ) Once thls is done——sup0051ng a value 5 w and. anﬂ ”*

“ffestlmate of a are aVallable to substltute into the formula~-we; ﬂ7fﬁ7
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‘,céh proceed‘tofIV estimation of the x5~equation using x3 and xuj

> g o el
o as instrumental’variables.

But the calculation of W is our new‘stumbling block, Clearly,
W should be chosen in such akway that ‘the sampling variance of our
N o
estimates, b50 andjgsé. is a mlnimum. The solution to thls d1ff1~

" cult problen is, again, beyond our scone° <Actually, this formu-‘ 2

7,flatlon of our problem, 1n terms of chooslng an optimal value of W

is 1ntrodu~ed only to illustrate the nature of the 1dent1ficatlon:'
 <problem that arlses with multlple 1ndloators. We 'do not mean to
suggest that calculatlon of W w111 be an expllclt step 1n an

gefflclent method of estlmatlon. On the contrary, such a method

4&,_w111 in effect* accompllsh the requlslte welghtlng at the same> ‘oﬂ

‘tlme that it produces the appropriate estlmate of the ovorldentin
xhofied paramoter. ‘a. This same remark applies at later polnta 1n €  
‘the Chapter, whore 51mllar 1ssues of "welghtha" arise, )
Qne‘fjnal>aspect of thls model to be conSIdered ‘arises ih
’ EValuatlng the warlances and covarlance of our 1nd1cator Var1~fﬂ’

ables. We flnd hy the usual technlque, that
- . - :

%11 7 %go - Tda
. n 2. % :
22 T 2% o,
O“lz = 8.0-}{: z"‘l‘ S‘d ‘ ik |
We see that if ﬁa is soecified to be zero, the parameters ng'

dd’ and @ are’ Just 1cent1f1ea, for in'that,eveht the‘three.
,~GQUdt10n5 can be solved for the tkree_uhknowds; Assumlng we have'Vi

’7 already estlmated 8, we could use. the sample data to comnute

A :
* LN AN
T50 T T1p/E
A ARSI 3
%4 T %11 f %o
A T A T
oo T T2z 7 8%
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This operation is sométhing df a side issue,kin that it contrib-
‘utes~nothing fo,estimation of coefficieﬁts in our tﬁotmain edhg-“
tions. It may be df_SQme use, howeVer, in appraising our indica-
tors;'for we can now examine. the valﬁes of é>d/6il and éze/ézz
‘as indices of unreliabillty. In future research, if forced to
ch&ose between the 1nd1cators, we would presumably orefer the
one;w1th the lesser value of this index, But in using this eri- -
'teri@n, we 3hou1d ﬁant to be réther sure of the svecification .
‘dhe = O,,for‘therebis no way to test it>with data on our six

observed variables; nor does the'value‘of 6°

de have gny other

direct consequence for our procedures.

» .Summing up, what has been gained by the use of the'tWO’
indicators? (We éeemed to get along perfectly well,with_only.one
'inlﬁheuothefwisé similar model in Chapter 9.) First, in view of
'thé overidentifying restrictions on the parameter a, we have an
opportunity-io test whetheryour indicators reélly are ”-ell
'BehaVGd " as thevmcdel assumes them to be. If the truth of ihé
ovarldenulfylng restrlctlons is not called 1nto questlon by the‘
result of a sultable test we are somewhat reassured on thﬁé

score. If the outcome is otberw1se, we know- that one or both

’ friddicators are "contamlnated" in a way that the model fails to

taka-into.acccuqt, We must reconsider the model or the indicators.

1

_Second‘_éssnming we cdntinu to accept the overldentliylng
4restr1ctlons after testlng them, we have a.clue as to which
 :51nd1cator is: more re 11able, ]f thdt ¢nformatlon 1% of - ény use.
: | ‘ ,
hlrd on the same assumptlon, uhe sambllng e"rors of our
 ‘est1mates of structura¢ coeff1019nts should be 1ess usmng two

'j(well behaVed) 1nd1ceuors, ratner than elther of them elcne. Thls'



10-10

iisﬁﬁdt an.eﬁtirély ﬁertain Drooo§ition, since one more degree of
 ‘ freedom is requlred for the extra indicator, and this offsets‘to

.- some éxtent the gam from improved D?ééi%i@ﬁ in measurement.

k Desplﬁe these gains, the contribution of multiple indica-
tors shoula'not'be exaggerated., Their help iﬁ connectionvwith any.
ideﬁfification problem is‘oﬁe«sided If the x5—eouation had been

,underldentlfled when we had only one kndlcator of XF it would

o’ A
"Have remained‘so with.any number of additional.indicators,FMultiple
innlcators of an unobserved Varlable in one equatlon~~1fﬂ"prooerly
behaved"a~can, however, help to 1dent1fy another equatlon in the a
‘model, |
The difficulty occasioned in estimation, given ﬁhe presence

- of multiple indicatdrs, may perhaps beﬁseéh aé benign (if onev‘
:knows Where io véffor'helo and has”the'requisiﬁe C§moutational
'icapabillty) But 1nuroduct10n of the additional 1nd1cator(s) does
Bse resources that might be put into alternatlve use (for example,
1ncreaslng samale size, or strengthenlng the model on the substanéu
thve 51de) In thl connection it should be remembered thqt wit?
only a 51ngle 1ndlcator, even. a Hlvhly fqlllble one (a high Value'

dd/?il),‘we-still'do not have to suppose that its falllbi¢ity. "
iis_impartingia b?as tokour éétimates_of,struotural coefficiehﬁs;g
Only the orecisi;n, not the "Validity,ﬁ.of.tﬁose estimates.is
1mproved by 1engthon1ng our roster of 1ndlcators-~o”ov1ded dfi
'cQurse, the one 1ndlcator is ”well behaved,
So much yurhs on the‘quésﬁion of whether ahiinai¢ator;’drk;}
Jg‘efrors in itslwé?bbf reflectiﬁg;an unobsefve@ variéble;'éfe’nweil
'beﬁavéd"‘that wé Should‘ekblofe'mOré é&stéhatiéél;y whaﬁfthis
meaﬁs, In esseh%e; weqa%e';ook1ng at‘theiordﬁleﬁ of "50901¢10atlonf'

~error" again, but this time w1th saec1al refe”ence to the Droblem
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°

‘ - of unobserVGd Varlables,
Let us compllcate the 1¢lustrat1VP model we've been worklng
with so as tO‘exemplify the case of indicators that are not Mwell

behaved" :

We will consider models including either the coefficient by, or
by or both, as will be made sxplicit by the x - and x,-equations.
The XS andvxé'équations remain as‘they were,

" We begin with

= x ; : g |

Xp T Xg Tobygxy + d
S %

XZ = aXO + e

(blanking out_thé'arrow from xéyto x2)g Now, x4 is no longer -a

“ﬁcléan"’(if fallible) measure of x*, Instead it is "eontaminated"

O
‘_ bytanother’9xogerus variable in the modei. We see wﬁy "validiiy;
  of’indicatdrq" muat'be inVésﬁigated with reference‘ﬂo a'partibulaf'
V'Zmbdel If x3 were not in the model or were uncorrelated w1th XO;
this form of contamlnatlon wouldn’t matber a greau deal We find,
‘perhapg.surorisiﬁglv, that-it is n&t necessary to alter tHe preQ
‘v1ously stated spe01flcatlons on the errors and dlsuurbanc s.‘
 Inqeed, most of eur results carry QVef from the orev1ous verSLon'
“of the model The xé;enuatlon is over}dennlf¢ed, w1th xl,i..., xu'

cllglble as 1nstruments, Tne xﬁéequation is also overldentlfled,

T in the somewhat-dlixefenb sense that there is more than one way



10-12
gtobﬂsol&e dut"‘xg in that equation, although the two exogenous
~ variables, X4 and x,, are still available as inétruments} Upon
ss?V1ng out xg from the Xy~ and xzméquations, we have
1

