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Venture Capital Project Selection as an Optimal Stopping Problem

Martin Meier Leopold Ségner* Gregor Kastner
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Abstract

We present a stylized model of a venture capital firm being active in a specific market, where
all possible projects compete. These projects have a payoff structure such that only the best few
alternatives generate a positive return. The payoff depends on the relative ranking of a project’s quality
in comparison with all other projects. This discontinuous payoff structure is motivated by the internet
economy, where classical price competition is often not possible, and market share is chiefly determined
by the relative quality ranking of the product, its absolute quality being of second order. We assume
that investment alternatives show up sequentially, and, due to competition, the investment decision
cannot be postponed for too long. The information available at any period is the current project’s
and all prior projects’ quality characteristics. Finally, after the last investment alternative has shown
up, those n projects with the highest realized quality characteristics generate positive gross returns.
We derive a recursive formulation of the value function. Sufficient conditions under which the value
function is non-increasing in the number of periods are provided. A simulation study demonstrates
how optimal investment decisions are affected by the time horizon and by attitudes towards risk. The

model presented is an extension of Bruss and Ferguson (2002).
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1 Introduction and Motivation

Typically, the decision making process of venture capital firms is assumed to consist of the following stages
(see, e.g., Fried and Hisrich, 1994): A venture capital firm receives business proposals from potential
entrepreneurs. After a first screening, if the proposal looks promising to the venture capital firm, it asks
for a more detailed business plan, otherwise the proposal is rejected. Endowed with the business plan,
further evaluation rounds follow, where the venture capital firm has a closer look at the project, asks for
additional information, and evaluates the managerial skills of the prospective entrepreneur(s). Finally,
after the screening stages are completed with a positive evaluation, the venture capital firm provides
(usually) equity capital, given that both parties agree on the terms and conditions. Typically, the project
is evaluated after several time points stipulated in the contract. In the case of a positive evaluation, the
venture capital firm often provides additional funds. Usually, the business relationship of the venture
capital firm and the entrepreneur lasts for a limited time horizon. At the end of this investment horizon,
the venture capitalist sells its shares either to the entrepreneur, other investors, or by means of an initial
public offering (given that the venture in question successfully survives until then). The profit or loss of
the venture capital firm arises from the difference between the payoff generated by selling the share in
the firm and the money provided in the various investment rounds. In a survey study, Gompers et al.
(2020) analyze the venture capital selection process. In particular, their article provides information on
important criteria in the selection of investments and post-investment monitoring. More recently, by
considering a survey of approximately 8,000 venture capital deals, Jang and Kaplan (2025) observed that
venture capital has selection ability.

One important field of venture capital activities is investing in the high-tech and internet economy
(see, e.g., Gompers et al., 2020). In contrast to “classical markets”, in the internet economy, a tiny number
of firms acquire a substantial share of the whole world market. Most competitors fail or leave the market
quite rapidly. For many markets in .the internet economy, where classical price competition is often not
possible. A few examples are music streaming, news websites, and internet marketplaces. These markets
allow for worldwide supply at zero or very low marginal cost. In parallel, consumers can often choose the
best alternative according to their taste at no higher cost than the second best, third best, etc. Typically,
prices for streaming a film or listening to music on a particular platform are fixed, and hence there is no

reason to stream the second best film or piece of music instead of the best, etc. How big the difference in



quality between the films, orchestras, etc., is, is of very little importance. Therefore, the relative ranking
between competing artists, films, services, etc., is much more important than the absolute quality of these
products. Hence, these investments have the so-called “superstar property”, where only a small number
of investment projects generate a very high return, while most investment projects fail.

According to the empirical literature, a lot of venture capital investments fail even though they get
financed. That is, although the project obtained a good evaluation, it need not ultimately be successful
in the medium or long run (see, e.g., Moskowitz and Vissing-Jgrgensen, 2002, where in their sample
approximately 2/3 of the firms fail within the first 10 years).

We approximate the selection process as follows: A venture capital or private-equity firm that is highly
active in a particular emerging high technology market is considered. The resources available to spend in
the investment horizon are already provided by an investment fund and are considered to be exogenous.
Entrepreneurs submit their business proposals. Business proposals arrive sequentially, and the venture
capital firm cannot wait too long with its decision, either due to competition with other venture capitalists
or time constraints of the entrepreneur (who gives up if the project is not sufficiently financed). In this
article, we investigate the full-information case, where at every point in time, the quality of the investment
opportunities observed so far is perfectly known by the investor. The case where an investor can only
rank the projects observed so far, was investigated in Meier and Sogner (2023) and is called the limited-
information case. Intuitively, compared to Meier and Sogner (2023), the investor in the current paper has
much more expertise, and correctly understands the absolute quality level of a particular project proposal.

To account for the payoff structure of superstar projects discussed above, we assume that the payoffs
are rank dependent. Rank dependent payoffs can be motivated by winner-takes-it-all markets discussed
in the economics of superstars literature (see, e.g., Pancs, 2018; Frank and Cook, 1995), where the payoff
of an investment project is strongly related to the rank of the quality of a product relative to the qualities
of competing products.

Since the financial resources of a venture capital investor are limited, optimal investment decisions
should also take care of the opportunity cost arising from investing. For example, business proposals for
a search engine hardly show up at the same time. If a good proposal for a search engine shows up, the
investor also has to consider the chance that this project is replaced by a better alternative which shows

up in one of the next periods. Our stylized model tries to account for this problem by considering a



sequential decision process, where the investor is aware that a better alternative shows up with a certain
probability.! Thus, the optimal investment problem translates to an optimal stopping problem. To the
best of our knowledge the models proposed in the Economics and Finance literature do not look at this
aspect of the investment problem.

Most of the related literature on venture capital investing concentrates on the evaluation process of
projects, how venture capital firms evaluate whether the proposed idea can be successful in the market,
whether the project team has sufficient technical skills and management capabilities, etc. (see, e.g., Rin
et al., 2013, for a survey). Criteria that are important to the venture capital firms are the entrepreneur’s
personality, the entrepreneur’s experience, characteristics of the product or service, characteristics of the
market, financial considerations (a return on investment of at least ten times the initial investment within
five to ten years, investment can be made liquid easily, etc.), see, e.g., Macmillan et al. (1985). Tyebjee
and Bruno (1984, Figure 2) provide a graphical description of the venture capital investment decision
process. Their model consists of three steps. In Step 1, market attractiveness and product differentiation
of the prospective product is evaluated, leading to an assessment of the expected return. In the same
step, also the managerial capabilities and the resistance to environmental threats are analyzed, resulting
in an assessment of the perceived risk. Assessing the expected return and perceived risk constitutes Step
2, leading in Step 3 to the investment decision. In our model, the investor receives a quality signal;
the risk arising from the environment approximately corresponds to the event that better alternatives
emerge. Further sources of risk (caused, e.g., by variations in managerial skills) are modeled by stochastic
payoffs. Fried and Hisrich (1994) report a survey to construct a six-step model of the venture capital
decision making process. Their Table 2 provides relative frequencies of the evaluation criteria used by
venture capitalists. A more theoretical model of venture capital investing is Alperovych et al. (2026),
where equilibrium contracts between investors and entrepreneurs are obtained. These contracts depend
on the risk-attitude of the entrepreneur.

As stated above, the investment problem considered in this article is different from investment problems
considered in Finance. To see this, when considering investment projects in Finance, in particular in

portfolio choice problems, the returns of n assets, are either described by some assumptions on the mean

In our model the quality signals are #id draws from the uniform distribution on the unit interval. Suppose that the
realization of a draw is x, then the probability that the next draw is better than the current draw is 1 — z. If there are k
investment steps to go, the probabilities of the ranks of the quality signals — given the current and all prior quality signals —
are obtained in Section 2. Appendix A shows that these probabilities follow from a multinomial distribution.



and the covariance in the static case (see Markowitz, 1952), or by some assumptions on a stochastic process
driving the payoffs in a discrete or continuous time dynamic model; a typical example is a geometric
Brownian motion. Various extensions, for example with jumps, state dependence, learning, etc., are
provided in the literature. For a brief overview, see e.g., Brandt (2009) or Back (2017). However, these
models have in common that payoffs are not rank dependent.

Opp (2019) developed a macro-finance-type endogenous growth model (see, e.g., Aghion and Howitt,
1992), augmented by venture capital financing. The model allows one to derive prices and returns, and is
able to explain some stylized facts related to economic growth, innovations, and venture capital investing.
In more detail, the most productive entrepreneur is selected (see Section 1.3.3 and 1.3.4 in Opp, 2019),
while (price taking) venture capital firms are maximizing their profits by choosing the quantity of ideas
they fund (the intensity of a Poisson arrival process in more technical terms; see Section 1.4.3 in Opp,
2019). While the model of Opp (2019) has a stronger macro-finance perspective on the venture capital
market, our model obtains optimal investment strategies in a stylized model which is closer to the decision
process of an individual decision maker investing into risky projects with a “superstar payoff structure”.

The Mathematics literature related to our investment problem is concerned with optimal stopping
problems where the payoff structure is not continuous, and which are closely related to Robbins’ problem
(see, e.g., Bruss, 2005, for an overview). The article closest to the current paper is Bruss and Fergu-
son (2002), where winner-takes-it-all investment problems are analyzed (i.e., only the eventually best
alternative is profitable), for the limited as well as for the full-information case, respectively. The limited-
information case — where the eventually two best alternatives are profitable and where the investor is
only able to rank the projects observed — is solved in Lebek and Szajowski (2007). The risk-neutral case
for multiple winners is solved in Mucci (1973). An extension to multiple winners, with a possibly risk-
averse investor, and stochastic returns, is provided in Meier and Sogner (2023). In the article at hand, we
consider the full-information case, allow for stochastic returns, and extend the results obtained in Bruss
and Ferguson (2002) to the case where multiple alternatives can result in a positive payoff. Compared
to the limited information case investigated in Meier and Sogner (2023), we observe that the optimal

strategies in the full information case become more history dependent (depending on the realizations of



the signals observed by the investor).?

By that, the numerical complexity increases significantly when
implementing our investment model. For example, Bruss and Ferguson (1996, Section 4.2) show that the
optimal stopping rule exhibits full history dependence when the expected rank is minimized.

Summing up, in contrast to standard investment models, modeling a sequential investment process as
an optimal stopping problem has received — to the best of our knowledge — no attention in the economics
and finance literature. In the mathematics literature there is the notable exception of Bruss and Ferguson
(2002) and Lebek and Szajowski (2007). In our framework, the investor sequentially observes investment
opportunities and receives a quality signal for each project. The uncertainty faced by the investor mainly
arises from the possibility that superior investment opportunities may become available later. In this
article, we consider the full-information case, allow for stochastic returns, and extend the model of Bruss
and Ferguson (2002) to settings in which multiple investment opportunities can generate positive payofls.
Compared with the limited-information framework developed in Meier and Soégner (2023), the optimal
investment strategy under full information becomes substantially more history-dependent, as decisions
condition on the realized quality signals of previously observed projects. This richer dependence on the
observed history also leads to significantly greater computational complexity. In addition, we observe that
a risk-neutral investor loses some investment with a surprisingly low probability in our simulation study
(approximately 2.2% in an economy where 50 projects are considered). Taken together, the results in
Meier and Sogner (2023) and the present article make it possible to quantify the value of information.
Using simulation studies, the value of information can be measured as the difference between the certainty
equivalents of a full-information investor and a limited-information investor under otherwise identical
model assumptions. We derive a recursive characterization of the value function and establish sufficient
conditions under which the value function is non-increasing in the remaining number of decision periods.
Finally, a simulation study illustrates how optimal investment decisions depend on both the investment
horizon and the investor’s degree of risk aversion.

The remainder of this article is organized as follows: Section 2 describes the investment problem in
more detail and provides a recursive solution in the general case of an investor with monotone increasing

and continuous Bernoulli utility function. We provide sufficient conditions for the value function to

2To compare the limited to the full information case, Meier and Sdgner (2023) obtain optimal strategies for n = 2
investment alternatives and T = 3 periods for the full and the limited information case, respectively. The investors are
assumed to be risk-neutral. The solution for the full information case was obtained by direct calculations.



be non-increasing in the number of periods T. Section 3 investigates the risk-neutral case for n > 1
investment alternatives and deterministic returns. Section 4 considers stochastic returns. Finally, Section 5
presents results from a simulation study to investigate how optimal investment behavior changes with the
attitude towards risk and the number of time periods considered. We consider returns based on return
distribution estimates for the venture capital market obtained in Cochrane (2005). The results obtained
in Meier and Ségner (2023) and in this article allow to calculate (by means of simulation studies) the
value of information, that is the difference between the certainty equivalents of a full-information and a
limited-information investor. Proofs that do not appear in the main text can be found in Appendix A to

Appendix E.

