™

ORIGIN OF CYCLICAL FLUCTUATIONS IN
ECONOMETRIC MODELS:

Manfred DEISTLER
Stefan SCHLEICHER

Nr. 71

September 1972

Paper submitted to the European Meeting of the Econometric

Society in Budapest,

The authors greatly benefited from discussions with E.Philip
Howrey and Walter Oberhofer. The computations were performed
at the University of Pennsylvania computer IBM 360/75. The
research underlying this paper was partly supported by a

grant of the Ford Foundation.,




N

~

CONTENTS

1. Introduction

2. The econometric model and its final form

3. Forecasts without taking into aecount the
correlation s=tructure of the transformed
disturbance process

4. Analysis of cyclical fluctuations

5. Forecast with taking into account the past
realization of the disturbance process

6. Numerical calsulations

7. References

Appendix A
Spectra of residuals

Appendix B

Spectra of exogenous variables

Appendix C
Spectra of endogenous variables generated by
residuals

Appendix D

Spectra of endogenous variables generated by
exogenous variables

Appendix E

Spectra of endogenous variables generated by
exogenous variables and residuals

Appendix F

Multiple coherences

Page

13
15

18




e

e

1. INTRODUCTION

This paper is a contribution to the analysis of

stochastic dynamics of linear econometric models. Two
topics corcerning the: cyclical components of the
endogenous variables are considered:

Recent publications deal with the problem of neglecting
the influence of the disturbance terms on endogenous
variables in econometric models [4],[9), [10] . Their main
point is to show that additional cycles are often
generated in econometric models by the: autoregressive
transformation of the error variables which are not
taken into account in the procedure of forecasting. In
this paper these investigations are extended and the
relative magnitude of the negleéted.error influence

- with reference to the endogenous variables is demonstrated.

As an example a modified Klein I model for the U.S,

~economy with a sample period from 1921 to 1967 is used.

The second question of interest concerns the business
cycle component of the endogenous variables. Another
reason Tor its origin is the business cycle of the
exogenous variables and their trunsformation by the
econometric model, respectively. Investigations can be
made as to which exogenous variables generate business
cycle components of extraordinary magnitude and whether
they have a compensating effect on each other, This
guestion is of a special relevance from the point of
view of economic policy because of the potential




dampening effect exerted by the instrumental
variables.

The mathematical instruwnent For this research is the

theory of linear transformations of stationary processes
in the frequency domain. Weipartition the auto spectrum
of the stationary part of the endogenous variables
(which contains among others the business cycle) and
analyse. the components with respect to their origin

by the: exogenous variables and erra terms, respectively.

Strictly speaking the theory of stationary processes

can be applied only to the forecast with the exogenous

variables alone (i.e. without taking into consideration
the correlation structure of the error process). It shall

~be shown, however, that this forecast approaches

relatively soon the forecast with the reduced form,
usually applied in econometrics. ' |

As we do not deal here.wiﬁh the'Statisticaljaspeotvof
- the problem we: assume: the estimated parameters of the -

model and of the exogénOus»process to be "true".
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2. THEYECONOMETRIC'MODEL AND ITS FINAL FORH

We deal with the standard linear econometric model ’

k _h N
ggé Bnyt—n = 526 metwm Ty (1)

where’we.denote by

(yf) the r-dimensional process of éndogenoas
variables,

(Xt) the s-dimensional process of exogenous
variables,

(at) the r~dimensional disturbance process,

B, (r.r) endogenous coefficient matrices,

S (r.s) exogenous coefficient matrices,
and take the usual_a-priori assumptions, especially
(i) stability, that is the roots of the equation

| ok . . o | | |

det (> Bz)=0 : (2)

n=0 , ; LN :

are all to be found outsic > the unit circle,

(ii) .exogenous and disturbance variables are
uncorrelated,
Ex_ ui = 0 for all 8, €, g L (3)

(iii) (at) is stationary -and Eu, = 0.