- éb X. + 6 = ad

(¥e T X 1373
or
Xy = =%, + b.,x, + d - e
. a a

2 1373
and thus enqouhtef the in&eterminacy in 28LS estimation.again,
owing to,thé seﬁsitivity of this method to the normalization
"rule, As bef6r69 appropriate methods of estimation are bpyond

our scope, although it is clear that & 1nstrumeﬂtal Varlables

(xﬁs 0 e X6> are,avallable;_The overidentifylng resirlculons are -
‘made more explicit by the follbwing derivatiﬁn; from the xq,- and

‘X2~equations;

| Ti5 =00 TbigTyy 23 = 2G5

oy, = oGy +2b13”3u Oy T a§§4
15 = %55 * P13%35 To5 = 36§5
g =056 * D139 %26 T 2056

" The simple proporiionality of the earlier modelvno,lbnger_holds.‘

‘“‘Enstead, we have

;613/623w= /a + byy05,/0,,
oy /0oy = L/a + Bygoy, oy
@:,/@?5 = 1?& + b13635/€25
636/ = l/a + 13 36/6é6

outtlng the overldentlfvlng restrictions in the form of an (exact) 
' 11near regresslon'of the left-hand ratio of covquancgs’on tns:
‘;;right—hand rétio,EThis makes inforﬁal insoecﬁion of sample evi4  
,uence bearlng on the valldltv of the oVerldentlfylng restrlctlons

_easy to carry outi But a formal test is beyund our’ scope.



What one. might find, therefore, is that this model offers‘ﬁ.'”

©an improVed specmflcation of the mechanism g1v1ng rise to the

blVTsindicatoFs-—supposihg. that is, that the flfst model was found

- ére'implied by_

ﬂ}wenting on that score while the present‘one is aocepteblef The
’estlmates for‘the xseequation:would pfesumably be-improved as a
’TCOnsequeoce. But ZSLS estimaﬁes of the xé-equationbwould not be
Aaffected (other methods-—the so - called "system" methods, as

" distlnct from a "single- equatlon" method like ZSLS——would however.f_

;be favorably affected by the corrected spe01flcatlon of the model )o

v We conslder next the version of our 1llustrat1ve model in

u‘Whlch the contamlnatlon of an indicator arises from an- endogenous
*;rather than ‘an exogenous Varlable (1gnore the dashed arrow from x3

ulfﬁo Xl while retainlng the one from X6 to XZO:

: ,}; ®
Kyl x0‘+.d

el ® ‘; N
?(2 = axo +b26}(6 + e

"Solving out" 7,

Xy = oaxy Fboexe + e - ad

We still have fo&r variables (Xj’ R xé) eligible as instrumehts;
'But for the reason noted before, a more comolex method of estimaf

Yi‘t;onvthanv ZSLS w1ll be requlred 0ver1dent1fy1ng restrlctlons

713 _=;¢§3 (. 033 = 4Gy ¥ °26%36

’_514»=-°§u’£” | o - as), * PogThs

615v5 %5 él‘ . ‘1525 = a0Gs * D756
16 796 | %26~ "6 * "26766

,ngein, we sée that there must be an eXaot lineer'reletiqhship-

“ betWeen certaln natlos‘of.COVarlances:



€b3/6i3”= a +’b26¢36/613  ‘

ToulThy = 8 * PagSleloy

Cosloys = a + DygTeg/oy g

26/716 = & * PagTesloig | |

Informal testiﬁg of the overidentifying restrictions is straight-
forwafd, butAé formal test is beydnd our scope.

The changed paftéfh of contamination has not affected the
 idéntificgtion>of‘theix5—equatlon. Xq. and x, remain eligiblbuas
:'iﬁstruMehts;‘But we shall still have to resolve the implicit |
¥iséue‘ofvwé1ght1ng encountered,when _solv1ng out"‘xg from the

f x5;gquation. | | | | |

- In regard to the‘xé-equation,'we nq,longef have E(xzv) =g,

S Instead;‘as we . find by multiplying through the new'xzfequation,by

ra

vy

i

E(ké?)v #E(xgv) %vbzéE(xév)'f‘E(eQ)  
| = b26%6v | |
(siﬁce the othér twbycovariances gre.still zero ). Therefore, X,
is n&t available aé an instruﬁént. But this is not fatél, since 
© the x6—equatidn was originally oVefidentified. Loss of one inétru+ 
"Mmental Variable% makes it "just: :'Ldent:'lhfied° We may es"timate’ its
cééfficients‘bY’the IV metﬁod ‘with xl,‘FB; énd xuvas ihStruméﬁtgér)
We have seen that dlstlnct consequences arise, according to
- whether the source of contamlnatlon 1s.an exogenous or‘an endog—;  
’;enoua vzrlable. The- strategy fox explorlng these consequences
--should now‘be gamlllar.enough for you'to attack the follbwing"?7 
E__ is se: 3
Conulder a‘modol reoreéented bj the prev1ous dlagram, but
 ::§§§ suppose bhat both b 3.and b26 are present Investlgate
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'identifiabilitj»of the x5-»and xé-equations‘and the parameters

d‘that.goVern the béhavior'of the ihdicators'xl and x2 Point out

features of the model that glve rise to problems 1n estimation o

'» :uthat cannot be solved by ZSLS and thus go beyond the scope of’

f{'this book

The examples and exercise cover only a few special cases.

.. “The reader should educate his intuition concerning vroblems of

. this kind by designing models to exemplify other cases, For

- .example, how arée the identification and estimation of the xé-f

‘""eQuation_affected if X is the source of contamination of one of

‘the indicators? It seems po.ssible to genefalize to this extent.
If a model is heavily overidentified, then quite a bit of quite

‘"nasty" contamination of exogenous variables (the only case

'~ considered so far) is tolerable. However, every instance of

'contémination exacts a'oriée in terms of the number of instru—"
' 5menta1 variables and/or number of overldentlfylng restrlctlons. ;
l Both the effect on 1dent1f1catlon and the 1m01103t10ns for a

'strategy of ebtmmatlon have to be studied carefully for each new‘_

'7ffgmodel Another Qautlon A s1tuat10n in Whlch the two (or- more)

‘”’ f1nd1cators have the same pattern of contamlnatlon is trlcky.

i

H;Suppose, for example, that both x; and xj are.functhns;of,x

5

';;as well as x§, qﬁr equatlons would read:
e o Eog :
S Fp T oa¥y bogxs toe
‘““olvlng out“3x§ we havef

X T axpq abyax 3 23X3~+ 6 mxad

il _axl" +"(b23 13)X + - a‘d

!

" We can hopé to estimate only’one~dlstinct coefficient for x

3
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'H°;(even w1th the more adVanced methods that are beyond the scope of o
: this book!) Hénce, we cannot distinguish betwaen b23 and ablB.

S(Eggggiggb Determlne whether thls glVes rise to unmanaceable orob-ﬂ

lems in»connection w1th estlmatlng the x5— and x6~equations )

To- illustrate compllcatlons that arise from mulbiple indi~

uicators of endogenous varlables, we modlfy the model in Chapter 5

in: such a way that each endogenous varlable is unobserVed but has!