2 The Investment Problem

In this section we first present a stylized model of the venture capital investment process. We consider

ct

= 1,...,T periods of time, where for notational convenience k := T — t + 1 denotes the number of
remaining periods (here we follow Bruss and Ferguson, 2002). An investor is endowed with initial wealth
w = wr > 0. At each period of time, investment opportunities show up, the best of which is described
by the quality characteristic Xi. That is, if my projects show up in period k, Xy is the best alternative
among these my business proposals. We assume that my > 0, which is reasonable given that the length
of the decision period is long enough. In mathematical terms, this is modeled by means of uniformly 7id
random variables Xy on the unit interval [0,1]. Hence, given a realization {Xx = xx} and a v < k, the
probability that X, > xy is 1 — xx, the probability that X, < xy is zx, and probability that X, = xy is
zero.

Depending on the frequency considered, a venture capital firm receives a lot of business plans in period
k, while in our stylized model we consider one investment opportunity per point of time k. Note that even
if more projects show up in period k, the investor only has to consider the best alternative among the
potential opportunities (given that there are no diversification effects among these projects and that the

best project generates the highest expected utility, the second best the second highest expected utility,



etc.).3 Hence, it is sufficient to work with one project per time period and Xy is interpreted to be the
best alternative observed in period k.

After observing a realization of Xy, denoted by zx (for short {Xx = xx}), the investor can invest any
amount by, with 0 < by < wy into the risky project, wy is the amount of funds not yet invested. We
assume that at time k the investor remembers past realizations z; and past investments b;, j > k, that
is, the history up to time k. Due to competition, or because the entrepreneur may leave the market if not
financed, we assume that the venture capital firm has to decide rather quickly, that is, in period k.

By investing by the remaining amount to invest in future opportunities becomes wy_1 = wy — bx. The
relative rank of the draw x;, given the observations xr,. .., Zxt1, 2k, is pr(z;) = anzk l{szIj}, such
that the best draw arising in T,...,k has relative rank 1 and the second best rank 2, etc.* The final or
absolute rank is po(z;) == 3¢ _, iz, >a;)-

In the next step, we describe the returns, which are realized after the investment process is completed.
In our notation, returns realize at k = 0 (that is, after T on the forward counting time scale), when all
proposals have been observed. The gross-returns per unit invested are described by ﬁf{ In more detail,
Bf{ abbreviates the return per unit invested in period k, if the draw of period k becomes the overall
j-th best draw at k¥ = 0. In this section returns are non-stochastic, while in Section 4, ﬂﬁ is replaced
by the random variable Bﬁ, Bﬁ > 0. These random variables only realize at k = 0. Suppose that the
best n projects, n < T, yield a strictly positive return. The returns per unit invested are described by
B = (ﬁf‘)k:T,.. 1. ie1,. o Tespectively B, p) = (Blit)k:'r,_._,h i—1...n for the stochastic case.

The investor maximizes expected utility. The Bernoulli utility function u(-) is monotone increasing
and continuous.® Suppose there are k steps to go: The wealth still available to invest is w = wy. 2% is the
current best draw and 2% is the current second-best draw of the X,,, x = T,..., k + 1, etc.5

That is, z¥ denotes the best quality characteristic of an investment opportunity observed so far (before

3According to anecdotal evidence a venture capital firm receives around 2,000 business plans per year. 10%
of them are checked more carefully and 10% of these 200 receive venture capital financing. See, e.g.,
https://corporatefinanceinstitute.com/resources/knowledge/other /how-ves-look-at-startups-and-founders/. That is, given
that an investment horizon (e.g., one year), T = 5,10,20 assumes that within this horizon the decision maker considers
the best alternative, abbreviated by X, within each of these blocks k =T, ..., 1.

41{1m211} denotes an indicator function.

®To avoid problems associated with the domain of u(-) (e.g., with the log-utility), we assume that the interval (3, wS3)
is a subset of the domain of u(-) if 3 < 8] < B, for all k and j, or the interval [8,wf] is a subset of the domain of u(-) if
B < Bﬁ < B, for all k and j. For half-open constraints on 51{ we can proceed in the same way.
~ SSuperscripts in “typewriter notation” like k in 2% (and later in yf‘ ;) denote the number of time steps to go. If k is an
exponent then we write (z?)k7 this notation is only used in the Appendix.



Xy realizes), 2% the second best, etc. The currently best, second best, etc. draw arises at ki, ko, etc. In

more formal terms,

:= Xy, such that m >k + 1 and pe1(zm) =5,

S

k; :=m such that m >k +1 and pxy1(zm) =7, for j=1,...,n,

Zy = (z?f, .. ,zfl) . (1)

In our stylized investment model, only the n best projects can generate a positive return, where n < T.
In a so-called superstar economy 7 is much smaller than T.

The assumption that the venture capitalist has to invest immediately (at the end of the period in
which the proposal is submitted) can be motivated as follows: Due to competition or due to the fact
that the entrepreneur decides to give up if not sufficiently financed, the investor must decide whether to
finance or not within the period in which the proposal is made. As already mentioned above, a positive
evaluation of the project need not result in a positive return in the long run.

Typically, there are also intermediate financing rounds. In our stylized model the investor has to
decide in the period in which the proposal is submitted, while the actual return of the project is realized
after all investment alternatives were observed. The investment in some period is a shortcut for the first
financing decision and the intermediate financing rounds, while the realization of the return at the end,
approximates the fact that returns are realized after some years, when the venture capital contract expires,
or earlier by bankruptcy, or the decision of the venture capitalist to stop financing.

To describe the payoffs in a mathematically precise manner, we construct the vector of potential
payoffs. That is, we describe the n(n 4 1)/2-dimensional vector of potential payoffs yyx coming from past
investments.

Let yzl.‘le > 0 denote the payoff of the current i-th best alternative (before Xy realizes) if it becomes
{-th best in the end. For example, yll‘l1 = 5&1 bk, is the payoff of the current best alternative (i.e. zy,,
where k; > k) if it remains the best in the end, y}1‘|2 = Bﬁl bk, is the payoff of the current best alternative
if it becomes the second best in end, yé‘p = 5132 bk, is the payoff of the current second-best alternative if it

remains the second-best in the end, etc.
Note that yfw where ¢ < i is infeasible (since “better-ranked draws remain better ranked”), while

yi‘l ¢ = 0, for all £ > n, by the assumption that only the best n projects can result in a positive return. If



T — k < n the corresponding z;‘ and y;.“., with T — k < j < n, are set to zero. Let ¢; denote the final rank
of the current i-th best alternative when there are k periods to go; we set £y = 0. Observe that ¢; > i and
for any pair yzl'{\&’ y;“(j, where ¢ < j, we get i < £; <k+1i, j <{¢; <k+jand ¢; < {;. By considering

n(n+1)
2

upper triangular part of this matrix is zero, since y;“[ =0 for all ¢; < j]
J

the current best n draws, we obtain terms yﬁ . = 0 and the lower triangular matrix [the remaining
J

T
Zj=k+1 1{/)k+1(l’j):1}ﬁ;‘b1
T T
ikt Yppa op=13B305 X Lppsr (a5)=2} B30
T T T
Szt Hora@n=13858 Xt o @p=238507  Ejmirt Wowra (w)=31 555

Z§:k+1 L pepr (2)=1} 57 b Z§:k+1 Lpeir(a)=2}55'0j Z§:k+1 Lo (e))=8YB705 o Z}:Hl L pera ()=} B} bs

1 k
By, by Y1
2 2 k Kk
Be bxy B, bxs Y12 Y212
3 3 3 Kk k k
= Bkl bicy Bkr‘, by /Bkg by = Y13 Y213 Y33 =Yg . (2)
ﬁ;ll by, ﬁ}?z bi, /8117:3 big ... ﬁf;ln by, ylﬁn yg‘n ylgi‘n Q- yl:”n

To obtain the row vector yx € R™"+1/2 the lower triangular part of Yy is vectorized, in formal terms

Y = (yll{\l’ T yin’ylz(\za T y§|n7 e ’yi{lfll’n’ yg\n)'

The following paragraph describes the transition of yy to yx—1: Depending on the realization of Xy
and the investment decision by, Yy and yy change to Yx_1 and yx_1. To see this, suppose that at k we
observe zyx with relative rank j. Consider first the case j < n and let v/ = (vj,...,v,). Define

Yk ((’Uj, cen ,’Urn,)T)

Kk k—1
Yin Yin
k k k—1 k—1
Y12 Y212 Y112 Yaj2
- " & ) _ k—1 k—1 k—1 — Y. 3
Y115 Yapj e Y Y115 Yarj 0 o Yy =1, (3)
k k . k k—1 k—1 k—1 k—1
Y+ Yo o YL Yjiga Yij+1 Y2541 0 Y Y
k k k k k k k—1 k—1 k—1
Yn Yo - Un  Yjno Yn_in Yiin Yain o Yjn Yitin " Ynin

where the dimension of vi® determines the column j where v7*" is inserted. The first j — 1 columns
are the same as in Yyx. Columns j to n — 1 (of Y) are shifted by one position to the right and the
elements of those columns that were on the main diagonal before shifting are deleted. The new entries
at lower triangular positions of the columns j + 1 to n are y* = ,Bf;jlbkj, ceey y;.“n = ,6{2]_ bijs -y

Jli+1
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yflfun = B by, ,. We obtain the new vector of payoffs yx_1 by vectorizing Yy ((v;,...,v,)"). For
short we write yy (vj:"). Consider a realization zx € [z, zj—1) and let ,Bf(" = ( f;, ceed BQ) If the agent

invests by, then v/'" = ,@ﬁ:nbk and the new vector of payoffs is yx—1 = yx (,@f;"bk) by (3). If 2y, < zﬁ, then
the relative rank of xy is larger than n and yx—1 = yx. It is understood that in this case our investor does
not invest in period k.

Figure 2 summarizes the venture capital investment model considered in this article. Panel A presents
the notation in forward time applied in Meier and Sogner (2023). Panel B presents the time-line in

backward time applied in this article.

Panel A
Wy—1, Yt wr—1, Yt
X., by Xz, by Gross Return
’ B n T
Wo Wy 1 Wy = we1 — by wr =wr_y — by Wr+ i 1Y)
I Il Il Il Il Il
T T T T T T
0 1 t—1 t T—1 T
Information at t Relative ranks of Relative ranks of Ranks of
0 Lyewey Te—1 Ly, TT—1 T1,..., 2T
rel. rank always 1 4 Tr
Panel B
Wk, Yx wy, Y1
k 1 1 Gross Return
21 ) Zn 215 s Zn n 0
w Wit1 X, by X1, b wo + 25195
I Il Il Il Il Il
T T T T T T
T k+1 k 2 1 0
Information at k
0 LTy ooy Thtl Iy, T2 TTy. .., X1
T Tx X
Figure 1: Graphical Illustration of the Investment Process. Panel A forward time scale: t, t = 1,...,7T. Panel B - steps

to go, k, k = T,..., 1,0, applied in this article. Observe that k = T —t + 1. At the k considered in this figure, Xx = X;
denotes the investment signal, by = by the amount invested, and wx—1 = wy the remaining wealth at the end of period k.
For any investment by, 0 < bx < wk, the investor receives ﬂﬁ per unit invested in the end, if the rank of zx is 7 < n in the
end. The rank dependent returns ﬁg and the investments by result in the payoffs y?l ¢ defined in (2); y?l , is the payoft, if the
current j-th best alternative is the /-th best in the end. The investment is bx, where 0 < b < wx, the wealth after investing
is wg—1 = wx — bx. The transition from zx to zx—1 = z(zx) follows from the realization of the draw zx and Equation (1),
while the transition from yx to yx—1 is described in Equation (3). Variables in blue ... before Xy realizes, variables in red ...
at or after the realization of Xy. Typewriter k and t always denote time indices, either when they are used as subscripts or
superscripts.

Remark 1. An alternative approach to storing yy is to work with the investments by = (by,,...,bx,)

in the current best projects and the periods where the current best n projects are observed, that is

11



k <Xkj,...,k, <T. By means of by and ki, ...,k,, yx can be obtained in a straightforward way.