7

- Additionally often is supposed that

{'z; for s=t, independent of t,
o ‘ (4)

0 otherwise.
" Tor the reduced form we»get the following equation:

- -1 -1 -1
vy = =By (ZZZ B yt ) + B _(E;glﬁ n¥t_m) + By Uy e
(5)
Defining the lag operator L by L(zt)z(zt_l)'wefcan

write the solution of (1) in what is called the final
form of +the model:

X SR no | _ "“
- ny~-1 I -\
Vi = (EE%~BHL ) (g;%lﬁmb YRy o+ oy - (6)

Because of the stability condition (EZ: B, ™~ -1 exists

and has the follwing representation n=0

(2{: B, i S A zn ;‘ : o s (7)

n-O n
The (r.r) matrices A are deterr ned by the inversion
of the complex matrix polynomial P(z) = ;Z: B, 7"

‘ - n=0 T
which is defined for - jz[,= 1 (ef. [2], [3]):

Ei: B zn) =1 ZE: A z1 ;': iv . o (8)

n=0 n~O




- The inversion of a matrix polynomial is defined
- analogous to a real matrix:

(B(=) 7L = iy add B(2) . (9)

As adj P(z) again cdnStitutes a matrix polynomial the
~infinite number of A~ matrices in (8) is only '

caused by
' 1 .
det. P(z)

As det P(z) can be represented according. to the
fundamental theorem of algebra by

detjP(z) = f%‘(thi) ) ‘ o ‘ '  (10)
o i=1 v : ’ :

with Ai being the roots of (2). From

1 o o

- (_;\g___)n o ' (11)
0 i '

L
Ay

jus}

= %
(Z-—Ai) L - ';\*l

we: recognize geometric convergence with the convergence
veloclity determined by o

Z zﬂl&X{-];", i=i,-ai',j} L
oy Ul

This assures convergence in quadratic mean for stochastic

processes with (noncentral) second moments increasing with
e Aate _ v
lower order than 1z .
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3. FORECASTS WITHOUT TAKING INTO ACCOUWT THE CORRBLATION

STRUCTURE OF THE TRANSFORMED DISTURBANCE PROCESS

We assume that there is a sufficient long realization

of the exogenous process available i/. Thus the forecastlnv

- problem becomes a problem of oondlulonal forecaﬁtlng

for given exogenous variables. If we don't take into

account the coérrelation structure of the disturbance

process we obtain our predictor from (6) as

v o= (O B (S r. P, O (12)
't n=0 1m=0 : . |

The prediction'error is obtained as

ey

(g__,BL)l AT (13)

Yu,t = n

Due to the assumption (i) and (iii) (yu t) is a
|

stationary process.

Purthermore we assume the exogenous variasbles %o be

a stochastic process of the form ?/

Xy =a; + bt x% , i=l,...,s , (14)

with (it) being a stationary process and Eit = 0.

l/This assumption, though widely used in econometrics,
is strictly spesking only valid for instrumental
variables. The data varlableq nust be predicted from
past reallzatlons. i . ‘




(14) constitutes a very common partitioning of economic
“time series into a long term growth-component and a
stationary process consisting e.g. of business‘cycle,
seasonal, and disturbance components. | |

Due to (6) the orocess of endogenous varlables can be

‘written under assumptlon (14) as

Zoa+(ZCLb)t+

Tt n=0

(Z B o )Tt (5 et az (A 4

v (30 BT g (3) =

=o Aty Ty )

with
a = (ai) izl,oaé,s ’ (loa)
b = (D) o (aep)

i i-“:l’COQ’S’

> o 1P - ZBL “1(2;‘.1“1}“), | (16c)

n=0 a n~O m=0

2/Tk;is assumption is introduced to apply the spectral
theory of stationary processes to the cyclical
components of the exogenous process. The deterministic
“mean value functlon of course need not be assumed to

be linear.
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‘//MM‘

[§itfijéi”tdzx(h>,' i . e (i6a)
S T R 1%
¢ =2 B O 11
n= I :

a = 2o ¢, | — | | (16g)
n=0 ’ ;

(rz,9) = (2 00 () ) (165)
* n= . .