"}“two indlcators

- Our theory of how the indicators behave is exprossed in four

équationsv
| Cx, = %t
X5 T %3
X67: alx
A
*g

i

 We leaVe open temoorarlly the questlon of whether the errorsku!fa ~
;"should be assuﬂed to be uncorrelat d _*ne substance of the modelyf 

ks glven by the two nonrecursxve eouatloos

) . *x
5T 31 ¥t b°4X' £om

L F : ® oLy
3 Xy = 42 2 b43 3‘+‘v

"»“T;Exogenous varlables are soec1f1ed to have zero‘covarlances w1th

’ffdlsturbances and mea ur mont errors. Also, the unobserved varlables

“Vhave sera covaridncos wmth measurement errors. Hence (VGrlfy thlo) A

: (éhu) % E(e V) h = l ‘f. 4 but (uv) ¥ 0
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We can ea51ly "solve out" x§ from the x5~ and x6~equations

e.(the parallel dlscuss1on for x> in the X - and x equations oan "‘;ﬂ
: @ ? 8

A

'oz'bs supplied by relabelling subscrlpts)

| Xg = ajXg + oy = aje | o |
v  Two.instrﬁmental.variables are available'(xl and xz), so that. -

ay is overidentified. But in view of the indetermlnacy of the
:’bnormall7atlon ZSLS cannot be recommended as a method of esti-v
ﬂffﬁ mation.‘Maklng expllclt the overldentifylng restrlctlons
- Ty 2 13g ]*'“16?1f€3e4
»»v.JA v‘.4.— .,\:- ‘." '~; - . N . K ’ N . .
05 = 623 co '.526:*:a1623”5§<“j*“
o iy
G179 g ﬁafﬁu-

. - S ERETIR SO R
T27 T %24 Tpg T a0y,

81 = ’16/515°5,626/¢25‘
%2 " %18/71p = gl |

A Simpleylnformal test is obV1ous, but a formal test 19 beyond
Me:our scooe..ori,i |
At thls Doint let us con51der the 1mollcat10ns of tne soec~f]'

;;;ificatlon of uncorrelated measurement errors, E(ehe ) =0; h, jj=¢

yolvl; oeey h # J We multloly each of the four 1nd1cator e‘uablonsil;
"{f“by eaCh of the others, to obtaln.'w . DRI T

f555'5 a1“'33

0o

':'G}Se

e

5e¢37\

v.i 6582;e

- %67 = Ay

%8 g
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j»Setulng all the error covariances to zero, there are five dls—,

ﬂitlnct oarameters on: the rlght hand side and six coverlances of
'uobservable varlances on the leftehand 51de. The_parameters are
"fclearly oVeridentified ‘Woat we haVe in our fouf.equations is a
oartlcular factor analy51s model, methods of estlmatlon for which
"fowould have to be sought in the llterature of that subgect We see,'

‘f;however, that estlmates of al,and az obtalned by thls route will

i

~_not be the same‘as those obtalned by ‘using 1nstrumental varlables;e ?

7‘ That 1s,-st111 another kind ' of OVerldentlfylncr restrlctlon is

¥

flmplled by the avallablllty of these two dlstlnct solutlons. At
~ this polnt an LnVestlgator might well ask hlmself whether he .

‘needs so strong a theory about hls 1ndlcators. Rellnqulshlng the

*;1assumptlon of unCOrrelated measurement errors: will cost hlm the

no790351b111ty of estlmatlng the’ Variances and covariance of the

'.unobserVed Varlwbles. But there is no clear need for these esti—;;f

f

ates in any case, slnce the structural coeff1c1ents 1n the xx

- 3

:{end xa~equatlons can be estlmated w1thout know1ng them. Hence~ ;f jL

o-eeforth, we shall assume that any palr of e! 'S may have a nonzero

35 . i'
CQVarlance. g

Turnlno to

‘ our structural equatlons,kwe see that the estl-k'ff?

fh'matlon problem 1s comolmcated by the fact that both x?yand XM

7,a00ear in - both equatlons and that" there are alternaulve ways to-jgg"'

o M"solve out“ the unobserved varlabLes. Gn‘the other'hand ~1t'15r

i,clear that oncevthls is doneu—we w111 assume that tne aooromrlate ?gf

a

Q,“welvhtlnv" of the x5-7v1s a»VlS the xé-eouatlon and the x7

ﬁ'ﬂv1s a-vis. the Xg‘equatlon w1ll in effect be determlned in the.ﬁﬁf*t

:ﬁprocess of eotlmatlng al and azm—each equatlon is 1dent1;1ed,'."':

“slnce there a:e;LWo'stwuctural coefflclents ing each and two;

? ioe£fﬁmenﬁelfVepiables'are,avallable..Aselsithe case,throughoﬁyia‘ff'

RV SO
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»l?this Chapter, we consider that the reader has falr warnlng if We ;
l*state that a method of estimation substantlallJ more compllcated

lll than ZSLS w1ll be requlred for thls problem.,

The advantages and dlsadvanta Ces of multiple 1ndmcators

“for andogenous variables turn out to be much the same as those

*’ﬁoted for eXoge&bus variables earlier in the Chapter. On'the oneée .

hand, they don't help w1th the 1dent1f1catlon problem. A model

- . that is underidentlfied w1th one indlcator per. endogenous varz-l
iable will remain S0 w1th many 1nd1cators. Estlmation is more
B compllcated and cootlv than w1th a 51ngle 1nd1cator. On the other e
"lhand, one does secure the chance- to make a partlal test of whether,ﬂl
“the 1ndlcators are_"wellkbehaved,f If ;t.turns‘out thatvthey are; .
.eqtimates df stfuctural‘coéfficiénts érélmdfe 6récise‘(ordihafil§‘l E
" they will have smaller samollng errors) ‘than they would be with
‘f one 1ndicator per varlable, But.there is no other sense in whlch‘ji'

-fthose estlmates are 1mproved

HoweVer fasc1nat1ng may be the oroblems that arlse w1uh _lal"ii

*Tmultlple 1nd1cators, we have to recognlze that they merely com~
'7l'plicate if not obscure what ls surely the more fundamental prob‘em:.'

'ffproper speclflcaulon of our models in. substantlve terms° o
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FORMF AND SUBSTANCE OF (SOCIOLOGICAL) MODELS
Like most subaects, the study of structural equation
  ;models can be d1v1ded 1nto two parts the easy part and the v
i v'.‘;-r'hard part. The distinction is roughly equivalent to the dlffer-: o
 ence between "talking about it" and "doing it." You will have
*obserﬁed:loﬁg sinég that this‘book is‘oniy an introduction toJ
 the easy part. (Actually, oven that part gets difficult lénough s
,[;;if thié is not a coﬁtrédictiéh in”terméQQunless youiaftack it'
“with aifirm'grasp on ﬁhe esSential.tdols, llke matrlx ‘algebra
)  fffand mathematlcal statlstlcs,,whlch are not assumed to be‘avall;'
bable to the reader of thls book. )
= Few books ;re»wrltten about thé "hardvpart" of our sub»
’K”ject attempting to ‘teach you how to "do it." A 1og1cal para-
) dox, rather than the retlcenee of authors, is the probable ex -~
'planatlon of this gap in the 11terature. Ultlmately, for the
~jauthor to tell you how to_"do 1t" “in sufficient detall that you
”could henceforth do it vourself with no further mental exertlon
, >1 :v;wou1d requmre h1m actually to "do,lt" hlmself'ahead of you. And
lffiyourcan be sure,glf he knew how’to do that, he would have long
1 51nce done ittt There is no: formula for- "domng"‘sclenceq If such o
"{ Aa formula wére,‘paradox1cally, to be dlsCOVered,vwe coﬁid Dro-;_ﬁ‘
> gram 1t for a computer and have done with the tedlous business A
‘ ;of thlnklng fér ;ﬁrselves. |
| Of course,!one ‘can ho pe to\galn some 10310hts or. 1nsp1ra-j‘
7 fit1on from ﬁtudvlné the Schessful or unsuccessful results of

lﬁfthmse who haVe trled to " do 1t " Soclologlcal examples of struc—¢,:

j.i.?‘i'.ural equatlon dee*s have apoeared w1th some frequency in the

T
T

g y'

Ly .
[
¥

"i'perlodlcal llterature since dbout 1966 and in such collectlons orJf $
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sympo sia as Blalock ' [2] “and Goldberger and Duncan [13] The :  

student will do well to assume that all these examples are defec-

" tive in one way or ancther. Many of them actually contain elemen-

{tary'forhal errors.}All of them are debatable as substantive con- :

tributions to SOClal sclence (as 1s, of course,;, any empirical

“investlgatlon) But-eVen if one can describe, after the fact,

what it 1s that nakes a good example good (or a bad exampdle bad,

even if 1nstruct1Ve w1th regard to what not to do), one doesn't'

. have a rec1pe~for creating a new model, There is a certaln amount -

cf "wisdom" to be attained by close study of orevious work along
with oossible in51ght or. in501ratlon, but 1t tyoically takes a

negatlve form an abllity to sense dead" ends or traps to be e

"av01ded Any effort to encapsulate such w1sdom leads to the

»_Vacuouk adv1ce that you shouldn't repeat the mlstakes of your :

Dredeceosors,:
At the rlsk of vaculty, let me offer one piece of ”w1sdom.