In the following steps, we derive the optimal investment strategy. In more detail, we obtain a recursion
which describes the optimal strategy. Let ¥7 (wr) denote the expected utility of the final wealth when
applying an optimal investment strategy. When going into k = T, #7 (wr) is the expected value before the
first draw X7t realizes, the investor is endowed with the initial budget wr = w, and the initial investment
decision did not take place. ¥;(wx,yx,2¥,...,25) denotes the conditional expected utility of the final

wealth when there are k periods to go. That is, ¥ (wx,yx,2¥,...,2%) is the optimal value before the

N

random variable Xy realizes, the current budget is wy, the previous n best draws are z¥,..., 2% and the

investment history is described by yx. The value functions ¥%(-) for k =0 and k = 1 are

n
%(w07y072?7"'722) = u(wo—i_zy;)‘j) and
j=1
n
7/1(’[1}17}’1,2%,...,2717() = Z’rjiu ’U_)1+Zy]1‘j

+Z 2’31 1 Zjl u | wy max{1, 51}+Zyz|z+zyz\z+1 ) (4)

where z{_; = 2 = 1. To see this, note that at k = 0 there are no more steps to go and we obtain a

wealth of w0+y%1 +oty

2\71' wp is the remaining non-invested budget and y;.’lj are the payoffs of the
first to n-th best alternatives when there are no further steps to go. If there is still one step to go, where

k=1, we get wy + yhl + -+t if the last draw x is smaller than or equal to z. The probability of

nln

this event is z1. With a probability of z — 2]1 we get a draw in the interval [zj , ijl)v in which case the

current best j — 1 draws remain the j — 1 best7 21 becomes the j-th best, while the current j-th to n-th
best draws become the j + 1 to n + 1-th best. The payoff arising from investment in the now n + 1-st
best draw is zero, by the model assumptions. At k = 1, the best strategy is to invest all the remaining
budget wy into this period’s alternative, if and only if the relative (= absolute) rank i of x; is smaller or
equal to n and Bi > 1. For example, with a probability of 1 — 2} the last draw is better than z}. In this
case the former best draw becomes the new second best, yielding the payoff th, while the former second
best becomes third best, etc. Note that also in this case it is optimal to invest all the remaining wealth

wy into the new best alternative if 3 > 1.
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For the value function we get the recursion

k k k k k
%{(wk7yk7zl7"'7zn) = Zyl%( l(wk7yk7'217"~7zn)

lin k k
max  Y—1(wx — b, yie (B "0x) , @, 25, ... 2E g )dr +
2k 0<by <wy

-|—/ max Yi_ 1( — by, yx (ﬂk bk) Zlfvmvzgv"'vzifl)dx—i—

o 0<be<uwy
2

+/ " max % 1 (w0 = by (BETH0) S 2, 2wz ) dae
e Wy

k 0<b <
n—1

Zn—1
+/ max %1 (wk—bk,)’k (ﬂf:"bk)ﬁ,...,zﬁfl,x) dx
z

k 0<by, <wy
n

_ Lk , k k
= Zn“//k71(wk,}’k7217-~-7zn)

n 2‘571
. YR k k k
+§ / max 7/1(—1 wk_bkvyk<ﬂk bk)azla"'7 J 1L, ],...72"71 dil?, (5)
v 0<bx <wy
j=

with the convention that z§ = 1.
Note that the current value described in (5) is obtained as follows: The first term accounts for draws

worse than 2%, in which case yx = yx_1. The probability of this event is zX. In addition, the integrals

consider expected utility contributions arising if Xy € [ _1). The potential payoffs resulting from the
period k investment, bx, are described by ,Bf{'nbk. For k = T — 1, we have zgfl, vy 2l =0,y =

T—1 -1
(ym ,...,ylln ,0,. 0),and

7/1‘71(wT711y.{|_117-~'7y1|n170 O,Z'{_l,o,...,o)
T—

21

T—1 -1

= max  Y1_o(wr—1 be_l,ylll 7...,y1‘n L BEMY by, 0,...,0,2y ",z,0,...,0)dz
0 0<br—1<wr—1

1
+/ max %‘—2 (wT—l » bT—laﬁ'Il‘Tl . bT—layﬂ;H s 71»/}“;1707 0 z z] ! O ) dx ’ (6)

Z{—l 0<br—1<wr—1

while for k = T we have wr = w and

Yo —b - b .. ...,0)dx .
/() 0<I§71~ra<XwT T 1( T;BT Ta ) ,0,%,0, 70) X (7)
The value functions ¥7_;(wr—j, yr—j, zfﬁj, . ,z]T-fj,(), ...,0) for j < n also follow from (5) in the same

13



way.

Note that for k = 1 (i.e. there is one remaining step to go) the probabilities that X is contained
in one of the n + 1 intervals [21,1], [23,2]), ..., [2},2L ), [0,2}) are given by z}! — zilﬂ, i=0,1,...,n,
where 2§ = 1 and Z7§+1 = 0, for all k. Suppose that there are k steps to go. Let v, ¢ =1,...,n+ 1 be
the number of realizations of X, r < k, contained in the n + 1 intervals [z},1], [23,21), ..., [z}, 2L _4),
[0,21) in the last k draws. Note that Z;lill v; = k and v; € Ny. Specifically, the probabilities are (see,
e.g., Shao, 2003, p. 98)

k!

My (V1. Vns Upi1|2%, ..., zﬁ) = (1= 25 (2F = 25)2(2E L — By (2E —0)ntt | (B)
vl vplvp !

with the convention 0° = 1 [e.g., in the starting phase z3 = --- = 2! = 0]. Recall that ¢; denotes the

final rank of the current i-th best, when there are k periods to go. Given v;, j = 1,...,n + 1, we have

b =1+ 23‘:1 vj, for i« = 1,...,n. Consequently, we get v; = ¢; —€;_1 — 1, for i = 1,...,n. For the
possible ¢;, we have the following restriction 0 = ¢y < ¢1 < -+ < £, < k+n. Observe that we always have

k+n—"L0y+ Y (6; —li_1 — 1) = k. By working with ¢; we obtain the multinomial probabilities
Pk (51,...7€n|z1f,...,zﬁ) = My (Zl -1, b=l —1,....0, — b1 — 1,k+nf€n|zlf7...7zg) . (9)

Computing the expected utility contribution of past investments requires the calculation of the proba-
bilities that the current n best draws remain the n best after k steps, the current first best becomes second
best and the current second to n — 1-th best become third to n best, etc. The probabilities of these events
are described by (9). The payoffs follow from our construction of yf‘ 0 where yfl 0, =0 for ¢; < i, ¢; >nor
{; < £, whenever j < i. Hence, “if we do nothing in the remaining k periods”, we obtain a final payoff
of wy + yll“1 + -+ yfl‘n with a probability of 2%. In general, the payoffs of “do nothing in the remaining
k periods” can be described by means of wy + yll‘le1 + 4 yiwn' The conditional expected utility of the

strategy “do nothing in the remaining k periods” is given by

Wi (Wi, Y, 255 o, 25) 1= Z Dx (61,...,€n\zi‘,...,zﬁ)u(wk—i-ylfwl +~--+yi|en) . (10

ATt
0<ly1 < <ln<k+n
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Let z (zy) == (z{‘,...,z;‘_l,:ck,z;?,...,zﬁfl), where 25 | > xx > 2¥, and £ = (f1,...,4n), & < £, for

. . ¢
i < v. Define 7 (j, wx, by, yx, L) = (wx — bx) + ylf‘gl +--+ ZJ;-{,W]._I + B bk + Z/?MHI +o + yi,wn?

the payoffs where j = pg(zx), we invest 0 < by < wy, and the final ranks of the currently best n draws

(including zy) are ¢y, ..., ¢,. Endowed with this notation for our investment problem we obtain:

Theorem 1. Consider a monotone increasing and continuous utility function u(-) and the conditional
expected utility of the strategy “do nothing in the remaining k periods” defined in (10). Fork =T,...,1,

the value function ¥ (W, Y, 2%, . .., 2%) satisfies

Yie(W, yx, 25, - - -, 25) = Wi (we, Y, 25, -, 28) + 7k (wm Yo Fhs e Zﬁ) )

where the residual term

T (W, Yy 215 -5 2)
= 2Xre (W, yi, 25, .., 25)
n 2571
X[ me Y pe (e (o) (5 G by 2) (7 G 0,310 )
j=17%; L=(L1,....00):
0<ly <<l <k—14n
+ k-1 <wk — b, Yk <5}Zmbk) 72(96)) } dz (11)
and ro(wo,yo,2%,...,22) = 0. The residual terms satisfy re(wy, yx, 25, ..., 25) >0, for allk =T, ..., 1,0.

The final realized utility is Yo(wo, yo, 27, - -+ 25) = u(wo + 27—, y?lj)'

The optimal investments by, k = T,..., 1, are the by maximizing the expressions inside the integrals
in (11). If 5ﬁ < 1 for all k and j, then by = 0 for all k. Bﬁ > 1 for some k and j is necessary but not
sufficient for by > 0.

Theorem 1 provides a recursion describing the optimal investment strategy. For each period k,
the optimal amount to be invested by, 0 < bx < wy is chosen such that conditional expected utility
Y (W, Y, 25, ..., 25) in (11) is maximized. Note that the value function obtained in (11) contains the
contributions of the strategy “do nothing in the remaining k periods”, that is the expected utility term
(10), and the “residual term” ry(wg, yx, 25, . . ., 2X), which is the “expected additional contribution to the

value function from optimal investments in the remaining k periods”.
Remark 2. By skipping all the terms associated to payoffs from the second to the n-th best alternative,
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we observe that the full-information models where only the best alternative generates positive payoffs are
a special case of our model. Such investment problems were investigated in Bruss and Ferguson (2002),

Section 5.

The following theorem compares the T period problem to the T + 1 period problem, given the same
initial wealth w > 0. To do this let Bf{ denote the per unit returns of the T+ 1 period problem; B(n,k:T,...,l,O)
collects all the 3. For the T + 1 period problem we apply the notation k = T,...,1,0,—1.7

Theorem 2. Consider a monotone increasing and continuous utility function u(-), T >n > 1, and w > 0.
Let V1 (g, ,@(n,k:T,...,l)) and Y141 (Q, B(n,k:T,...,l,o)) be the value functions of the T and the T + 1 period

problems and let

Bi > max{fy, fe 1} (12)

foralli=1,....;nandk=T,...,1. Then,

Yz (w, 5(n,k:T,...,1)) > Y41 (M? /é(n,k:T,...,l,O)) . (13)

A sufficient condition for strict inequality in (13) is a strictly monotone increasing u(-) and the addi-

tional condition

Bﬁzﬁf{.%, forallk=T,...,1 aswell as all j =1,...,n,
B,Z;Zﬁu,ijl, B,ﬁ>ﬁu,§ foralli=1,....,n—1and allk=T,...,1,0, and

BL>1, for one k and one i, suchT—k >i—1. (14)

Remark 3. A special case of the payoff structure considered in Theorem 2 follows from discounting.
That is, Buf{ = Bi = 6T ¥B% and § € (0,1]. In particular, Theorem 2 also holds for Bﬁ = Bf( = (7 for all
k=T,...,1(,0).8

Theorem 2 provides us with a comparative static result. Given two investment problems with a

comparable payoff structure but with different investment horizons, the expected utility is non-increasing

in the number of investment periods.

“In the following Theorem 2 we use k =T, ..., 1,0, —1 to describe the T + 1 period problem. This notation makes the
comparison and the notation for the returns per unit 37 and 8] more intuitive.
8T —k is an exponent in 6" *.
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3 Risk-Neutrality

This section considers the linear case, where u(-) is the identity and the investor maximizes expected
wealth. Suppose that the investor either invests nothing or the remaining budget wy (which will turn out
to be a property of an optimal strategy for a risk-neutral investor). Then, by applying such a strategy, if
there are k steps to go, the remaining budget wy is either equal to wr = w, by, ..., bxr1 = 0 and by (2)
all yjjo, = 0 or the remaining budget is wx = 0. In the second case the investor already invested b, = w
in some period T > v > k + 1. Using Equation (2), Yy contains only one non-zero column (unless the
rank pxy1 (2,) is larger than n). It is the transpose of ( ) = ﬂﬁk“(zv)mw

T,

Ypir1(@o)loeri(@o)r - 0 Ypira (zo)In

where pii1 () is the relative rank of the draw x,, given the observations @t, ..., zxy1. If there are k steps

remaining and Xy has already been realized, the current rank of z, is px (z,) and the payoff vector becomes

_ Pk(zv):
v

(Ypsr (o) pe(0)s - -+ Ypesa (o)) "wr; this vector is contained in yy (the remaining elements of yy

are zero). Hence, for the strategies with the property “do nothing in the remaining k periods” and “invest
g y g g

wy = w or 07, we obtain

~grlinear k k
Wk (wkvykvzlv"'7zn)

wr yifbj =0for j =T, T—1,...,k+ 1 and wx = wr,

wr ZZ:pkH(%) P ({pa (0) = £} 20, prs1(20)) B85, if by = wr for one v € {T,T—1,...,k+ 1} and wy = 0,
(15)

with the convention that 3 7, (.- =01if £ = pi1(z0) > 7.