(ra,) = (25 47 (ay) (161
’ ‘n= |

For the deterministic part of (15) only the linearity
of the operator has been utilized. Tor the stochastic
part the results of the spectral theory of sitationary
processes have been applied [ﬂ,[lZ). In (15) we find
a partition df the endogenous variables ‘yt‘ into a
part (c + dt + YE;t) forgcast,by the exogenous
variables and a part ,yu,t resulting from’the disturbance;'




4., ANALYSIS,OF CYCLICAL FPLUCTUATIONS

The cyclical components of the endogenous variables

- we get from the corresponding freqdency band of their
stationary part (?t) = (y— ) + (yUl t) " For econonic
reasons the business cycle freqaency band with periods

of about 4 to 5 years is of special interest. Basically
there exist four possibilities of how cyclical fludtuations
of the endogenous variables can be generated in

econometric models. ' '

(i) By the cyclical fluctuations of the exogenous
variables. Their magnitude can be read from the
mailn diagonal elements of the spectral matrix /fi

of the process (it).

k
(ii) By the transformation (>, BnLn) (221 Pmn
. . = 1‘[}_~

of the exogenous variables in the model.

(iii) By the cyclical fluctuations of the disturbance
~process. If, however, we maintain assump Llon (4)
there is no dominant frequency baud,

(iv) By the transformation (z:l 8. 1™~ -1 oi the

n
- n=0
disturbance process.

The cyclical components of the endogenous variables
resulting from the above four sources are determined
by their interplay. The phase of the process (yv t)
and (y t) is determined by assumption (3). Therefore
we obtaln Ffor the aubospectrum of the stationary part




with fyi being the autospectrum of (yi,t) and T

S -10 -

of the endogenous variablesg:

iz = fyi + Iya o S (17)

yu
being the autospectrum of (yu t)‘ ,
_ , J

~ The spectral matrices fyi and f_ are determined by

; : yu
the transfer functions

K . SRS
CB(A) = ;:% B e, (182)
n=0 : v _
b liamo 8 | -
M0 =2 Tpe™ 0 (18b)
mn= ) .

The (estimated) spectral matrixtfivresults in the

general case with f, being"the autospectrum of (ut) as

R 13 ' :
e, = 3o f,00 30y Y (192)

and under assumption (4) as

fyu(A)

s lmy |
2 BTH X BT (19%)

and as

i

: _‘1 . w _11 ‘ ]
fyi(k) B0 M) £2(0) TO* 75 (A (19¢)

. Q/x’denotesfthe conjugate transpose.'
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 We are interested now 1o answer the following two
questionss: ' : :

(1)

(i-i)

Which share in the variance of the i-th endogenous

- variable (y%)‘is accounted for by the: exogenous

process, both generally and in particular at
certain frequency banch

Thig can be seen from

i 42 | T
E(yx,t) : (e +at) 4 E(y= )@
; ; v . ; X,

)2

» (20)

)2

E(yt (c +vdt)2'+ E(yi,t)g + E(yu,t

Whioh shows dependenoe on time, and the multiple

coherence. between the processes (X ) and (yt)

(cf. [21)
| E |
02 o X [ | (21)
1
f i+ 1T i o
X Ta

Which influence exert the: various exogenous
variables on a particular cycle, e.g. the'buoiness
cycle, of the i~th endoger 1s wvariable (yt) ?

Has one class of exogenous variables (denoted by
class II), for example the instrumental variables,

- a stabilizing effect on the fluctuations correSponding

to this particular cycle which are generated by
another class of variables (denoted by class .I),

" e.g. the noncontrolled exogenous variables:?
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' The second guestion shall now be investigated by
~ partitioning the autospectrum of y%

AP : r T - |
L » o % g,
f}’i,i’i B pzz::l g;'l ti;P fx’p’s tiys (22)
with , | ' L
(5;(0) = 20) =BT . (23)

We rearrange the matrix fi‘accarding to the partitioning
into the two classes ] :

r f .
S R :
class I | cross spectra .
. : | : »
L ,~ ry e Ty . K ; :
fi= ~ _____~____~______~__._‘_______ (24)
' R ; class II
*
I i | _

T
1 ‘ " ,
Re 2 | > 4, f- *
+ 2 =1 s=r1+1 i,p "X,py8 1y8
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If we denote the first term of the rlght hand gide of

I ITI
(25) by fx i and the remaining terms by fi i,1

it becomes ev1dent that the cyclical component

corresPondlné to a particular frequency band of the

i-th endogenous variable is stabilized by class II

variables only if flIl i is negative.
¥ . C

4, FORECAST WITH TAKING INTO ACCOUNT THE PAST REALIZATION

OF THE DISTURBANCE PROCESS

From formula (6) we see that forecasting thé endogenous
variables only by the exogenous varisbles is not optimal

‘under the least squares criterion, because the correlation
~of the process (y 1:) contains additional information
~about the future behav1or It is eaq11y see that the

"reduced form predictor" obtained by recursive oubstltution
in the reduced form (5)

 ‘yt,l = [(zz: B yt n+1) + (zig Pm.t —ml ]
| (26)
S P | 52 M-
Y4,2 = "B | Bady,1 * g;; BoVbnie * Rm0 B P 2|

is least squares optimal under assumption'(4).