Do not undertake the study of structural equation models (or. for"

~.

ethat matter, any other toolc in- soc1olovlcai metnods) in the hope

{ 8

"Q}:of acqulrlng a technlque that can be aoplled mechanlcally to a"'ka
‘feset of numerlcai data w1th the exoectatlon that uhe result w1ll
liautomatlcally be ﬂresearch ".Over and oVer-agaln, soclologists'
whave se;zed upon-the latest_ihnoﬁaﬁion‘in'etatisticalfmethdd;
'efushedbﬁo théif?caleuiators,or‘computers to.eooly it, and nalvely
-eexhibited>theereselts'as:if they were contrlbutlons to sc1ent1f1c  ~e
 1 eknowle§ge» The Lust lor “1nstant socloloT ," the superstmtlob'eiiii‘
‘that it is to be acbleved merely by a compllcatmon 1f not perfee~'

' 't1on of fo"mal or statlatlcal meuhods, and the 1rs»inct to suoposei'ﬁ

l

ifethat any old,oet o¢ data; tortured accordlng to the prescrlbed

1
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. these pathological habits of thought are grounded (if'at all)
“in the fallacy of induétion. (Ir you don 't know what the fallacy
-I: of 1nduction 15. you have some reading to do in the phllosophy

‘“ of sclence )

It mlght appear that the literature Qf sociological ihvesti§

‘gations usibg‘étructuraliequatioh modeis provides just anotherﬁ 
  ;episté Af séiiiﬁg-upon the latest mefbodological fad in the
  jincéss§nt quest;fo} the formula for instant sociology. Your

 pre$en£ Qgthor would not care to defend too vigorously the con -
‘~trary view, Bﬁt~if any of these sociologiéal‘examoles gpg contri;‘:

 but1ons to science (and not merely exercises in quantltatlve |

“;-technlque), it 1s,because the models rest on creatlve, substantlal (

and sound sociological théory, (Needless to say, there is a

.fqiyision pfylabop in inquiry, so that the orlglnators of 51gn1fi~; “
’ . cant sociologica;»idéas need not be the'same'investigators as &
'“.those ﬁho succeea in embodying‘thosé ideas in‘modelsk) A Bénighu
' 1nte0retat1on of the flourlshlng of strﬁctural equatien models 1n

 recﬂnt 5001010gy would be, therefore, that these models Drov1ded

a tool that onlv facllltated the genulneLy scientific 1nqu1rv

" that soc1ologlsts were alreadY engaged in and 1ndeed, that theff " 

L ﬂodels resnonded to an 1m01101t need for formallsms that would

help in malntalnlng order and coherencc in 1ncreaslnvly compllcated’r

‘v;lxnes of 1nvestlgatlon and theorL21ngo

In shdrt your models can be no better than your 1d°as,

:?f;eVen 1f trylng to out youf 1deas in the forﬂ of models qay (1firL;'
‘/,%your is the klnd of mlnd that works th s way, but not otherw1qe)

'7] st1mu1ate the flow o; 1deasn

S’

What ve have to say about farm and substance of mouels, fﬁ;’°’ 

'2”:therefore, 1s not realLV a’ set of "how to" ;nstructlons. Rat%er,
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 iwe.offer a few:réflectibns about the lqgic'of médels liké tho se
"aeécribgd in this,book, or, if you pféfer, ihesg are remarks

~ addressed to the semantics (rather than, as up to this point, |
‘the syntax) of the language in which_weAtalk about these models,
’especially such-key terms as variables and coefficients, unitg -
,andipopUlati§n§, structural form and distufbances.v |

it doesn't seemAto be poésible to give a definition of

"structural form" that i's other than circular. The structural

. form of the model is that parameterization--among the various

pOSSible ones-aih which the coefficients are (rélatively) unmiked,f‘
~vinVariant' and autonomous° How do ydu know if you have written a |

‘ model in 1ts structural form, rather'ﬁhan in some other‘form? |
Well._if.the coefficlents in the model are indeed relatively»igvara ; 
iant across popu}ations. somewhaf autonomous, and not inseparaglé'
mixtures of £hevéoéfficients that "really"’govern,how ﬁhe‘world3 .

 works;~thed your.modél is actually in its "structural"‘form. Thus;  

S we can't tell Just by studying the mathematical proOertles of a‘f

model whether 1t‘1s a .structural equatlon model" or not although  _;

we. c¢an determine;whether 1t ls recur51ve or nonrecur51ve, ddenti- -
fled or underldeptlfled and so on. Iffankanestlgator subﬁits éj?”
model and asserts that it is a structurql equablon model theﬁ.ﬁe
 may tdke it that he has reasons tc beliave that the coefflclenusi
  are unmlyed 1hvar1anu, and auuoncmous; and we‘should 1nqu1re
what those reasoés are énd assess (10 the nght of the” best aVail;-5
able theory on the Subg@ct) thelr Dlauslolllty | |
v A strong Dos sibi llty :n anv. area of research at a- civen tlme
7115 that there are no st ”uctural re]wtlon kamonv the variablos cur—u}‘]

rently recognmzed and measureu in that area., Hence,,whatever;ltS'f}:f
L b e : SR K TR
f”mathematlcal\propertles;\nO»moae¢ descrlblng-Covariatiénfof those
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-’LVariables will bes a structural‘model What 1s needed under'the

'e.clrcumstances is a theory ‘that invents the Ppro per varlqbleo. (There

‘'were no structural equation models--or their functional equiValenu s

“--1n gedetics untll Mendel's theory was aVallable,,although there

Were plenty of "studles" of parent~offsor1ng resemblance. There

. were no structaxal equatlon models for tne epldemloIOQy of malarla

"untll the true agent and vector of the dlsease were 1dent1f1ed
"although there were plenty of correlatlons between preValence of
the disease and env1ronmental condltlons )

vHow should we state these formidable requlrements, tnat

» Surugtural coeff1c1ents be unmlxed 1nVar1antl and autonomous? At
‘Uleast the first of these notlons is easily 1llustrated u51ng our -
“e,famlllar soe31f1catlon error" rhetorlco Suppose the true struc- |

tural model 1s

’xj 31 l + b34X4 + u

Xy = bMZXZEf_bUBXB v

: where the b's are the‘ceefficienﬁs that actually govern how the
World WOrks, i, e., the structural coefflclents, whlle u and v are
‘dlsturbances with the usual speclflcation. Then, the follow1ng is |

‘also a Valld model

4
= Anq Xy +a

AXB 31 1 + ou!

