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I. INTRODUCTION

Although there exists a huge number of both, models of economic
growth and models of educational planning, it has, to the
author's knowledge, not been attempted to integrate this two
kinds of models. Models of economic growth neglect the problems
occuring because of the need for an educated labour force by ‘
aggregating labor into one single kind. Models of education on
the other hand either abstract tota%ﬁéugrom non-educational
economics (paediometric models,as M. calls them) or take
the rest of the economy as exogenocusly given. For example the
well known Correa-Tinbergen-~Bos model uses in its early stage

a very simple Harrod model to describe the econcmic development
and then finds out the optimal (in some sense) adaptation of
the educational system. In its later stage this model takes

the economic growth rate as exogenously given. Similarly, most
linear programming models, based on cost-benefit-analysis, e.g.
that of S. Bowles for Northern Nigeria, take the economy and
its development as exogenously given1) and so does the so-

called manpower forecasting approach.

Certainly it makes 1life easier or more exactly; it makes the
models simpler, if we leave out the feedback of the educatiocnal
sector on the rest of the economy. But, on the other hand, it is
a commonplace that there is a general interdependence in the

economic world. If educational planning aims to influence the

1) This is not the case e.g. for J. Benerd's "General Optimization
Model for the Economy and Education', published in Mathematical
Models in Educational Planning, OECD Paris 1967. But even
this "model as it stands at present does not accordingly
allow any choice between technigues; and the costs of edu-
cating the labour force have no impact on the techniques
adopted.” (p. 212). But at least "the structure of the
programme, however, enables it to incorporate interchangable
technical processes fairly easily." (p. 212).




(long term) economic growth rate, how can we take this same

growth rate as exogenously given in our mode 1s?

To incorporate education in a growth model means to desaggre-
gate labour. There are good reasons to disaggregate labour

in such models, where we desaggregate capital. This argument
leads us to linear growth models of the von Neumann type, first
developed by von Neumann in 1932 and published 1937 in Vienna1),
and further developed e.g. by Kemeny, Morgenstern, and Thompson
. 2)
in 1956

knowledge there is only oreattempt, ,

and by Morishima3) in the sixties. To the author's

to include education in linear growth models, given by Karl
Fﬁrstnera). But, at least to the author's opinion, this generali-
zation is seriously misleading (e.g. F6rstner uses only one
activity vector for both sectors, which implies some very un-
realistic implicit assumptions) and Férstner did not prove the

existence of an equilibrium for his model.

Since the models in this paper do catch the interdependence of
both sectors, the goods producing one and the educetional one,
it can be looked at in two ways: as a generalization of the

von Neumann model or as a generalization of educational models.

1) J. von Neumann, "Uber ein tkonomisches Gleichungssystem
und eine Verallgemeinerung des Browerschen Fixpunktsatzes";
Ergebnisse eines mathematischen Kolloquiums, No. B (1937),
translated as "A Model of General Economic Equilibrium",
Review of Economic Studies, Vol. 13, No. 33 (1945-46).

2) J.G. Kemeny, 0. Morgenstern, and G.L. Thompson, "A Generali-
zation of the von Neumann Model of an Expanding Ecaonomy”,
Econometrica, Vol. XXIV (1956).

3) M. Morishima, "Theory of Economic Growth", Oxford 1969.
4) K. Frstner, "Wirtschaftliches Wachstum bei vollsté&ndiger

Konkurrenz und linearer Technologie" in R. Henn (ed.) "Methods
of Operations Research IV", Meisenheim am Glan, 1967.




But in both cases it should not be interpreted as a description
of the real world and I want to point this out very clearly

and stress it very firmly. The model cannct give a good picture
of the real world because too many and too important features

of social reality are not included, e.g. individual choice of
education is in general not or not enough (in order to use the
model for description of reality) based on things like dis-
counted life time income or to give another simple reason: we
just don't have perfect competition. Nevertheless, the von
Neumann type models seem to be very powerful insiiumeﬁts for
problems of planning and for pointing out some separated features
of an economy. And it gives more evidence for their powerfulness
that for simple cases it is very easy to include educatipnal

activities.

Although the reader is assumed to be familiar with the model
of Kemeny-Morgenstern-Thompson and with Morishima's model, in
section I1 those two models are outlined very shortly. Of
caurse, I don’t need to mention that these few pages cannot

catch the ingenuity, deepness and power of those models.

Since all the models developed in this paper are very similar
to those two models, they include on top of new restrictions
and assumptions all those of their basis, the Kemeny-Morgenstern-

Thompson model or the Morishima model,respectively.1) But as well

1) Some assumptions become more restrictive if we include edu-
cation,e.qg. neglecting exernal effects is very restrictive
for education.




they include some advantages of those models, e.g. the possi-
bility of incorporating some kinds of technical progress, although
those kinds are rather limited to an equal over all technical
progress, if one wants to go from comparative statics to

dynamic models.

Our models can be characterized into two types according to their
basis: those based on\the Kemeny-Morgenstern-Thompson model,
developed in section III, and those based on Morishimas model,
developed in section IV. In an Appendix we give some simple

ideas about optimal allocation of investment between "physical
capital" and "educational capital". If "students" do get less
income and savings are positively related to income, if turns out
that there must be relative more investment in educetion because it
is in some sense "cheaper" since it causes higher savings. This
argument is already stated in the literature by several authors1)

and can be proved formally by classical methods, which also give

an idea of how much investment in education is "cheaper".