Since we only have to consider one investment, the multinomial probabilities considered for the general
case reduce to a scenario where the draws z;, j < k are either larger than, smaller than, or equal to the
draw x,, resulting in binomial probabilities. That is, the probability that z, has final rank ¢, given x,,

and there are k steps to go is

Px ({pa (xv) = €}|Iv7pk+1(xv)) = Px ({pa (1'1)) =+ Pr+1 (va)}|wv, pk+1(xv)) = ]; (l - wv))\ xléi)\’

where A = ¢ — prt1 (x,) > 0. In addition, the term px_1 ({pa (7x) = £}| 7k, px(2x)) denotes the (k — 1-step

to go conditional) probability that a realized draw xy has absolute rank £. These binomial probabilities are

k—1 A (k—1)—=X
Pe—1 ({pa (2x) = €} |2k, pr(x)) = \ (1= ax)” @y ; where £ > py (2) and A = £ —px (zx) > 0.
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For the linear case we obtain:

Theorem 3. Consider a risk-neutral investor where u(-) is the identity function id(-). Fork =T,...,1,
the value function ¥ (W, Y, 2%, . .., 2%) satisfies
K (wiey yie, 25, 25) = I (Wi Wi 2K+ 25) + wien (2, - 2E)
wr(l + cr (2, ..., 25)) ,ifbj=0forj=T,T—1,....k+1 and wx = wr,

wr Z;L:pk+l($17) Px ({pa (IU) = g}‘xu7pk+1(x”)) ﬂlli ) Zf by =wr at v € {TvT - 17 e 7k + 1} and wy = 07

where
Ck(zlfa EE) Zﬁ) = Zick—l(zlfy s Zfz)
n 2“_71 n
+Z/ ’ maX{ —14 > e ({05 (@) = Oa, pre(@) Be , et (a(ax)) }dﬂﬁk ;o (16)
k
j=1"%; £=px(xx)

and co = 0. The conditional expected utility of the strategies “do nothing in the remaining k periods”

and “invest wy or 07 is defined in (15). A risk-neutral investor invests by = wy = wr if and only

if =14 320 (we) Pr—1 ({Pa (2x) = L}k, px(2x)) Bt > ex1 (z?f, s 2T, 2 zﬁ_l) for some xy €

(25,25 1) and j = 1,...,n.
The residual term cg(2¥, ..., 2X) is the expected contribution per unit of remaining budget w to the

value function by investing optimally instead of making no investment in the last k periods. We observe
that, if it is optimal to invest a positive amount, then it is also optimal to invest the whole remaining
wealth w as already claimed in the first paragraph of this section. That is, ¢x can be obtained recursively by
means of (16). If —1+ >3 . Pe—1 ({pa (2x) = €}z, px(zx)) BE> 1 (sz7 e T, 2 zﬁfl),
the expected value from investing is larger than or equal to deferring investment for one period and then
investing optimally from that period onward. In this case it is optimal to invest the whole remaining

wealth, which implies by = wr.

Remark 4. Note that Robbins’ problem is a special case of the risk-neutral investment problem. Given
the iid distributed random variables X7,..., Xt and the absolute rank of Xy abbreviated by pq(Xk),
Robbins’ problem is to find the optimal stopping rule that minimizes the expected rank of the chosen
realization (see, e.g., Assaf and Samuel-Cahn, 1996; Bruss and Ferguson, 1993). With a linear utility
function used in this section, Robbins’ problem for T periods is a special case of the T-period investment
problem with initial wealth w = 1 and returns per unit Bf{ =T+2—4 forall i,k =1,...,T. To see

this, observe that all 8i > 1 and hence it is strictly better to invest all the available budget during the
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periods 1,...,T. By Theorem 3 we know that it is an optimal strategy to invest all the available budget
wyg, whenever it is optimal to invest a positive amount. This implies that we can assume the that decision
maker chooses exactly one draw. To maximize the expected final wealth with these payoff parameters is
obviously equivalent to minimizing “T + 2 — expected wealth”. This, in turn, is equivalent (with these

payoff parameters) to minimizing the expected rank.

Remark 5. Robbins’ problem is known to be a very difficult optimal stopping problem (no closed form
solution, full history dependence of the optimal strategy, etc.; see, e.g., Gnedin, 2007). In Remark 4 we
observed that Robbins’ problem is a special case of the risk-neutral case and therefore also of the more
general expected utility case investigated in Section 2. That is to say, given the results for Robbins’

problem there is no hope of finding a closed-from solution for the optimal strategy and the value function.

The Cayley-Moser problem (see Ferguson, 2011; Moser, 1956) is to find an optimal stopping rule that
maximizes the expected payoff. Suppose that the investor is risk neutral, the quality characteristics X,
t = 1,...,T, are uniformly distributed on the interval [0,1], and the payoff is given by 1 + X , where
T is a stopping time. Since, at time t, the utility function does not depend on the past realizations of
Xi,...,X¢—1, this problem can be solved by backward induction. The solution is of the form: “stop
(i.e., invest) at the first x4y > Ai”, where Ay can be derived recursively. Note that, in this investment
problem, the payoff is continuous in the signal X;. Many investment problems and models considered in
corporate finance assume that payoffs are continuous in some underlying signal (see, e.g., Tirole, 2010).
By contrast, in the venture capital investment process, payoffs are typically more discontinuous because
of the superstar property of investment projects. To account for this feature, payoffs are assumed to be
rank dependent in this article. From the perspective of the optimal stopping literature, our investment
problem is therefore closer to Robbins’ problem (see, e.g., Bruss, 2005). As a result, the complexity of the
optimal rule increases substantially. For example, Bruss and Ferguson (1996, Section 4.2) show that the
optimal rule exhibits full history dependence. That is, the optimal rule at time t, with t < T, depends on
the realizations of X7, ..., Xs.

Since, when comparing two draws Xy and Xg, choosing the one with the higher realization also means
choosing the one with the lower rank, one might be tempted to think that the optimal strategy for the

Cayley-Moser problem (the strategy that maximizes the expectation of the chosen X,) might also be
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the optimal strategy for Robbins’ problem (of minimizing the expected rank). That this is not so, is
illustrated by the following example (notation here is in forward time): Suppose that the decision maker
has not chosen any realization x, o, ..., xgg, we are in period 99 with x99 = 0.1, and all the other past
realizations are very near to 0.1, but strictly lower than 0.1 (so that x99 has a relative rank of 1). The
decision maker now contemplates whether to choose the current draw zg9 = 0.1. In the Cayley-Moser
problem, the decision maker would clearly continue and choose Xigp as she would expect E(X199) = 0.5
on average, which is much better than 0.1. In Robbins’ problem, continuing would give the decision maker
with approximately 90% a rank of 1, but with approximately 10% a rank of 100, which gives an expected
rank for continuing of 0.9 x 1+ 0.1 x 100 = 10.9. Stopping would give her with approximately 90% a rank
of 2, and with 10% a rank of 1, which results in an expected rank for stopping of 0.9 x 2+ 0.1 x 1 = 1.9.
Hence, in Robbins’ problem, it is optimal to stop, while in the Cayley-Moser problem it is optimal to

continue.

4 Stochastic Returns

Suppose that the returns per unit are random variables. These random variables are B%, .. .,B{ ,j =
1,...,n, the realizations are abbreviated Bf{ The stochastic analogons of ,Bim’ is Bf;". All the returns

are realized and known ex-post by the investor, that is at k = 0. We assume P (Bf( > O) > 0 and

P (Bf( > 0) =1,forallj=1,...,nand k =T,...,1. We assume that the returns Bﬁ only depend on the

rank of the corresponding signal, that is the absolute rank of Xy, and on the period k.

W (g2t = Y (b bl ) E (u (e B 4 ) (D)

1y slnt
0<ly < - <l <k+n

denote the utility contribution of the strategy “do nothing in the remaining k periods”. Note that in
W, (wk,yk, S z}i) we take the conditional expectation of random payoffs y;. E (u(:)) denotes ex-
pected utility. Existence of E(-) is assumed. Note that in this stochastic setup the former payoffs yy
become random, therefore the notation y; and g;, is used. In addition, the stochastic payoffs when
investing b are 7 (J, wx, bx, yx, L) = (wx — bx) + Qiel +o :&?_1‘471 + Bﬁilbk + g;{\éj-s-l + 4 gfb_%,
while the stochastic payoffs for the strategy bx = 0 in the remaining k periods are 7 (j, wx, 0, ¥x,-Z) =

. [ 0 _ - . . . .
wi + yll(lél N y;%il +B. 0+ y§|éj+1 4.4 yifl\fn' Endowed with this notation for our investment
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problem we obtain:

Theorem 4. Consider the investment problem investigated in Theorem 1, with stochastic returns Bﬁ
replacing the deterministic returns ﬂf( The value contribution of “doing nothing in the remaining k

periods” follows from (17). Fork =T,...,1, the value function Vi(wk, ¥k, 21, - ., 2n) Satisfies

Vk(wk’ yk? Zlf? AR Zﬁ) = Wk(wk7yk7 211(7 ceey ZI:L) + Rk (wk7 yk? 211(7 LR ZE,) )

where the residual term

Rk('wk7§fk, 211{, . 72’2)
= ZiRk—l(wlhylm 211{7 e azi)
n z§71
(b, 0 E iy Wi, biey Ve, L)) — j Wi, 0, Yie, £
0<by < <By Ch—14n
+ Rk—l (wk - bk,yk <Bimbk—1> ale(a N '72;'(717x72§3 N 7Zil>>dx . (18)

Vo(wo, ¥0,2Y,...,20) = E (u(wo + 20 ﬂ?‘j)). Ry (wy, Y, 25, ..., 28) > 0 for all k = T,...,1,0 and
Ro(wy, ¥0, 2%, ..., 25) = 0. The optimal investments by, k = T,..., 1, are the by mazimizing the expressions

inside the integrals in (18).
For a risk-neutral investor, Theorem 4 implies:

Corollary 1. Consider a risk-neutral investor where u (-) is the identity. Let Bﬂ =E (Bf() Then,
we can follow the deterministic case investigated in Theorem 3. This reduces the numerical burden in
the simulation analysis, where we need not approximate the conditional expectation terms by means of

numerical integration.

Proposition 1. Theorem 1 and Theorem 4 also hold for a risk-loving investor. If the utility function w is
strictly increasing, conver, and twice continuously differentiable, and the differentiation Lemma applies®,
then an optimal by > 0 implies that also by = wy is optimal. That is, all the wealth is invested in the

corresponding investment alternative.

We suspect that Proposition 1 holds for a general monotone increasing, and convex utility function wu.

Note that in the risk-neutral case investigated in Theorem 3, the strategy “invest all the remaining wealth

9See, e.g., Klenke (2008), Theorem 6.28.
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if it is optimal to invest a positive amount” is also optimal. Proposition 1 shows that this also applies to
a risk-loving investor.

Theorem 4 and Corollary 1 recursively define optimal investment strategies when the returns B{ are
stochastic. For the risk-neutral investor the optimal strategy with stochastic returns is already provided
by the optimal strategies with deterministic returns, only the deterministic payoff 51{ has to be replaced by
the expected value E (Bf{) . This does not hold for a non-risk-neutral investor. Although the residual terms
rk—1 and Ry_1 are obtained recursively for deterministic and stochastic returns, respectively, stochastic
returns generate additional uncertainty. The risk arising from the model assumption that only n projects
can generate a positive return, affects the decisions of all the decision makers considered in this article.
The riskiness of the final returns only plays a role for non-risk-neutral agents. The risk arising during the
time span after the investment process is completed is important for non-risk-neutral investors only.

The results obtained in the Theorems 1 and 3 allow to investigate further economic problems. For
example, the assumption that the investor obtains a payoff of zero if the final rank of an investment is
larger than n can be modified to a scenario where an arbitrary fixed gross-return per unit invested is

obtained. In this case n =T and 3} = 3% € R for any i > n.

5 Simulation Analysis and Optimal Investment

This section provides results obtained from a simulation study for risk-neutral investors and risk-averse
investors with Bernoulli utility function u(w) = In(w). The initial wealth is w = wr = 1, the number
of periods/projects considered is T = 5 with a grid size of 15 + T + 1 for the risk-averse case, and
T € {5,10,20,50} with a grid size of 100 + T + 1 for the risk-neutral case. To perform this simulation
study, a large number of integrals have to be solved numerically to calculate the residual terms c(-), r(+)
and especially R(-). Hence, the number of Monte-Carlo replications is M = 2,000 for the risk-neutral
case, and relatively small, with M = 500 replications for the risk-averse case. Note, however, that running
multiple replications constitutes an embarrassingly parallel task which can be trivially sped up when
using multi-core computers or even clusters of workstations. For prototyping the code and obtaining the
results presented in the current paper, the software package Matlab was used.!? Approximate runtimes

per replication on a single core of an Apple M1 chip are 0.34s (T = 5), 1.4s (T = 10), 4.9s (T = 20), and

10Code is available on request.
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35s (T = 50) for the risk-neutral case, and 300s (T = 5) for the risk-averse case. In addition, experiments
with C have shown that a speed-up of up to 50x is possible when using a compiled language, in particular
for larger values of T. This is due to the recursive nature of the problem at hand, where repetitive code
interpretation renders interpreted languages such as Matlab rather unsuitable for production code.

Since the investment problems investigated in Section 2 to 4 relate to the decision process observed on
the venture capital market, we use estimates provided in Cochrane (2005). In particular, we use estimates
of “round-to-round” log-returns, where the sample mean of the log-returns is 0.53 and the estimated
standard deviation is 0.85 (see Cochrane, 2005, Table 6). Since we are interested in the returns of a
project with a high evaluation, we use these non-bias-corrected estimates of the returns.

The log-normal distribution arises naturally in discrete-time approximations of the Black-Scholes
model, implies that the underlying return model corresponds to a geometric Brownian motion, and pro-
vides a reasonable approximation of the return distribution, more precisely, the return distribution condi-
tional on the investment project having final rank at most n = 2. Thus, in what is to follow, we assume
that B! is log-normally distributed with mean parameter y; = 0.6 and variance parameter o2 = 0.852,
while B2 is log-normally distributed with mean parameter us = 0.5 and variance parameter o2 = 0.852,
for all k = T,...,1. The arithmetic gross-returns B have an expectation of exp (,u1 + 1/202) = 2.6150
and variance (exp (0?) — 1) exp (2u1 4 02) = 7.2454 while B has expectation exp (uz + 1/20) = 2.3661
and variance (exp (02) — 1) exp (2u2 + 0%) = 5.9320, respectively. The probability P (B} < 1) ~ 24.01%,
while P (B? < 1) ~ 27.82%. For the deterministic returns we set 3} = 2.6150 and 32 = 2.3661 for all
k =T,...,1. Note, however, that other assumptions about the return distribution can easily be accom-
modated by our proposed methodology, as long as random draws are available.