32 2.
CEy T oapX T 342 2 eyl

whersg

b

:aql = bqlbg'
#32 7 b3ubu2/ﬂ

S Ay = bygP 31/43
”5342qi buz/ﬁ

gd] = (u + b JJ'\/')/[‘_’3.“,
V1 (b43u oy /Afe"'

m,qu 43 ‘e{e‘i' ” \ e .‘
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Ajf?:.But note that each of the a's is a mixture of three or four b's.
'1> Suppose,‘for example, that one of the b's changes as we gd from

one population to another while the others do not. We incur no

logical'cohtradiciion in making'this assumption, But if this

-happensa'atbleasﬁ~two'of the a's will change,>In~this sense,’the_ 

b's are more autonomous than the a's., We actdally do incur a

.

contradiction by supposing that one of the a's can change while

the others do not, becauée this ﬁould mean that seVeral b's had

~changed and, thereby, some other a's., Calling the model in the

© version written in terms of the'a's a "structural" model is a

"specification error," albeit = dlfferent klnd of. error from those B

usually'so labelled. Yet, tnls model is a perfectly valld descrlp---,f

- tlon of what 15 colnv on. in the populatlon in whlch 1t aODlleS.k'  -

Let us turn the premise of uhe dlscu551on around Suppose,‘ywl

'now, that the model wrltten in termo of the a's is actually a

(regur51Ve) strugtural model ~In that eVent it ls,the'bfs‘that

'varej“mixtures" of qtructural coefflclents;

byy = (331a42 - a32a41>/a42

\‘b42g:](a313u2:f a32341)/a31
byy = a 32/22
'Bu3r?‘aa1/a11 |

o u‘=? (a 2,auz)v

-~

‘Is it then the monrecursive model, written in‘terms of the bls, or’
" the recursive modél writtew-in'terms of the a s,_fnat is the

: "raél” structural model? The answor 1s thau 1nvar1ance 1s where

you flnd 1t~~1n the woﬂld or 1n your theory~—and no analy is offa?

model's ;ormal urobertlms can detormlne whether 1ts coefflclents o

are 1nvar¢ant
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_ It'might be thoughtvthat anﬁeasy anéwer,'in somé cases,

M  WOuld eme;#e from’ countlng parameters. Other thlngs being equal

“if “we are often tOlds science follows the rule of parsimony. It prew_

fors the formulation with fewer to the one with more'parameters,:

>‘ 1;Indeed; we have §een (Chapter 7) that in the case of an OVeridenti-

“ffled model).

"fied“ﬁohreéursivévmodel, there are more reduced-form than struc-
‘tural coefficients, so that the structural form would be preferred
”'on grounds of economy of descrlptlon. Yot thls could hardly be a

»decislve crlterlon, for in that ‘case, the problem of underldentlfi;‘

_catiqn'would never arise° One would simply have reCourse to the 
reduced form, since 1ts oarameters are. not onl/ identified but are
'fewer in number than those oi the structural form. We get into the

”.identifiCation p?oblem (Chavpter 6) precisely because-we‘want to

'e#présé.the»modei in terms of what we think are structural coefficif'
.ents,'If'it‘then tﬁrns oﬁ£~that the model is‘underidehtified,,we |
A ;may not see how to 1mplement it in an emplrlcal context But at
 'least we do not decelVe ourquVes by taklng the easy way outen
:dolng Statlotlcs (merely calculatlncr regre551one for the reduced_
 };form)jra§her thap sclence‘(broadenlng or elaboratlng our theory,:br

- improving the design of our research, so as to achieve an identi= -

An esoe01a¢ly dlsconcertlng possibility is that nelther of

the formulatlons above—~¢n terms of a's or b'snmhlll prov1de a

u

; model.that 1s_reﬁlly 'structural,™ in the strong sense of that term

being used in this Chapter, Suvpo se this is -the true model:
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‘ Perhaps if,and xg are latent Variabies,’quite."real" in terms of
‘ 0ur;thpory butp(in the present’stqﬁejﬁf knbwledge) not observable

;exégpt by'waj’of thgif canequeﬂces; x3 ahd_x4,‘The éqqéﬁiohs -}
: :cbrrésponding>to the diégram are’ | | |

x

S T RS DS R
Xy = 520*@ *ogux, vy
X3 =~°31X§ * °3?X§ 4.“2
X = Cy Xyt oeox; + v,

To do anything with the model statlctlcally,,we must. "solve out"7‘
‘~thefunobserved Varlables from ‘the last two equationso If we. 51mnly

substitute the flrst two equatlons 1nto the last two, we find

*3T (°31°10 T o32¢ 20 0 ~31)1131 * °3z 20%p F Uy
, °31%1 * °32'1 | S
Xy = (C41010 *oCuz0l%e *oCh1®11%1 T Cu2®22%2 * V2

Pyt *oeypvy e,
kLThls may perhaos ‘be thought of:és'é,&redﬁbédsfofm"fmédel,‘with 
20 = ° °31 1@ 32;2@ 
831 7 °31 11
fE et
 'aud“*:d41ci0 +yc@é?29‘: } u
LT E R
4222
‘g"f'u cBlulx' 37 vy

'V’-;«Vz *eypvy ¥ oeppvy

,, ”Noﬁe that thr a's are all "mixtures" even though they‘are identi§ & B

,fled\ The ¢c's--the real “structurél”‘coefflcxents in thls examole”"'

~-are not 1dent 1ed ;althouvh'cc tain ratlos of coeff1c1ents,

‘L ,c41/c31 and 032/vL2, are Ldeutlflpd
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We now equate the above expression for x

:: ftefms we have (with D =

‘ll;gf,‘

An alternatlve nanlpulatlon is to solve for the unobse ved

variables in the sacond palrvof equatlons'in terms of_the endogf

'enqus~Varlables, This‘yields

S Cup¥3i m C3p%y - <°42“2 ~ %32 2>

L
Sl

CBlCQZ -!c32calﬂ

'°31xa = %1%y - (°31V2 *»cu1“2>

G A el D S it e ot < PrE—

I

B
*2 . ,
2 C%31%2 = C32°%4

to c + Qllxl f u

1 10%0 1

‘””_,(the‘first,equation in the model) énd‘the expréSsibn for X§ to

QZ@XO + CZZ 2 + v1’(from~the Secbnd §Quat§6n), After feéfranging'j

| ‘ = ©31%; “’¢32°u1)n-

Dogg b1 ey o vegp it D e

— x@ 4 ‘xl + xu_+>g2‘+"“ful —,é V2
Cu2 - Ch2 Chz7 o Cur o a2

.
Dy Depp ey B 41

XY T TG R TG ok 4 v, kT %2
31 S c3l; ','031‘ i 031‘ Bl .

whiceh is'seen to be a- Just 1dent1f1ed nonfeour51ve moael oncé we

 ':faddpt:the notatl@n,

30 ,.Dcioycuzl»

FDcli;C@2 

Py T 34/942 .
ho ~ 20/C31
u245.D°22/031

I

a3;=»C41/531 :
u = gz +:D“,/bq2 - o /012

e

vi= v + Dv

2 31 “'841 2/031

‘L4ke the a s,,+he bls are mlxtu es oL coefflclents in tho Orlglnal

fgmodel, The compaplson between the¥two derlved models 1n_purely;

Y
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'formal terms can hardly tell us whether the a's or the b‘s are

'f.fmore likely to be 1nvar1ant Perhaps the theory underlying the

‘11.determined variables, whence E(ulu2 = BE(u

“origlnal model could be of aid in this regard

(A side beneflt of this ‘example is that it sheds some light'
Tonta questlon that has mystlfled some soclologlsts-—why do we
“often enpounter negative estimates of thelcovariance between dis-
l_turbanceé.invnonrécursivé,models? Ih_the'examplé, welmake,the
Standafd aésumbtioﬁ‘that diéturbances are uncorrelated’withlpre-
1v2) = Elvyu,
# 0 and E(u ) # O;kEvaluating E(uv)'inf

| ‘= h,(v-lu2
=0, although Blupvy)
iterms of the deflnltlon of u and v, we~fihd

2

2032041 D ‘ Cpq (' ,032 o
o i1 + —— I8 (u v, ) + “—"**“E(u ) - E(u, ) ‘“*E(V')'

“There is no partlcular reason why negathc could not outwel o h posi—“‘

tlltive terms in thls expression; )

: We must steel our resolve not to counsel'with Statisticians,‘

‘1or mathemaulclans ‘when trying to declde which (if anv) of the math-—*j

,v‘

’ematlcally 1nterqhangeable ways of suatlng our modpl is Sclentlflu

(°‘,cally releVant That is not their job, although the scientist does b

,apDre01ate their help in show1ng hlm how Varlous oarameterlzatlons-
are'alwavs 00551ble 1f~on1v one lr'knowledgeable about the pProper-
gtles of mathematlcal transformations, As to how one gggg cgnflrm |