One can show without difficulty that the prediction
error of the (steady state) (yt),process could be
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written in the form
Vtrs ~ 9t,s B ZZ% AVtysen 0 870, (27)
: = :

and that the predictor can be written as

i

'yt,s é Eggbcnxt+s~n + %;é.Asaﬁ+s~n~’
s> 0 . (28)
‘: The term"
atad v
E;é Anut+s~n

constitutes the difference to the forecast based on
exogenous variables only. As we demonstrated in section 2

the matrices An converge geometrically with order

z° = max {1/])ij, i=l,...,j} to zero. Thus for increasing

s the two methods of forecasting converge more and more
and all the faster the smaller is z° . This allows us
to assume the prediction error process to be approximative

- stationary and to apply the results of the preceeding

chapters to the reduced form predictor.




5. NUMERICAL CALCULATIONS

The.folioWingksteps,are required for the numerical

~calceulations:

—

Step 1:

f . f

Prom the time regressions of the exogenous
variableg we calculate the coefficients

a = (a;) i= 1’.‘.’sv’and b= (b,) 1,....8 "

as also the residuals which characterlze uhe
unobservable process (it) . These residuals

- are used to calculate the spectral matrix f- .

- Prom the estimated coefficients of the model

we calculate the transfer functions B(A) and
(A) and the spectral matrix fu‘of,the structural
form error process (u ). Using B(Ar), [ (A),

‘f; and f we compute the spectral maurlces

f-

5 and‘the coherency Cf .

yx yu?‘

The econometric model used in demonstrating these procedures

o is a modified Klein I model with an extonded Uanple period
| ranging from 1921 to 1967 '

Endogenous variables:

C  private consumption |
I net investment

WP private wage bill
'Y national income

P profits




n

AT,

- 16 -

Bxogenous variables:

T business taxes =

G government expenditures
#& public wage bill |
t  time '

dumny varisble for wbrld»war 2

Structural eguations:
-

- WP e W (WP WS )
1. Gy o= L7067 (W + Wg) + .2332 (W g + WR_q) +

+
+.2239 P, - 26.4638 D" + 10,6767 + u

C,t
2. Iy=.6300 I, « 01983 [(¥, + 1, = W§) - (¥, | +
- W]+ :2540 + up ¢
WP e - v oo e
3.0 W o= L4774 (Y + Ty W%) + L1737 (Ygq + Ty = W
.1650 t - 2.6578 ‘ i
+ 5 2 57 f uwp’t
4. \Yt = Ct + It - Tt + Gt
- WP -
5. P,o= Y, - W We

Equations to detrend exogenous variables:

1. WE = ,4995 t + 5.5508
2. Ty = .3497 t + 6.6258

[O¥
.
G2
1

- 1.0499 %t + 13.1147

Tyop -

(o)

§.1) *
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It should be pointed out that the results of the
numerical Calculations contained in the following

appendices are not claimed to be typical (in the
sense of special spectral shapes) for all econometric

models. We rather want to propose methods how t0

examine certain dynamic properties of econometric

~model

The diagrams show that the model transformes +the
disturbance process such that the lower freguency

-bands are more amplified. that the hlgher bands.

The same results hold for the. transformation of the
exogenous variables. From the diasgrams of the

‘coherences we can judge how the foreCdutlng error is

dlotrlbuted over the freouency bands.
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APPENDIX C:

Spectra of endogenous variables generated by residuals
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APPENDIX D:

Spectra of endogenous variables generated both by

exogenous variables.
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APPENDIX E:

Spectra of endogenous variables generated

by exogenous variables and residuals.
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APPENDIX F:

Multiple coherences




- Private Consumption

Net Investment

Private Wage Bill -
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