Table 1 presents the average amounts invested in the interval [z1,1], denoted by and its sample
standard deviation SDy,,, as well as the mean amounts invested in the interval [2%, 2¥), denoted by bro
and its sample standard deviation SD,,,. Note that the intervals [2¥,1] and (2%, 2¥) are neither equal for
the various simulation runs (they are based on realizations of #id. uniformly distributed random numbers)
nor for one particular draw (the z¥ and 2%, obtained from zr, ..., zx11, are monotone increasing when the
“number of the steps to go”, k, declines, or in other words when t increases). Since an investor hardly
invests before t = 10 (of course for T > 10), we start to present statistics at t = 10, the second column

summarizes the largest investments made before t < 10. Although the amounts invested are small, under
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full-information a risk-neutral agent already invests into the first best alternative if the realization of Xy
is sufficiently large. This is in contrast to the limited-information case investigated in Meier and Ségner
(2023), where no investments in the first periods are observed (already for T = 5, see Table 2 for T = 5
and log-utility). The investor also invests if the realized relative rank of Xy is two, however this is only
observed when the remaining number of steps to go is small.

For T = 5, stochastic returns, full information, and risk-neutrality, the mean non-invested wealth is
approximately 0.2065 (sample standard deviation 0.4049), while the mean final wealth is 2.4025 (standard
deviation 0.8360), whereas for T = 10, the mean non-invested wealth is approximately 0.2155 (sample
standard deviation 0.4113) and the mean final wealth is 2.3255 (standard deviation 0.9016). For T = 20
and T = 50, the sample mean of the non-invested wealth is approximately 0.2415 and 0.2430, respectively
(the sample standard deviations 0.4281 and 0.4290). The mean final wealth is 2.2690 (standard deviation
0.9127) for T = 20 and 2.2585 (standard deviation 0.9215) for T = 50.

For the risk-neutral case, we also obtain the relative frequencies when (i) a risk-neutral investor does
not invest, (ii) invests and the final rank is < n = 2 (investor receives log-normally distributed return),
and (iii) invests and loses all money invested. In addition, for (ii) we obtain the relative frequency
that the investor gets the best or the second best investment alternative. For n € {5,10,20,50}, these
corresponding relative frequencies are provided in Table 5. Thus, we obtain estimates of the probabilities
that the investor receives the initial wealth w, a log-normally distributed return, or zero in the end. Of
particular interest is that even with T = 50 periods, the probability of investing and loosing it all (the
realized final rank of the chosen project is at least 3 is only around 2.2%). For T = 50, the investor does
not invest with a probability of roughly 25%. In the case where the agent invests, the chosen project has
final rank two much more often than rank one.

As already stated at the beginning of this section, due to computational constraints for the log-utility
investor, only the case T = 5 is considered. Table 2 presents the average amounts invested at t =1,...,5
and the corresponding standard deviations. Since the optimal investment rule is not affected by the
variance of Bf;7 we only investigate stochastic returns for the risk-neutral case. By contrast, the riskiness
of the returns has an additional impact on how much is invested optimally for a risk-averse investor.
The first rows of Table 2 show the average amounts invested and its standard deviations for stochastic

and deterministic returns. In addition, the remaining rows present the amounts invested under limited-
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information as investigated in Meier and Ségner (2023). The main difference is that a full-information
investor already invests in t = 1 (where are k = 5 steps to go). This happens if the realization of X,
k = 5, is large. By contrast, for the limited-information investor, the realized relative rank for Xj is
always one. Table 4 also presents the average and the sample standard deviation of the remaining budget
wg. We observe that the non-invested budget is higher with stochastic returns, for full and limited-
information, respectively. For a risk-averse investor, this effect follows from the additional risk arising
for the riskiness of the returns. In addition, the remaining budget is higher with limited-information.
As can be expected, the utility levels (and therefore the certainty equivalents) increase when the returns
are deterministic. In addition, by pairwise comparison, we observe that the estimates of the certainty
equivalent improve when moving from limited to full-information. This effect is quite strong for stochastic
returns, where the certainty equivalent increases approximately by 0.37 percentage points on average
(wr = 1 in our simulation studies). For deterministic returns, this effect is less pronounced. Although the
agent maximizes expected utility, we observe that the final wealth wg + yfl 1+ yg‘z significantly increases
with full-information compared to limited-information. Under full-information, the average final wealth
turns out to be higher with stochastic returns compared to deterministic returns. However, this effect is
not statistically significant at the 5% level.

Finally, we seek to link our model to more standard asset pricing models. To do so, suppose that an
investor provides funds to a venture capital fund and considers the returns generated by venture capital
investments. The fund is assumed to follow an optimal strategy derived in this article. For simplicity,
suppose that all agents involved are risk-neutral. The fund only considers the returns generated during
the investment cycle, that is, y¢ and wq arising from one “investment cycle” (in our T-period model). If
the final rank of the investment project is < n, then the investor receives a payoff following a mixture of
log-normal distributions. Such a distribution can also be obtained from a mixture of diffusion processes.
With a probability estimated by the relative frequencies reported in Table 5 (for the case n = 2), the
investor receives zero. Thus, continuous-time asset pricing models that allow for a default state can be
applied to approximately value such a venture capital investment fund (see, e.g., Linetsky, 2006; Carr and
Linetsky, 2006, where valuation formulas are also available).

As already stated at the beginning of this section, due to computational constraints, only the case T = 5

was considered for the log-utility investor. Table 2 presents the average amounts invested at t =1,...,5
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and the corresponding standard deviations. Since the optimal investment rule is not affected by the
variance of Bf;, we only consider stochastic returns for the risk-neutral case. By contrast, the riskiness of
the returns has an additional impact on the optimal investment amounts for a risk-averse investor. The
first rows of Table 2 report the average amounts invested and their standard deviations for stochastic and
deterministic returns.

In addition, the remaining rows present the amounts invested under limited information, as investigated
by Meier and Ségner (2023). The main difference is that a full-information investor already invests at
t = 1 (when there are k = 5 steps remaining). This occurs if the realization of Xy, with k = 5, is
sufficiently large. By contrast, for the limited-information investor, the realized relative rank of Xj5 is
always one. Table 4 also reports the average and the sample standard deviation of the remaining budget
wg. We observe that the non-invested budget is higher with stochastic returns, under both full and limited
information. For a risk-averse investor, this effect results from the additional uncertainty arising from the
stochastic nature of the returns. Moreover, the remaining budget is higher under limited information.

As expected, the utility levels and, consequently, the certainty equivalents increase when the returns are
deterministic. Furthermore, pairwise comparisons show that the estimated certainty equivalents improve
when moving from limited to full information. This effect is particularly pronounced for stochastic returns,
where the certainty equivalent increases by approximately 0.37 percentage points on average (wr = 1 in
our simulation study). For deterministic returns, this effect is less pronounced. Although the agent
maximizes expected utility, we observe that the final wealth wg + gf‘l + QS‘Q increases substantially under
full information compared with the limited-information case. Under full information, the average final
wealth is higher with stochastic returns than with deterministic returns. However, this difference is not

statistically significant at the 5% level.
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k > 10 10 9 8 7 6 5 4 3 2 1
Risk-neutral, T =5
t 1 2 3 4 5
b 0.1440 0.1410 0.1515 0.1665 0.1390
SDy,, 0.3512 0.3481 0.3580 0.3726 0.3460
bra 0.0000 0.0000 0.0000 0.0005 0.0510
SDy,, 0.0000 0.0000 0.0000 0.0224 0.2201
Risk-averse, T = 5 see Table 2
Risk-neutral, T = 10
t 1 2 3 4 5 6 7 8 9 10
b1 0.0635 0.0650 0.0680 0.0670 0.0880 0.0825 0.0820 0.0940 0.0675 0.0610
SDy,, 0.0595 0.0608 0.0634 0.0625 0.0803 0.0757 0.0753 0.0852 0.0630 0.0573
bro 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0005 0.0030 0.0135 0.0290
SDy,, 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0005 0.0030 0.0133 0.0282
Risk-neutral, T = 20
br 0.0450 0.0405 0.0435 0.0385 0.0445 0.0470 0.0490 0.0330 0.0315 0.0290 0.0225
SDy,, | 0.0430 0.0389 0.0416 0.0370 0.0425 0.0448 0.0466 0.0319 0.0305 0.0282 0.0220
bro 0.0000 0.0000 0.0000 0.0000 0.0005 0.0005 0.0015 0.0030 0.0115 0.0125 0.0135
SDy,, | 0.0000 0.0000 0.0000 0.0000 0.0005 0.0005 0.0015 0.0030 0.0114 0.0123 0.0133
Risk-neutral, T = 50
b 0.0225 0.0205 0.0135 0.0170 0.0155 0.0145 0.0125 0.0115 0.0125 0.0135 0.0065
SDy,, | 0.0220 0.0201 0.0133 0.0167 0.0153 0.0143 0.0123 0.0114 0.0123 0.0133 0.0065
bro 0.0080 0.0010 0.0020 0.0020 0.0055 0.0055 0.0055 0.0070 0.0080 0.0040 0.0060
SDy,, | 0.0079 0.0010 0.0020 0.0020 0.0055 0.0055 0.0055 0.0070 0.0079 0.0040 0.0060

Table 1: Sample means and sample standard deviations of the amounts invested if there are k steps to go: by is the average
amount invested when zx € [25, 2}),5Dy,, is the sample standard deviation of these investments; br1 is the sample mean of
the amounts invested for zx € [z1,1], SDy,, is the corresponding sample standard deviation. All results are obtained from
M = 2000 simulation runs.
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Log-utility, Full-Information, T =5
Stochastic Returns Deterministic Returns
t 1 2 3 4 5 1 2 3 4 5
bri 0.2309 0.1825 0.1681 0.0714 0.1031 | 0.2846 0.1923 0.1377 0.0810 0.0722
SDy,, | 0.3187 0.3005 0.2886 0.1662 0.2382 | 0.3570 0.3080 0.2580 0.2211 0.1998
bra 0.0000 0.0006 0.0037 0.0075 0.0615 [ 0.0000 0.0166 0.0571 0.0068 0.0410
SDy,, | 0.0000 0.0061 0.0227 0.0296 0.1627 | 0.0000 0.0640 0.1735 0.0267 0.1239
Log-utility, Limited-Information, T = 5
Stochastic Returns Deterministic Returns

br1 | 0.0000 0.1337 0.1902 0.1972 0.1855 | 0.0000 0.1560 0.2489 0.2394 0.1900
SDy,, | 0.0000 0.1317 0.2895 0.3585 0.3775 | 0.0000 0.1580 0.3551 0.4053 0.3927
bra 0.0000 0.0259 0.0535 0.1063 0.1982 | 0.0000 0.0000 0.1037 0.1454 0.2180
SDy,, | 0.0000 0.1609 0.2312 0.3261 0.4452 | 0.0000 0.0000 0.3220 0.3814 0.4669

Table 2: Sample means and sample standard deviations of the amounts invested: For the risk-averse investor, u(w) = In(w)
and T = 5. b2 is the average amount invested when @ € [25, 2F), SDy 15 is the sample standard deviation of these investments,
while br1 is the sample mean of the amounts invested for z € [25,1], SDy,, is the corresponding sample sample standard
deviation. Results obtained from M = 500 simulation runs.

T 5 10 20 50
o, | 0.1940 0.2285 0.2350 0.2545
fly 0.7975 0.7580 0.7430 0.7235
ﬁyl 0.1890 0.1810 0.1480 0.1620
fIyQ 0.6085 0.5770 0.5950 0.5615
A@ 0.0085 0.0135 0.0220 0.0220

Table 3: Relative frequencies: not investing, H,,, invest and receive stochastic return, H,, invest and receive stochastic

return where the project has final rank 1, ﬁyl, invest and receive stochastic return where the project has final rank 2, f[m,
invest and receive zero, Hy. A risk-neutral investor is considered, n = 2, T = 5,10, 20, 50; M = 2,000 simulation runs.
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Log-utility, Full-Information, T =5

Stochastic Returns Deterministic Returns
CcI Vo wo+yi) + 3 wo CI Y wo+ Yl + Y3 wo
mean | 1.6859 0.5223 2.1842 0.1706 | 1.8313 0.6050 2.0124 0.1107
SD | 0.0608 0.7100 1.8530 0.2439 | 0.0395 0.5339 0.6380 0.2015

Log-utility, Limited-Information, T = 5

Stochastic Returns Deterministic Returns
mean | 1.3171 0.2754 1.5783 0.2796 | 1.7236 0.5444 1.8268 0.1776
SD | 0.0954 0.3455 1.2257 0.0954 | 0.0311 0.1434 0.2825 0.1776

Table 4: Sample means and sample standard deviations of the certainty equivalent C'I, expected utility, final payoff wo +
y?ll + yglz, and the remaining budget wo for the risk-averse investor u(w) = In(w) and T = 5. For the certainty equivalent

we estimated the standard error by applying the delta-method, an estimate of the certainty equivalent follows from exp@
or exp ¥/, the estimates of expected utility are the corresponding sample means. Results obtained from M = 500 simulation
runs.