'vor»dlscmnflrm»~oresumably the latter is the feallsﬁic‘possibilityll‘

: the assumot:on that CO@ffl“lentG 1r°-invariant we can.onlv state

flthat thare are: no sp601al technliues assoclated w1th structural

"'f:eouatlon modpls. The uask of challenglng a theor; w1th any 00551bly 

_qreleVanb evldon0u$calls fgr as much 1mag1naulon and 1ngenu1ty h

lffas 1n any klnd ofgem01r1cal testlng of theory. In short 1nvar1ance_”
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'lﬁland autonomy are hot formel properties 6f a model, but substantive,y

“assumptions we make in motlvating our wWwork with a model

We have alreadv hlnted that the baslc difflculty with a

‘kmddel may reside;.not in its mathematical form, but in the very
’:variables that enter into it.<Sociolegistsfhave worried a good'
tsdeal about this oroblemo The interest in’ multiple 1ndlcators
.?(noted in Chaoter 107) is one asoect of the concern w1th definition
'; of variables. ‘There has also been a llVelyﬂlnterest in whether |
'lstructural equatlon models are sulted to the use of varlables
:iwhose level of measurement is "nomlnal" or Ordlnal rather thas
l"lnterval" or "ratlo‘" The false issue in much of the dlscusslon
:;;cn thls matter 1s whether these dlfferent tyoes of scale are: sulted
b.tq ene or»another klnd‘of ﬁtgtlgt;g manipulatlon. But the real i

'fftquestien is (should be) whethef,zhaving done the statistics, one

has a 301gnt;u;ggllx useful result.

lt is true that models of the klnd oresented in thls book

vbtreat gggeagent varlables as being measured on an 1nterval (lf not
v"ratlo) scale. If?one must perforce consider a variable for which
's-only ordlnal measurement can be clalmed whet damage is done in
riia551gn1ng number§ to the Varlous grades of that scale and hence—yﬂya"'
:forth msnlpulatlwg tho se numbers as if they arcse Ifrom measure-'
:ments'on»an 1ntePVal scale? In college,~for,example, 1nstructorsﬁl
-’gradeAstudents on the ordlnal scale@-A,,B, C, D, F, and the

reglstrars a551gn to these glades the numbers 4, 3, 2, 1, 0,

ES

: re DeCthelJ, in ordef to compute the "vrade golnt aVerage.
'°Clearly, such a351gnments are arbltrary. Gne might equally well

'f use the numbers 16 b, l 0 in comoutln grade oolnt aVerqges éjf

i

' '—munless, through conventlon or habltuatlon, Students'and faculty At

o come: to feel that the dlfference between an A and a. B is ecual tq
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the difference between a C and a D, and so on.

-In introducing an arbitrarily scored ordinal variable into

a model,>we,do not stop With computing its average value. Instead,

“that variable enters into a number of linear equations (unless

/some other functional form is specified). Hence, in selecting num;

bers to assign to the grades, we ahOUld choose tnem in such a way

.(1f p0351b1e) that the scores do bear a llnear relatlonsblo to
'.Varlables cau51ng and/or affected by the ordinal. varlable. Assumzng
success in this Venture, we do not have to claim that the scores

Care tne‘true Scele'of measurement, but only that (in effect) fhey

result from some monotonic transformation of the true scale, Since

“the 1ntroductlon cf such transforﬂatlons 1s an acceoted sc1ent¢flc
procedure for linearlzlng relatlonshlps, eVen if the>Variab1es are
“orlglnally measured on. an interVal scale, there is no obvious rea=

‘son why one should feel nervous in worklng w1th a Varlable that

H

¥ X
can be assumed to be the outcome of such a transformation, Indeed,

~one perfecily good meaninguof "interval" in,thé first place is thate.‘
“equal changes on a,causal-Variable in different parts of 1its range"t

 oprodnoe equal changes in the effect varlableo One cons equence of

this'pOint_of‘view is that the issue with regard ﬁo meesurement

“is not resolVed befofe a‘variable is entered into the model, but

in the very process of entering 'it. Those'scales that "work," in

"vthe oenoe of DFondlng measurements whzcn are we¢1 behaved 1n slg— .

s

i ant moeels,zare tnose that we.come Lo aCCept‘as natural,
; . . B . -

;o

~There is, howeVér; nnother aspect~to the problem.eﬂany ‘ i

'"erdinal“-scal 1n SOC10¢OgY orovmde for oniy Very coarse Measure-

f;ment end llmlt the possible range of varoa¥1on to as few asr25 3»

@; or 5 grades or steps on tn .scalea lhls tends, uhe one nand

to 1ntroduce Measurement efror—~and qot necesscrlev error tnat 1s

i
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~

9 ﬁell behaved7in the sehée,aSsumed throughout Chapter 9--because

{~3 of the 1mpre0151on in applylng the scale to real world phenomena.

Bven more 1mportant it may 1nvalidatetthe crucial,assumption of
a2kl our models that the dlsturbance i's d1¢tr1buted indeoendently'
 of the eXOgenous Variable( ). | |

| Thls is eSDeClallY cleaf if the ordlnal scale is merely a .
'dlchotomy. We may suppose, without losing generallty, that 1ts tﬁolr
00551ble values areiJero,and,unlty. Now, let us,re¢ons1der the
quel»of-Chapter 1, ' ST |

y = bx + 1

on the assumption that vy is dlchotomous, while x is, for al]'ﬁrACQ_x
~tical purposes,.cont1nu0us,-P0551ble values for y are O and 1.
Poséible»valué$ €or yt o= bx afe not limitea iﬁ this way. They may   
A aétgal1y:féli'@uﬁsidevtﬁe raﬁge O to 1 (an inffinsiéélly_abéurdv 
»résuli) add‘céhlgaké on aﬁy*Value wiﬁhin ifi Sunoﬁsé,that,for

255 then oy = (5)(. 5>ﬂ= :25. But if, for x =

ffal + k y'~=s 8 and for x : al -k, y = ;2, then (1n each case)
= (. 8)( 2) ,‘Thus, the homo skedasticity assumption is‘_ ;”“

‘13 /vip1ated, and in ‘an 1ntrinsic way. When the dependent variable is

‘Vf"fdichotomous, onetof the basmc soeclflcatlons on the dlsturbance

i

Ciis self- contradlétorys Ijresuma‘)ly, somenblnﬂ of the same klnd of ‘;, “

‘v1olatlon occursgwhpnever the dependent Varlable ls»seVerelY‘

'“J;limlted 1n 1ts range, by hav1ng only 'a Iew, though more than 2’,

‘jo“dered catevorlés.
SREE R

We should note that thls oroblem does not occur 1f the Var—v.

Cllable in ouastlon is exogenous Indeed ‘1n‘that event' there 1s

o dlfflculty SVen 1i the catevorles are not ordered ihe nell-

‘rnnown statlstlcal traﬂ5¢ormat1on of a nomlnal varlable 1nto a set

of dummy Var]abl%s w1ll worx qulte satlsfactor ly nere,'whether,f'" 

,l'g ffif'i; * 51.‘,5;' f, '   .;>,f   f,:f év{
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the model is recuréive or‘nonrecur51ve. (For an. example of’a model‘74
’w1th a set of exogenous dummy varlables see Duncan - and Duncan,
[7].) |
There seem to be two broad strategles for coping w1th the

“problem posed by Varlables that are measured with only a small
vnumber of categorles. One is to improve the measurement procedure;
In many cases, we work with a 3 or 4-point scale only for reasons
of conVenlence. It may seerm too expen51ve,‘for example, to ask
queral questlons to ellclt a reasonably pf601se expression of
oplnion, S0 wWe atlsfy ourselves with a coarse categorlzatlon. In.
thé past, 5001ologlsts working 1in thp tradltlon of survey resparch
'haVe too often taken the easv way out on this issue.’It is th
inolicy of &n ostrlch to assume that we canvlvnore 1ndef1n1tely

the b351c wo rk onvtheory of measurement belng done in other flelds.
vOncé wo learn to take the job of measurement serlously, the orob‘.
’lem under drseussgon‘here will tend to resolve itself (Two_
_apérdachesbt§~measurémegﬁ amoﬁg othérs, that should be better‘:
- known to soc1olognsts are exemolliled in artlcles by Rasch, l261;~

and SteVens, EZ?] )

The other strategy presumes that, in some cases, nualltatlve
(4 3

.categorles ao not arise: from coarse scailng of a ba51callv con ="

; ? &

tlnuous Varlable,sbut are 1ntr1n51c to the attrlbute belng ob~

"served. In that eVent one does well to inquire?whether'ouf.models,f’

~‘rather than our m@asuromenu pro cedures, need to be recon51deroa

0

UfIt ‘80 haDpens that thero 15 a strong tfadltlon of SO =~ called surVeyf 5‘

“analysls that works Drlmarlly with vua]:ta ive Varlables.JThere 15

SE R : . . ER A0

a Well devploﬂPd caubal iunguaoe for survey ana]vsls, esoeclaily

in tha work of LaaaPSAﬂld and as 5001ates EZQE who'also prov1ded
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us WIthpro ;':'ol;f‘yprical ‘,models “oyf lateot ;”S"Ck'rku‘cturles for q:llalita\“;i\;o".ﬁ "
_'lfariébleo.lUnﬁil Verylrecehﬁly, however, the statishiéal imple- :
"Kg;mentatlon of survey analy51s and latent étructure.modelg'was 50£:'
“on'a sound footlng.'But now we hQVe, especially in the contrlbu-;vjffv

&illtions of Goodman [1{];.[li};l' the statistical toOls heeded to
.\iproduce the functlonal equlvalent of structural equqtlon mod@ls
‘7:ifor qualltatiVe Varlables. It should also be mentioned that there
‘llfare varioug other approaches to model bulldlng that broadly’soeak;l
\

'gljlng. use a klnd of causal reasonlng that is qulte congonlal to the

: l;splrlt of structural equatlon models, even though the mathematical »l

3'fﬁ?and statlstlcal technlques are dlfferent These 1nclude soclo-.7¢f

7?iodemograohlc models (Stone, [Zé] Keyfltz, Elé}) stochastlc

nlf;lprocess models (Coleman, [5] ’ Boudon,,[B]) fand certain klhdoi»ll;
';Qof simulation models. ‘ | o

Whether the<variablés_be:quahtitativé or qualitative, the

E'if'-.‘;,-:subs:.’r,.eu'x’f,'1vély_l'prlobl‘emat'ic:k iosue is ﬁhe*rélétionship among variables,
**}QIn'structﬁralle@uation models, this‘relationship is éxpréssed by

>jf}{?lthe.struCtural‘doefficieotq’a number whose dimensions are units of -

“6hange iny per%unitichange'in X, In'aiformal exposition of the

_prooertles of a- model all we need to assume is that there 1s’ouch of'
HV;a number. In substantlve aool“catlons, the problem is what,that i
'ffnumber'means;uwwat-are'"coofficients,” anyway? lt is imboitant‘io‘
rocognlze that eoefllclents wmth qulto dlflerenb klnos of theoreti-ill
?cal meanlng arevall in the %ame math@maulcal form.;dnether a our~gl?l”
oorﬁed coelf1c1qnt even has an 1ntelllg1ble meanlnglls.a sugstan-iﬁl!;
t;vg, not a formal'oroblem.": k

A coeff1c1ent may be Jno'r,ha.n'r more than a scdle l&CtOT whlch;

;ﬁiconVerts a Varlab’e from one ﬂotrlc uo anoth llke the (9/5) 1n£»

‘ﬁthe formula relatlng uwo temperuture scales,f~7




o 11-160

,>fiii 5el | ) 320 + (9/5)00

:iquf the formula is emplrlcally derlved as in ealibfation.experie‘n
“ments, there will be an error term as well as a coefflclent and.
‘-posslbly, a’constant' (Of course,‘callbratlon may require a non:
:llnear formula w1th more than oneicoefflclent )

In models that purport to exolaln the behav1or of 1nd1v1dual'
' 0ersons, the coefflclents could well take the form of unlts of re-
¢ sponse per unlt of stlmulus strength the‘strnctural equation’ 1s, v

Zin’effect,fan S=R law. Suppose that the general'fofm~ef this'lew 
i 5 N : nn: S ». 5.’;” ! “.4-‘ ‘ :,““ '

‘R = a.+ bS + U o |

-~ assuming that (1f necessary) R and s have been transformed in such.

a way ‘that the relatlonshlp is llnear.,We are here maxlng the

“1nterceot exollclt, that is, we drop the assumOulon made hltherto

" that the variables are ‘expressed as dev1atlons from thelr means.<_f;f'

We need to be exollclt about the 1nter0retaulon of thls law.?'“h

i

| U51ng the subscrlpt i to’ 1dent1fy the 1nd1v1dual if we wrlte,\

a Ri = a + bS, *Ui

n“@;thls means that eVery 1nd1v1dua1 is subJect to the same S~ R law,;n“"

'filR = + bS, but when we subgect an 1nd1v1cual o a stlmulus of

o magnltude S hgs response, Ri;'ls subgect Lo a random dev1atlon,15} f

B . A : b . :
‘.;Ui, from the value, Ri’ implied by the law° lhls could be due to1

i

"nlmpr801slon in the measurement of the responoe or:- to an 1ntr1n51c efxa

:nVarlablllty in behav1or, The 31tuatlon is like that deolcted (foriF?Ve

,»rl,g very small samole of obbervjulons) i Tlg-¢ (a)_ On thls graoh,’"
VR is on t“P Y ax1s, S onvuhe A axis; and the U are~shown a5 def-#
J‘ flat1ons from the values predlcted by the model for a glven magnl- S

 ,tude of X. The sveclflcatlon on Lhe dlsturbance 15 that E(u ) dhﬁ;;;
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"Qtfor'all i, Thisvmeéhs; among othefkthingo,othat inbropéated'inde;'t
voOendent exoarlments on the same ind1v1dual with: S Vafying or |
:‘;fixed at~at31ngle,Value, the variance of the responses around the
'théoretioal'values would be Guu"Hence‘ in one experlment the o
,individuél might§héVe:aksﬂalltvalﬁe of U, in-another a largeb

.value, and so on.

Another, quite different, interpretation of U, is that it is

a pormaneot'oharaotoristic of the ith‘individual For any given
L magnitudé of'stimulus strehgth some 1nd1v1duals w1ll respond w1thf 

' relat1Vely hlgh values of R and others w1th relatlvely low VJlues."

But any indlvidual in 1ndeoendent experiments 1nvolv1ng dlfferent*

Vt'magnmtudes of S will respond according to the 1inear S R 1aw w1thtﬂ:
’Coe;f101ent b, In th;s case. we could be more explmclt by wrltlng ?o: 

our model:

Ry = ay + BSy

Thls 1nteroretatlon of the eouatlon is deolcted graohlcallv in

'~F1g. l(b) The disturbances in the first 1nterorptatlon haVe.be—otfotf
'thome intercaﬁts ih the second ‘to convey the notlon that dev1a-
‘ ”gtmons from what must now be thought of as an gﬂerggg S=R: law,

“Ro=g + bS are real and oermanent 1nd1v1dual dlfferences and not t”

~In some situations, it is impossible to distinguish eupir-

ically between these tWO.situations.‘Note that the samé'data are . -
 used in Figs;;l(a) and l(b) .If we have one obseIVatlon per

“1jiihdividual Varylnais from each 1nd1vtdual to tho next (wh tnsr»t:jt« 

oy

t;systematlcally or random'y) theh error 1n measurlng R 1ntr1nslc,@;;*
 *lT(1ntra 1ndlv1duat) Varlabllltv n~R and 1nd1v1dual alfferences’“

:_(a ) 1n‘tevel of R fov,flxod value of S are summed up 1n a alngle

i
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1
1

‘hquantiﬁy, Ui; Aé long as we'dépénd’sblely on inter—individual‘comf
parisons to estimate b, this will be the case, If the stimulus is.