The above simulation analysis allows us to estimate the value of information. That is, for the risk-
neutral case, we consider the difference between the expected values generated by the optimal strategies
under full information (the realization of X is observed) and limited information (only the realized
relative rank of X, is observed).!! For both strategies, we also estimate the standard deviation. Table 5
presents estimates of the expected final wealth under the optimal strategies for full and limited information,
respectively. In both cases, the returns are stochastic with the parameters provided in the preceding
paragraphs. The initial wealth is wr = 1. We observe that the expected payoff decreases slowly as T
increases. The sample standard deviations under full information are smaller than those under limited
information. Comparing the two information structures, we find that the difference in expected final
wealth is approximately between 0.34 and 0.41, corresponding to between 34% and 41% of the initial
wealth.

For the risk-averse case, the value of information is measured by the difference in certainty equivalents.
For T = 5 and log utility, the certainty equivalents are reported in Table 4. As already observed above,
the difference in certainty equivalents (full information minus limited information) is approximately 0.37

for stochastic returns and 0.11 for deterministic returns.

" The optimal strategy for the limited-information case is obtained in Meier and Soégner (2023).
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T 5 10 20 50
Risk-neutral, Full-Information
mean(wo + y7), +y5) | 24025 2.3255 22690  2.2585
SD(wy + y10|1 + ygp) 0.8360 0.9016 0.9127  0.9215
Risk-neutral, Limited-Information
mean(wo + Y|, +ygp) | 2.0678  1.9540 1.8945  1.8411
SD(wp + y?ll + ygp) 1.26564 1.2349 1.2411  1.2544

Table 5: Estimates of the expected final wealth (sample mean of wo + y?‘l + yg‘g) of the optimal strategy under full and
limited-information and sample standard deviation SD(wo + y?‘l + ygu).

6 Conclusions

This article provides a stylized model of the venture capital investment process. Investment alternatives
arise sequentially, and, due to competition, the investor has to decide in that period on whether and how
much to invest. An investor observes a sequence of T investment alternatives, and only the best n oppor-
tunities can generate positive returns, while lower-ranked alternatives have a payoff of zero. Deterministic
and stochastic payoffs are considered. While in the limited information case only the relative rank of the
corresponding project is observed in any period (see, e.g., Meier and Ségner, 2023), this article considers
the full information case, where the information available to an investor in any period are the current and
all prior quality characteristics. For this investment problem, a recursive formulation of the value function
for risk-neutral and risk-averse investors is obtained. The value function is a sum of expected utilities
arising from past investments and a residual term. The first part is closed-from, while the residual term
has to be obtained recursively. We also show that the value function is non-increasing in the number of
investment periods T. For the risk-neutral investor, we show that a strategy of the “all-in-or-nothing”-type
is optimal. We conduct a simulation study to show how investment behavior changes with the number
of periods and risk-attitude. Finally, simulations for the full- and limited-information cases allow us to
estimate the value of information. For the simulation designs considered, we observe that under stochas-
tic returns the certainty equivalents increase by 34 to 41% when passing from the limited to the full
information setting.

Standard asset pricing literature often considers assets with given expected returns and covariance
matrix 3. If ¥ is diagonal with the same entries on the main diagonal, risk — measured in terms of portfolio

variance — is minimized by choosing an equally weighted portfolio. Even if these idealized assumptions are
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not satisfied, the equally weighted portfolio often performs quite well in empirical applications (see, e.g.,
DeMiguel et al., 2007). By contrast, in our investment problem, this diversification effect is not available.
Due to the superstar property, only a small set of investment projects is profitable.

In this paper, we also obtain results on the value of information. In particular, we consider the full-
information case, in which an investor observes the value of a quality signal, and the limited-information
case, in which the investor knows only the rank of the investment project. In our simulations, we find that
the expected payoff is approximately 20% higher under full information, while the variance of payoffs is
approximately 30% lower for the fully informed investor. Although the model investigates the investment
process at an abstract level, it demonstrates the importance of information. Thus, the expertise of
venture capital investors is crucial. This finding is in line with the literature, e.g., Jang and Kaplan (2025)
empirically verify that venture capitalists are able to distinguish promising projects from lower-quality
ones.

The optimal strategies obtained in this article are rather complex. For Robbins’ problem, it is well
known that simple threshold strategies perform quite well. A threshold strategy is defined as the stopping
rule: “choose the first ay such that xy > Cy”, where Cy denotes a threshold (depending on k). Examples
of such strategies are provided by Gnedin (2007), Bruss (2005), Meier and Ségner (2017) among others.
A question for further research is whether it is possible to find a closed from formula that is optimal
(or approximately optimal) within the class of threshold strategies. Simulations could then be used to
verify that the resulting values are not too far from the optimal values (when using the optimal strategies

obtained in this article).

A Probabilities

In the main text we obtained the probabilities px (¢1, ..., n|2F, ..., 2E) as follows:'? Let v;, i =1,...,n+1,
count the number of realizations of X,, x < k, contained in the n + 1 intervals [z,1], [29,27), - .-
[Zps Zn_1), [0, 2,) in the last k draws. Note that Z?:ll v;j = k and v; € Ng. By our assumptions on Xj,

these probabilities follow from a multinomial distribution (see, e.g., Shao, 2003, p. 98), specifically the

12Since the results obtained in this section hold for any 2%, ..., 2%, within this section we simply write z1,. .., z, instead of

k k
2Ly ey Zhe
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probabilities are

k!
Mk (V17 <oy Un,y VTL+1|217 o 7Zn) = 7(1 - Zl)yl (Zl - ’2:2)1/2 e (ZTL—l - Zn)un(zn u O)Un+1 ) (19)
vl v pg!
with the convention 0° = 1 [e.g., in the starting phase zo = -+ = 2, = 0]. Recall that ¢; denotes
the final rank of the current i-th best when there are k periods to go. Given v;, j = 1,...,n+ 1, we

have ¢; = i + Zj.:l vj. Consequently, we get v; = ¢; —{;_1 — 1, for i = 1,...,n. For the possible
¢; we have the following restriction 0 = {y < ¢1 < --- < £, < k+ n. Observe that we always have

k+n—"L0y+ Y (6; —li_1 — 1) = k. By working with ¢; we obtain the multinomial probabilities
Px (51,.. . ,En\zl,. ..7,2,“") = Mk(él — 1,52 7€1 — 1,. . ~7£n *En_l — 1,k+n *£7L|Z1,.. .,Zn) . (20)

In the following step, we link the probabilities at period k to those at period k — 1. To do this, we
consider the following notation. ¢1,..., ¢, are the final ranks of draws with current ranks my, mo, ..., my.

The probability of ¢1,...,¢, given my,...,mg and z1, ..., 2z, are denoted by

by by . Ay
DPx Zly-v+s2n
my mo ... My
For my,...,m, =1,...,n we write
S 5 T
D Zlyenenzn | =ipe (b1, lnlzt, oy 2n)
my Mmo ... My

For any pair ({1,...,£4,),(m1,...,my), where £; < m; for some i, the probability px(-) = 0. In addition, if
lit1 —4; < mip1 —my, then pe(-) = 0. As well, if ¢; — m; > k, then px(-) = 0. Finally, if ¢, >k — 1 + n,
then px_1(-) = 0.

Note that vp11 =k — Y iry 5 = k — (£, — my). Then, by means of (19) we obtain

by by .. 4y
DPx Zlye-ey2n
mp mg ... Mp

= Mk(él—ml,fg—61—(mg—ml),...,én—En_l—(mn—mn_l),k—l—mn—€n|zl,...,zn). (21)
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Let zo = 1 and z,+1 = 0. The following Lemma is used in the proofs of the Theorems 1 and 4:

Lemma 1.

b by .. Uy

Px Zly.++y2n
miy Mms ... My
wl ‘ 2 l; 2 ¢
1 e 1 +1
= Z(Ziq—zi)pkq ’ ' ! ) 21,020 | o (22)
i=1 my ... mi—1 miy+1 mipi+1 ... my,+1

Proof. Consider My () defined in (19). Observe that

n+1

E (zic1 = 2) M1 (V15 Ve, Vi = L Vigas oo Ungt |21, -+ 05 20)
im1

n+1
(k- 1)!
DRSS : .

1 -1/7;,1!(7/1‘ — ].)!l/i+1! . -I/n!l/n+1.

i=1
(1= z0)" (21— 22)" - (2im2 — 221)" (zic1 — 20)Y 7 Mz — 2i01)" - (a1 — 20) 7" (2 — 0)7 11
"i (k—1)!
=1 Vl! s Vifl!(l/i — 1)!1/i+1! s anl/n+1!
(T =z1)" (21— 22)"2 -+ (2ic2 — 2io1)" " (Zic1 — 20)7 (20 — 2i01)" o+ (2nm1 — 20)7" (20, — 0)
_ 7§ v; k!
- =1 k 1/1!---Vl',l!l/i!l/i+1!---I/n!ljn+1!
(1= 2z1)" (21 — 22)"% - (Zim2 — 2i=1)" 7 (2im1 — 20)7 (20 — 2i41)" - (2n—1 — 20) 7" (2 — 0)70 1
1 k! n+1
1 ! 1_ V1 y vy . - VUn — Q)¥n+1 Z .
k <V1! vyl "'V7L!Vn+1!( )" (o= =) (en1 = 20)"™ (2 ) > i=1 "
——
=k
- k! (1—21)"" (21 — 22)" -+ (2n—1 — 2n)"" (25, — )"}
111!---l/ifl!l/i!lth!---l/n!I/»,hLl! " " "
]\/Ik(l/h‘"7Vn+1‘zl7"~azn) . (23)
F Y 4 lit1 by
Since Pr—1 K ! ! " 21y ey 2n follows from
my ... my—1 my+1 miyp+1 ... mp+1

My—1 (br —my, by — by — (mg —ma),..., b — Liy — (mi + 1= my—1),biy1 — i — (M1 + 1 — (m; +1)),...
by — b1 — (mp+1—mp_1—1),k+my —¥ly|21,...,2,) we finally get Equation (22). O
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B Proof of Theorem 1

We consider the recursion (5) and start with the following “Ansatz”:

%l(wkvylh 211(7 B Z’II’(L) = Vﬂk(wkv Yk, Zlf? s 7Z$1) +rx (wka Yks zll(v R Zfz)
= Z Dx (51,...,€n|zlf,...,sz) u (wk—i-ylfwl—l—“--i-yflwn)
01yl
0<ty <<l <k+n
+ Tk (wka}Ikvzi{?'“aZﬁ) ’ (24)
where 7y (wk, Vi, 25 ,zﬁ) is assumed to be nonnegative. %4 (wk, Vi, 25, ,zfl) was defined in (10). In
the following steps, we verify that the value function % (wg, yx, 2%, .. ., 2%) is of the structure imposed in
(24) and that the residual term ry (wk7 Yio 2%, ..., 25) is non-negative.
For k = 0, equation (4) results in ¥o(w,yo,27,...,2,) = u(wo + 227, yj.’lj)7 such that (24) holds with
ro (w07y0,z?, .. .,zg) = 0. To see this, note that pg (17 con]2d .,zg) = 1. For k = 1, the recursion (4)
implies
41/1(11}17}’15 ZL cee 72717,)
n n j—1 n—1
= Zlu|w + Zy]ﬂj + Z(z},l —zj)u [ wy + Zyiﬂi + Zy}‘iﬂ + 71 (W1, Y1, 2150 20)
j=1 j=1 i=1 i=j
[where, with r( (wo, V05 205 e e 22) =0, ]
1 (w17y17 Zi-, RN Z;) = Z;,TO (w17y17 Z{, s ”2717,)

n—1

n =1 n—1 Jj—1
+D (2= 2) | mmax w{wn— by Dyl 0B+ D whian | —wwn Yo wl D vl | | -(29)
=1 == i=1 i=j i=1 i=7

1
n

. : - ,71 ~
{InaXOSblgwl u (w1 — b+ 225y Y+ 0B + Yt yf\m) —u (w1 + 2 Y 0+ st y}lm)] The

second term denotes the utility arising from b; = 0. The first term takes the optimal by. Since by € [0, w1]

Hence, for k = 1 equation (24) holds as well. To see this, for any x; > z, consider the term

34



in the above optimization problem, we observe that

j—1 n—1
max u [ w; —b + Zy}h +013] + Z yil\i+1
i=1 i=j

0<b1<wy
j—1 n—1
>ulwi+ Yyl +0+ Yyl | > u(w) (26)
i=1 i=j
Hence, r1 (w1,yq, 2%, ...,28) > 0. If wy > 0 and B¢ > 1 for some j, we get r1 (w1,yq,2%,...,21) > 0. In
1> ~1 n 1 1>~1 n

addition, we observe that for any 6{ > 1 the investor chooses by = wy, while ﬁ{ < 1 for all j implies that

by = 0. For 21 < z}, the return from investing in period 1 is zero. Hence, b1 = 0 and y; = yj.