‘administered, as it were, by nature on a ohcewin»a~lifetime basis

{as is true of many 5001ological Varlables, regarded as stimuli),

"then our major strategy must be, in effect to try to explain the

4+ To the extent that we can accomplish this, by

speéifying‘traits or social characteristiés of-individuals which\

Craise orklowef.R ‘(aoart from any 1ntr1n51c or adventltlous corre*':
Lo ‘ , S
- lation with 5, ), we w111 be Justlfled in thlnking of U, as at

"'least Dartly reflectlng 1nd1v1dual dlfferehces.

The alternatlve stfategv is to make multlple obserVatlons

~on the same 1nd1v1dual cau51ng or allow1ng S to vary between obser-:

3

'VVatlons. If the-observatlons are 1ndeoendent (there is, for example,h

“no carry over from one to another, due to 1earn1ng or memory) this:

‘1

"study design ooehs up the p0551b111ty of estlﬂatlng ay from data-on i

'Plthe ith 1nd1v1dual»alone;v1t also oDens up the poss1bllities of

!

o testlng whether b 1s indeed constant from one ind1v1dual to another e

%

'~ahd whether G 31s actually the same for all 1nd1v1duals Il the

J’,model is sustalned agalnst both these tests,_the deslcn oermlts

Thone to make semarate estlmates of alzand U Indeed a more expllclt
B model'ls,,
a, + +.U”
RlJ gif- bSlJ 13

" where we are. exolalnlng the response of the 1th 1hd1v1dual unon the7 

:Jth admlnlstratlon of the stlmuLus,,-”

Manj oOClOloglsto would probabiy dlocldlm 1nterest 1n S= R

b‘}jhlaws or moaels featurlng such relatlons. Iu mlvht be a useful exar»?h

{

ihfﬁclse for them to re;lect on uhe questlon of what thelr coefflclean'

'gxdo mean. On anSWer ml”hu be bhat the soclologlst 1s 1nte;0%ted 1n‘
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]

g §QQ‘QL§1 resDonses to 1nd1v1duals-~or characterlstlcs thereof--

l

7‘ as stlmuli Then Xi is perhaos a measure of the lnd1v1dual's per;f"

formance and Y hls reward with the (impli01t or exollclt) rule

-or conventlon relatlng the two belng

1y

it

a + inr+ Ui ga)’
or

: Yl = gi + in E (b)

__Again, we.are constrained tofnote that Versions (a) and'<b) are
"conceptually dlfferent though: mathematlcally equlValent Much of

‘,the controversycsurroundlng Jencks' Inpqualltz [1{] ‘uurned oh

j

':the author's concluslon that a maJor factor in the dlstrlbutlon of g
‘1ncome is "luck which fact he 1nferred from what he regarded as. i

the relat1Vely large magnitude of 65 /6‘ . He had ta?en con31der—3f

yy

~able palns to dlsoose of Ver51on (b) by 1ncludlng in his model a
humber of charactprlstlcs of individuals that a 5001etj mlght
 conce1vably P&y attentlon to, in allocatlng rewards, his actual

- :model 1nVOlved several X's, not Just one. N:thout commentlng on

lthe merits of Jencks conclu51on we note that the "b” in hls model

——say, dollars of 1ncome annually per number oI years of schoolln

'completed»—ls hardly a coefficient that deocrlbes merelyvthe

‘f~behav1or of the 1th 1nd1v1dual After ali it is someone else who o

~ pays him the income in recompense for hls schoollng~-or,'more D
‘plausibly, the economlc performance that hlo bcboollng makes -

‘possible,

~The structures" that are dGSCTLOPd in th@ soc1ologlst’ TR

struﬁtural equaulon models“ are, tnerofore, 11&ely to'belsgcial f""”'

'vctrggtures in a nontr1v1al sense of the term The COPfflClePtS jJ 

may represent tne wav in Jnlch eXOllclE soc1al rules or regula~i‘”x

l

s d
'.3
)

i

g
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i

v’ tions operate; or theyymay.be uhlntended resultants of 1nnum§rable?
abonventional actlons. Ind1v1dual d1fferences-~or unlt dlfferences,  

if the social ﬁﬂlts are other than persons——w1ll be present in the
 mode1 whether explicitly in the ai‘or (followlng the usual praéff

, t1ce, as in earller Chaoters of this book) in th Ui. We should

expect thelr variance to be large. A comolex soclal” system can

“’attend to or differentiate its reéoonse to a rather large number

of individual’ characterlstlcs, but not nearly S0 large as the

‘number on which 1nd1v1duals actually dlffer. ‘The same svstem w1ll o

impliecitly . ooerate (at least 1n part) on a stochastlc prlnc1ple.'

:selectlng at random those 1nd1v1duals to be asslgned thls set of fi 

i ey
roles or that set of sanctlons The 5001ologlot who desoalrs of

his low R2 s would do well to ask hlmself 1f he would want it

otherw1se~—WOuld he care to llve in the soc1ety S0 structured

‘that hls oartlcular collectlon of variables accounts for 90 opr7  z 

cent 1nstead'of~32 per cent of;the»varlance.ln Y?

The structures we hope to deseribe in our model are not

fflxed in the human gene pool nor chtated by the laws of physmcs.,j*f

i

‘;fThey can ‘and do- change. Mucn of the dlfflcultv soclolovlsts nave

c

 f had w1tn the»ormblem of 5001al change stems from thelr 1nd1ffer9nt f 

(a) alteratLons 1mpllc1t ‘in the very nature of tne’
»5001al suructure and. 1ts 1n1tlal condltlons, as\;a;;
Agrowth 1s 1m011c1t in. the surdcture of Lhe 1mma~!aj'

'g'ture»organlsm;‘
‘F\(3);Varia&ions'due éolélv‘té7difféf§ﬁéé$;inié§0éenﬁﬁs ;ff

‘1g Var1ab¢es oberatxnc upon & constanu StruCtUrejv 

t j(see dLoCUSSlOﬂ 1n Cnamtes 4 Dp.‘4 6)»




~ff:at two 001nts 1n blme) in which the same structure holds—-1 e.

ll.22

fi(cj_flucﬁbafions anslogous to those‘of samplinge

: from e‘given.prebability distfibution}kand“

(d)‘struciural'cﬁanges as sueh;'i?e,, change id
‘the.struetural coefficients;

What'ws mean by "sﬁructural chenge” will' in practice, be relatlve

'to the svate of the art in bulldlng models of socxal structures.;
eIf onme is ontlmlstlc about future success in thls venture, he

ffﬂdwould expeet much that now passes for structural change to be reln-dv
,teroreted as falllnw within another one of the abOVe rubrlcs. Inr\

Vanv case, as structural equation models (or the broader class of

causal" models of all klnds) beeome more numerous, we shall have

f

to get much more specific about the "Dopulatlon to. whlch the model

‘ df,applies.* as 1tehas been termed in thls book

We can concelve of two oooulatlons (or the same oooulatlon

j"the model is tbe same and the numerlcal Values of the coefflclents S

ex.are the same, We can also imagine that the model is the same, but

i

i ohe on mo re coefflolents are different, It is this latter kind of
;];Varlatlon (over tlme or between dlfferent soc1al un1VPrses) 1n
:ffipartlcular, tha; ought to be espec1dlly amenable to study- with
H ftools like those 1ntroduced in this boo ‘if we can flnd sxtuatlonsifﬁ
:for time perlods where only a few coefchlents dlf;er,,we may Have:dd7d
= dsome hooe of comlng to. understand the: 1moact of these dlffesences
‘}1——our models can heln dlrectly with tha»--and perhans of maklng

'dd,useful congectures as to their Drxglﬁo.:
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