Next, consider some k < T. Using (5) and the “Ansatz” (24) we derive:

. x x
Yi(Wi, Y, 215 -5 23)
k- K x
= zZpYh—1(We, Y, 215 -5 25)
noopsk
- . jin k k k k
+§ / max Y1 | wk — bk, yx (ﬁﬁ bk)721;~~~7Zj717$72j,~~,zn71 dzx
. 2k 0<bk <wyk
Jj=1"7;
k k K k k . k K
= 2k E Pr—1 (él""’En‘Zl’“"Z")u(wk+y1\€1+“'+yn|ln>+7k_l (wx, yx, 25, -5 28)

010l
0<ly <-+-<lp<k—1+4n

n 2K
i—1 ; jn k k k k
+ g / o Jhax 7/14—1<wk—bk,)’k(,@ﬁ bk)7217'~'7Zj717m72j7'-'7zn71 dzx
N k S Wk
j=1"7%j - =

= Pt (€1, nlofs o 20 ) (e + 9, + o+ Y, ) -1 (Wi e, 2L 2)
[£1 [€n

£yl
0<ly < <ly <k—14n

i=1 jin k k k k
+E / max ”//k_l<wk—bk,yk(,3f{ bk)7217---7Zj717$72j,~--,anl dx

J 2k 0<bx<wyg
i

j=17%
n ~zl;71 4
Jin k k k k
,E /k %(,l(wk,yk( e O),zl,...,zjfl,x,zj,...,zn,l)dz
j=1"7%;
k
n zj*ly/ ging k k k k d 27
+§ -1 we, yx | By 321y B 1T By 2y | AT (27)
=177} ——
=0

Note that if 7y < 2%, yx = yk—1. In addition, 2 < z& also implies that ri_1 (wi—1, ¥y, 27 ',...,2571) =

Tk—1 (wk, Vi1, 25,0, zﬁ) The probability that all remaining draws X, kK =k—1,..., 1, are smaller than
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2K is (z}fb)kfl, while for k steps to go the probability becomes (zX)%.13 Further multinomial probabilities
Pe(l1, ... ln; 25, ..., 2K) follow by means of some algebra from sums containing products of (z;‘fl — z;‘)
and px—1(l1, ..., ln; 2?17 .., 2571 see equation (9).

Let y;.“ , denote an element of the row vector yx. For ¥ (wy,yx, 2%, ..., 2%) we obtain the following

recursion:
n z§71
k , x k YBO k k k x
Zny/k—l (wk7Yk7Z17~--7Zn)+§ / W1 (wk’yk (ﬁk .0>721’""Zj—17x7zj7""zn_1) dx
k
J=1"%

)2 T
1 ... ... n

= zﬁ Z Px—1

L1yl
0<ly <<l <k—14n

2:}1(,25:(1 u(wk+y11(‘gl+"'+yi‘gn>

LIy 2 PSR Ui e Ay
j=1 Z? l1yiln: 1 ]—1 ]-‘rl (]-‘1—1)-‘1—1 n+1
0<ly <<l <k+n
U <wk F Y o Y, F O Y, o YR e, T e, >d-f
N~
=0
nil ! L4 £ L, )
1 —1 +1
= (Z}(*l 73;() Z Px-1 bJ ' ! ] ! " P s

15 sknt
0< 1 <<l <k+n

.u(wk —Q—yll“el N +y2‘gn>

— Z D (61’“"(”|z}1("“’z$l)u(wk+y}1(\1?1+"'+yi|1zn) :%(u;{yk,z}f,,“,zi) . (28)

1yl
0<ly <<l <k+n

The last equation follows from Lemma 1 provided in the Appendix A.

13 (z,l,‘L)kf1 denotes z& raised by k — 1.
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Consider k < T. By using (5) and the “Ansatz” (24) we derive:

k k k k k k
Wk(wkvyk:'zlw"’Zn)+rk(wk7yk721""7zn) = %{(wkyykazh"'vzn)
k k k
= Zn%i—l(wk7ykazl7"'7zn)
< o jin k k k
+§ max Yi—1 wk—bk,yk( bk),zl,...,z,-,l,x,z,-,...
J J
- zk 0<bx <wg
j=

= Z}T(L (7/k 1(wk7ykazly~~~
k
=

1

max
0<bx<wxk

5 /
=177

)

k k
7zn) + kal(wbykvzly ..

YEO k k k k
+Te—1 (wk — b, yx (51( bk) 321y ey 215 Ty 2y - ~7Zn71>> dx

k k
= ZW1(Wk, Yk, 21, - - -

max
0< by <wy

n 2271
+Z
k
j=1"7%;

” jin x k k k
—Wi— 1(wk—0 Yk /Bk 0)1217---72_7'7175572_1,---’an1

P Jin k k k k
+ W 1(wk_0 Yk /Gk O)7Z17---7Zj—17xvzj7---1zn—1

k k
= Zn%—l(whykazh'"

YEO k k k k
Tk 1<wk_bk7yk 51( bk)7217---7Zj7173772j7~-72n71))dl’

k k
+Z71Tk*1(wk7yk1 Ry

max
0<bx <wxk

n Z;,l
+
=172}

W1 (wk
+re—1 (wk

- k
= Wi(we,yx, 21, -,

k k
+2p T 1(wk,yk,217~-

] 1
3 (

jim k k k
+7"k71<wk —be, yx (ﬂk bk) yBLy 3 Bj—15Ty Zjy e e

Z5)

Zl:w) + Zirk—l(wkv Yk, Zlf? K} Zi)

YR k k k
(%71 (wk — by, Yx (ﬁk bk> STy B 1, By By

\2 +Z/

oo

)

(o

jin k k k k
=0, yx </8k 0) 7217-~~7Zj717$7zj»~~~7zn—1>

YEO k k k k
— b, Y <5k bk) 3Ry %1, %, ijuyzn—l)) dx

)

>

L1, by
0<l < <hy <k—14n

S (ST

,zi‘l1>>dx .

y jin k k k
(kal (wk — b, yx (/Bk bk) 3By ey Zj1y Ty By e

/n k k k
bk,yk<ﬁ >7217~~~7Zj—17337zj7-~-

k
) anl) dx

k
y Bn—1

k
y Bn—1

k k
V21 Ty Zgy e

k
) Zn—1>dx

7£W|Z(I)) [u (Tr (jvwkv bkvykvg)) -—u (Tr (j7wk707yk7$))}

(29)

To obtain (29) we proceeded as follows: In the first step we used the recursion for the value function (5).

Then we plugged in the decomposition of ¥ into #4 and r. For the terms #4 the recursion (28) applies.

The remaining terms are equal to the residual term defined in Theorem 1.
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C Proof of Theorem 2

The following arguments are based on Chow et al. (1964) and Assaf and Samuel-Cahn (1996). Consider
the T + 1 period problem, but where the investor is told the period and value of the worst realization of
the random variable X.

Obviously the value of this modified problem is at least as high as the original T + 1 period problem.
Conditional on the worst value being 7 > 0 and being drawn in period k, as we assumed T + 1 > n,
investing in period k would for sure result in a complete loss of the investment. Hence, the investor will
avoid “investing in period k” given his information about the worst value. Given the information about
the worst value, the other Xy are iid uniformly distributed in the interval [r,1] and the investor faces a
problem equivalent to the modified T-period problem with return rates fyf; = Bf( for k > k and yf; = Bf{fl
for k < k following from (12).

By (12) the return rates in the original T-period are at least as high as in the modified T-period problem
(i.e., Bf{ > 'yf() Hence, conditional on any worst draw in the T + 1-period problem, the modified T-period
problem (where the investor is informed about the value of the worst draw and the corresponding period
E), has a value at most as high as the original T-period problem. Hence, the original T 4 1-period problem
has a value no better than the T-period problem.

For the strict inequality we additionally impose (14). First, we suppose that i < 1, foralli =1,...,n
andk =T,...,1,0. In this case “never invest” is optimal in the T+1 period problem and the value function
Y1 (w’ (Bli)sz,...,l,O; i:l,...,n) = u(w).

In the following step, we obtain a simple investment strategy (which need not be optimal) for the T
period problem, such that the expected utility is strictly larger than u (w) for w = w > 0. Since this

expected utility is smaller than or equal to the optimal value ¥7 (w, (ﬁ,i)k:T el n), we obtain the

inequality 141 <w, <Bi)k:T " n) =u(w) < (w, (ﬁ]i>k=T,.,.,l; i:l,..,n)'

As already assumed, u(+) is strictly monotone increasing and w > 0. Given the additional assumptions

n (14), there exists ﬂf; > 1, where T —k > i — 1. Observe the following: Since w > 0 and Bf{ > 1 we have

w(BL+ YY) s uw) >u (L) . (30)
2 2
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Note that there exists a 0 € (0,1) [e.g. 5 sufficiently close to 1] such that
oLy (Bi— + —) + (1- 6k71) U (%) >u(w) (31)

for all § € [g, 1}.

Consider a § satisfying inequality (31) and there are k steps to go. Note that there exists a strictly
positive probability that the in event, denoted &, the following happens: Exactly ¢ — 1 draws of the past
draws X, j > k, are in the interval ( %, 1] and the remaining T — k — ¢ 4+ 1 past draws are in the
interval [ 0,6 ), and the draw Xy is in the interval [(5, 1%5] The probability of this event is abbreviated
by P (&) > 0.

Consider the following investment strategy: Never invest before and after period k. Invest ¢ in period

k if and only if & realizes. The expected utility of this strategy is at least
k-1, (W W _ skl w _
P(&) [t (Bl + 5) + (1= u (5)] + (1= PE) u(w) > u(w) . (32)

Hence, the expected utility in (32) is larger than u (w) = #1741 <w, <Bu}€) ), which implies

K=T,..,1,0; i=1,..n
that 7741 (“’7 (Bi) > =u(w) <7 (“’7 (B]ic)k:T,.,.,l; z:ln)

Recall that by assumption w > 0.

k=T,...,1,0; i=1,...n

Now, suppose that Bﬁ > 1 for some 7 and k. Let B = max{l,maxizz,“_m’k:T_l’,_.,o{B,i}} > 1. Our
conditions in Theorem 3 in Equation (14) imply B% > B Then, there exists n, with 0 < < w such that

B% (w—mn) > B\w. This implies, that there is £ > 0 with

Bt (w—1n) > B (w—E)+ fi& and

Blw=2)+pE=B(w—e)+pie (33)

for all 0 < e < &. This implies
w(B(w=m) >u(Bw=2)+52) >u(Bw-e)+fe) , (34)
for all 0 < e < &. Since +00 > u (B-}w) > u(n) > —oo, there exists e (0,1), such that investing € in the
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first period gives at most
STy (B(w -8+ B%EA) + (1 - gT_1> u (BTl_l (w—28)+ +5§§) <oty (BTl (w— 17)) + (1 - ;5\“1) u(n) . (35)

Equation (35) holds for all §, where § < § < 1. To sce this, use (35) and the equality u () < u (w) <
U (B%w) Hence, by equation (35) the optimal T + 1-period investor invests more than & with strictly
positive probability 1 — 5. With probability 1%3 the first draw is in the interval {g,g—l— 1%3} With

T N -
probability (%) all subsequent draws Xr_1,..., X1, Xo are in the interval (0 + %‘5, 1]. Hence, the

~\ T+1

uninformed optimal T + 1-period investor invests with probability (1—55> at least & (or even more) in
a draw, that turns out to be the worst. The informed T + 1-period investor avoids this loss. Hence, she
has a strictly higher expected utility. By the argument used in the first part of the proof, the T-period

investor achieves an expected utility at least as high as the informed T + 1-period investor.

D Proof of Theorem 3

From Theorem 1 and u(-) = id(-) we get

YW, Vi, 255, 25) = W(we, Vi, 25, -+, 25) 1 (wk, Vi 255t zi)
= Z Px (61,...,€n|z}1‘,...,z2) (wk-ﬁ—ylfm-i--“-i-yi‘gn)
0<tr € ZenSntn
+ry (wk,yk7 2 ,zi) , (36)
where  #;(wy,yx, 25,...,25) is an affine function in wy. In addition, we assume that
i (W, Yy, 2%, ., 25) = wyex (2%, ..., 2%). The following paragraphs will show that the residual term is

of this structure for the risk-neutral case.

For k = 0, equation (4) and (11) result in ro (wo,yg, 2}, ...,29) = co(2},...,28) = 0. For k = 1, from
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(25) we obtain

(Zt/l(wlyyhzi"'w‘z?ll)
n n j—1 n—1
= z <w1 + Zygl'u + Z(ZJI'—I o)) (Wl + Zy;u + Z yili+l> + 71 (wi,y1, 21,05 Zn)
=1 j=1 i=1 i=j
[where, with ¢o =0, |
1 1 1
T1 (w1,y1,zl,...,zn) = zZ,W1Co
n j—1 n—1 j—1 n—1
1 1 1 j 1 1 1
+ Zl(zj—l —2j) |:0<Iilla<xw1 <w1 — b1+ Zlyi\i + 0167 + Z ymH) - <71)1 + 2%\1 + Z yuﬂﬂ . (37)
= i— i—j i— i—y

The investor invests all the remaining wealth, if 6{ > 1 and x7 is contained in some interval [z]l7 Z}q)v
j=1,...,n otherwise by = 0 [in the notation of Theorem 3 b; = wy if and only if 5{ —12>¢p=0]. That

is, by = wy or by = 0, such that, for k = 1, the residual

T (wl7Y1vz%7"'7Z}L) = w1 Z (Zjl—l_zjl)(b){_l) (38)
§:8i>1
Therefore, r1 (w1, y1,21,...,25) =wicy (21, ..., 2}L), hence, linear in wy.

In the next step, we use an induction argument to show that the residual term is linear in wy. First, we

use (11) as well as u(-) = 4d(-) and impose the induction assumption re_1 (Wx_1,yx—1,25 ',...,2571) =
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Wr—1Cr—1 (szl, RN szl), resulting in
k k
7‘k(U)k7 Yx: 21504y Zn)
k k k
= zZiwgce—1(27,..., %)
n P
J—1
. k k k Kk
+ E / max E Pr—1 (fl,...,Zn\zl,...,zjfl,ac,zj,...,znfl)
/e 0<byx <wx Y,
J= b S T nt

1
0<ly < <lp<k—14n

£
(= )+ g, o g B b e+ e )
+(wx — by)ex—1 (Zi(v ceey Z§_17 z, Z;':v e 722_1)

k k k k
- E Px—1 (Ela"w[n‘zlw"7Zj—17x7zj7"'7znfl)
lyyoiln:
0<l1 <<l <k—14n
k k k
. <wk + Y1je, + -+ Yi—11e;_, +0+ Yiles,, 4+ .4 yn\en+1) } dx

— k k k
= zZpwxck (2], .., 2p)

n o2
Jj—1
}: }: k k k k 2
+ /k O<IIl)1ka“<ka|: Px—1 ([17"'aén‘zlv"'7zj—17m7zj7"'7Zn71) by (/Bk _1>
j=177%; -

,,,,, lp:

0<tr <+ <0, Sk 14n

+(we — b (25, 25,2, 2%, ) } dz . (39)

Note that the terms inside the squared brackets of (39) are affine in b;. Hence, we obtain an optimal
investment strategy: by = wy if and only if

e,

Z Px—1 (417 s 7én‘Z11{7 EEEE) Z;'(—laza'z;a R - 7z271) (ﬁk] - 1) > g1 (Zlf7 ERR) Z;'(flazazjkv SRR anl) )

L1yl
0<ly <l Sk—14n

otherwise b, = 0, conditional on = € [z;‘, 2;11)- For any = < 2%, by = 0. Therefore, given = € [z;‘, 2?71),

e . . 0
maximizing gives either wy Gl Pr—1 (61, co bR z}‘_l, x, z;-‘, e 3271) (ﬁk” — 1) or
0<1< - <lp<k—1+n
Wk Cr—1 (z}f, .. .7z;~‘71,x,zjk, ey Z%_l). In either case, the solution is linear in wg.  Therefore,
x Ky _ k k
e (W, Vi, 275 - -5 25) = wiek (25, ..., 25).

Since the decision maker invests at most once, the multinomial probabilities in (39) can be simplified:
Recall that p, (x,) denotes the final rank of x,. Let v > k+ 1. pgy1 (2,) is the current rank of
x, before Xy realizes. Consider £ = pgi1 (x,) + A\. The goal is to obtain the conditional probabilities

px ({pa (y) = €}|x,,), which is the probability that A = 0,1,...,k of the remaining k draws Xj,..., X3
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are better than z,. Based on our model assumptions, we consider k independent draws without re-
placement. The number of “successes” A, where A = 0,1,...,k, follows from a Binomial distribution

with “success probability” 1 — z,. Hence, px ({ps (zv) = €}|70) = px {pa (Tv) = A+ prt1 () ) =
k
A
Therefore the optimal investment strategy of a risk-neutral investor is to invest all the remaining

wealth wy if and only if =1+ 377 ) Px—1 ({pa (2x) = C}|2x) B> e (zlf, e 2 T, 2y zi_l),
and zero otherwise. Plugging in the above results into (39) yields:

(1 — zy) a5, where £ = X + prgr (@)

(2, 28) = 2hen (zlf7 . ,zlfl)
n z§71 n
Y4 k k k k
+z;/2k max{ —1+£ z(: )pk—l({pa (@) =) B , 1 (21,325, @, 2541, -, 2n) }d% (40)
J= J =px(zx

where ¢y = 0.

E Proof of Theorem 4

The proof of Theorem 4, works in almost the same way as proof of Theorem 1, where deterministic returns
were considered. In the following steps, we assume that the conditional expectations, considered in this
section, are well defined. BJ and B{" are random variables and stochastic analogues to ] and B1™. Ey (-)
abbreviates the corresponding conditional expectation, when there are k steps to go. Since Xt,..., Xk
are Fy-measurable, the current z¥, ..., 2& are Fe-measurable. yy is now a random vector [here ~ denotes
that this object is a random variable or vector]. We consider the recursion (5). Since the expectation is
a linear operator, the recursion used for deterministic returns can be extended to the case of stochastic
returns (utilities u(-) in the determinstic case have to be replaced by expected utilities). Hence, start with

the following “Ansatz”:

Vi (Wi, ¥, 25, - 28) = Wilwk, ¥i, 25, ., 25) + Ry (w, Yir 25, - - -, 25)

k k ~k ~k
= E, E D (61,...,€n|z1,...,zn)u<wk+y1|gl+...+yn|£">
Ly,ln:
0<l1 <+ <l <k+n
I k k
+Rk (wkvyk7 Ly 3271)

= Z pk(61,...,6n\z¥,...,zi)E(u(wk-ﬁ—ﬂﬁgl+...+giwn))

L1l
0<tly <<l <k+4n

+Rk (wk75’k7 Z}f, RN Z:{l) ) (41)

43



where Wy (wg, ¥, 2%, ..., 25) was defined in (17). We get

n o2
J—1 .
k k k ~ 7N k k k k
Zan71 (wkayk7217"'7zn) + E /k Wk—l (wk7yk (61{ 0) y 21 - ,Zj717I,Zj,...,Zn,1> dx
j=1"%;

[ U - .
= Z’}f{l Z Pr—1 2}1(,...,271,{1 ]E(u (wk—Q—y}f‘gl-i-.‘._,_yiwn))
L1yl ... ... n
0<l1 <<l <k—14n
LU 2 PP livy S/
+Z/ Z Px—1 ‘] ‘] ) ! " 2
=177 Gl Lo j=1 j+1 (G+)+1 ... n+l
0<y <+ <lp<k+n

E “(“’k*ﬂle ot Gy, F O+ T o T, +??fz|f,,)d”5

=0
A U1t
EREE S o "l
j=1 Ol 1 j—1 j+1 (G+1)+1 n+1
0<ly <<l <k+n

-E (“(“’k+9}1{\41 N +gi‘gn>)

Px (617 B -7€n|z}1(7 e 7271;) E (’U (wk +??1{|[1 T +ﬂi|(n>> = Wk (wk7yk7Z}1{7 7271;)

>

4

(42)
yeusln:
0<ly <--<lp<k+n

To obtain the recursion (42), we applied Lemma 1. The distribution of the payoffs yx depends on the
ranks of Xy, k =T,...,k, by our model assumptions.
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By using (42) and the “Ansatz (41)” we derive:

~ k k ~ k k ~ k k
Wk(wk:ykvzl¢”wzn)+Rk(wkvykvzlwuzzn):Vk(wk¢yk¢217~~~7zn)
k -~k k
= vak—l(whykvzlz"wzn)
n z§71
~ Jjin k k k k
+E max Vi_1| wx — bk, Yx (Bk bk),zl,...,zj,l,x,zj,...,zn,l dzx
7 J ok 0<bx<wy
J= J

k k ~ k k
= Zn (Wk 1(wkvykvzlv-"7Zn)+Rk*1(wk7ykvzlv~~~7zn))
k
J .
~ Jjn k k k k
+§ max | Wi_1| wx — b, ¥ <Bk bk)721744-723'7179072]'7---,27,,71
& 0<be<wy

J
+ R 1<wk — b, yx (BJ bk) ,zlf,...,z};,l,x, zf,...,zﬁ,1>> dx

k k k ~ k k
= ank l(wk,}’k7217~--72n)+Zan—1(wk7Yk721,-~,Zn)
i - jim x k x k
+ E max | We_1 | wx — bx, yx (Bk bk),zl,“.,zj,hagzj,...,z,,,,l
2 0<by <wi

jt k k k k
(wk—o g (BL0) 2, 2w 2 2

~ Jin k k k k
+Rk,1<wk — bk, Yx (Bk bk) J 21y ey Zjm1y Ty 2y e ey el ) dx

n 2%
j—1 j
X N " X ~ jm k k k k
_ Zan—l(wk,ylew'wzn)+E / Wk_l(wkfo,yk<Bk 0),Zl?'-~7Zj—1awazj7"'7zn—1)d1'
=172}
x - x k
+ 2 R 1 (Wi, i, 21,5 - - - 23,)

n 2k
j—1 i
~ Jin k k k k
+E / max | Wi wkfbk,yk<Bk bk>,zl,...,zj_l,x,zj,...,zn_l
1 J 0<bx Swi
j=1"7%j

~ jin k k k k
7Wk71<wk —0,¥x (Bk 0) ) 215 Zj—1, &, Zj»wwzn—l)

+ W1

ji k k k k
wx — 0, yk B O)7z1a---7Zj—1vxvzj7---7zn—1)

+Rx—1 (U}k — bk7 S’k (Bﬁnbk> 7Z11{7 s 7Z§—17 Z, Z§7 — zi*l)) dx

= Wi(we, i, 25, -, 25)
+25 Re1(wx, T, 24, - - 20)
n k
Fi-1 . - . -
+3 [ e, B pe e ) B (7 G b §102)) = (7 G 0,50 2)]
- 0<l <l Sx—14n
+ Ryx—1 (wk — bk, Y (Blj(.mbk) 7211(7 Sy Z;le T, le{v s v’le))dw - (43)

To obtain (43) we proceeded as follows: In the first step, we used the “Ansatz” (41) and the stochastic
version of the value function (5). Then we used the decomposition of Vi_1 into Wy_1 and Rx_; according

to the “Ansatz” (41). For the terms Wy the recursion (42) applies, and the remaining terms are equal to
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the residual term defined in Theorem 4.

F Sketch of the Proof of Proposition 1

Consider Theorem 1. The residual term ry(wy, Y, 21, - - - , 2) follows from

Tk(wk+1 —b,yx, 211(7 cees Zi)
=2ZnTx—1(Wet1 — b, Yk721f7 EERR) Zﬁ)

+j§::1/z;*’ Ogbkgﬁil_b { [ 2:[ 4 Pr—1 (L1, ..., Lnl|z(z)) [u (7 (4, Wetr1 — b, bk, Y, L)) — u (7 (4, wer1 — b, 0, yx,-ZL))]

! 0<ty < Eth Sx—14n
+ rk—1 (wk+1 —b— bk7 Yk (ﬂl](;nlbk> 7Z(.’E)) :|dT (44)

The residual terms satisfy re(wy,yx,2¥,...,25) > 0 for all k = T,...,1,0. The final realized utility is
Yo(wo, yo, 23, ..., 22) = u(wy + Z;’:l y;1;) and 7o = 0. For the stochastic case considered in Theorem 4,
only the terms w (7 (., .,.,.)) have to be replaced by their expectation. To simplify notation, we proceed

with deterministic returns.

For k = 0 we obtained rg = 0. Therefore it has second derivative 0. Next, suppose that ry_1(wy —
b, ye_1, zlffl, ey zg_l) has non negative second derivative with respect to o’ (and therefore it is convex
in b'). Taking the first and second derivatives of (44) with respect to b, using that the utility function u
and rx—1 have non-negative second derivatives, shows that the residual term 7 (wg+1 — b, yx, z}f, o, 28 s

convex in b. By that, the investor either invests all the remaining wealth or zero (of depending in Xy and

).
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Venture Capital Project Selection as an Optimal Stopping Problem
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Highlights:
Stylized model of a venture capital investment process.

Consider a discontinuous payoff structure where price competition is not
possible and only few firms (superstars) generate profits.

Consider the full information case where a quality characteristic is observed by
the investor.

Derive a recursive formulation of the value function for risk-neutral and risk-
averse investors.

The value function is a sum of expected utilities arising from past investments
and a residual term that describes the expected utility contribution from
investing the remaining wealth optimally.

Show that he value function is non-increasing in the number of periods.

Provide a simulation study to observe how the time horizon and the attitudes
towards risk affect investment behavior.

Obtain the value of information.
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