Finally I may mention that, of course, this paper can only be a
start and that nearly all problems are still unsclved. But
nevertheless this paper may give a flavour of an approach in a
certain direction and it may give more evidence that linear
growth models of the von Neumann type can be, at least if further

developed, very strong instruments in economic theory.

1)

cf. E.F. Denison, "The sources of economic growth in the
United States and the alternatives before us". New York 1962,
pp. (7-78.




IT. THE PURE COMMODITY ECONOMY

‘Linear growth models are based on von Neumann's famous model,

developed as early as 1932. In 1956 John G. Kemeny, Oskar
Morgenstern, and Gerald L. Thompson have given a generalization

of von Neumann's model, referred to as KMT-model in the following,
and in the sixties further generalizations have been developed

by several authors, especially by Michio Morishima, whose model

will be shown in its basic structure.

1. The Kemeny-Morgenstern-Thompson-Model

A linear technology is defined by an input matrix and an output
matrix, which we will denote by A and B, respectively. Each row
of A and B corresponds to a process, each column to a commodity.
If we have m processes and n commodities, A and B are of order

(m x n), and aij is the amount of commodity j used in process i

and bij is the amount of commodity j produced in process i.

In the KMT-Model there are two further assumptions concerning the

technology:

(i) every process uses some inputs, i.e., goods produced in the
preceding.time periocd, and
(ii) every good can be produced in the zconomy, i.e., given a

good, there exists at least one process which can produce it.
Mathematically those two assumptions are egquivalent to

(i) every row of A has at least one positive entry,

(ii) every column of B has at least one positive entry.

An activity vector x is a nonnegative row vector (x1, ey xm),
where X gives the level of i-th process. If the i-th process

is not used, X5 is obviously zero. Since we will demand that the
economy produces something of positive value, at least one x5

must be peositive and therefore we can normalize x such that
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%; ;= 1. Because of the linearity of the technology and the
exclusion of external effects, we can describe every state of
production by a normalized vector x, giving the relative inten-
sities of the processes used, and a scalar, giving the level of

the production state.

A price vector y is a nonnegative column vector (y1, . .oy yn)f,
where yj gives the price of the j-th commodity. Since we are
interested in relative prices only and since we will assume that
Sgpething of value must be produced, we can normalize y such that
7Yy

An interest factor B is defined as B = 1 + b/100 , where b is
the rate of interest (per cent). Similar an expansion factor
or growth factor &« is defined as o= 1 + a/100 with a being

the growth rate (per cent).

The KMT-Model assumes unlimited supply of "land and labour",
i.e., unlimited supply of the original means of production.

As far as labour is concerned, Morishima disposes of this

rather unrealistic assﬁmption‘ The KMT-Model further assumes
that there is no consumption (or that there is consumption of
workers, but in fixed amounts, independent of prices, and

that this consumption is included in the input matrix A). Mori-
shima disposes of this assumption as well. Another assumption is
that of the same constant length of production period for all
processes. But, as Morishima has pointed out, this can always

be reached by defining new (intermediate) goods and processes.

For a state of balanced growth we demand the fulfilment of five
conditions:
(1) xB £ xxxhA

i.e., the expansion rate o and the activity vector x must

be such that the input in any period does not exceed the

output of the preceding period.




(2) xBy = ®DixAy

i.e., goods, available in amounts greater than needed,

have zero price.

(1A

(3) BAy By

i.e., absence of supernormal profits

(4) BxAy = By

i.e., a process, giving a profit less than the interest

on the inputs, is not used.

(5} xBy > O

i.e., something of positive value is produced in the

ecanomy.

Kemeny, Morgenstern, and Thompson have proved that such an
equilibrium exists (but may not be unigue) for every technology
fulfilling (i) and (ii), i.e., there exist x,y,> and B such
that (1) to (5) is fulfilled. In this state of balanced growth
% = B > 0, hence a = b, which is a special case of Sir
Harrod's famous equation g = s/% , the "warranted rate of
growth" equals the savings ratio divided by the capital out-
put'ratio. In the case of no saving of workers this equation
reduces to g = 5.9 the warranted rate of growth equals the
capitalists' saving ratio times the profit rate. In the KMT-
Model g corresponds to a and ¢ to b and s =1.

Another famous result of Kemeny, Morgenstern, and Thompson is
the dual rélationship of & and B. If there is a unique &, it is
at the same time the highest technically possible expansion
rate and the lowest interest factor, which makes a profitless
system of prices possible. If the & is not unique in all
solutions, the highest and the lowest © have the two properties

respectively.




The proof proceeds by game theoretic terms. In exactly the
same way we will proceed in proving the existence of a state
of balanced growth in one of our generalized KMT-Models in the

next section.

2. Morishima's Model

Morishima's model is a threefold generalization of the KMT-Model:
Labour is no longer assumed to be available in unlimited supply,
workers and capitalists do save and consume in positive amounts,
and consumption depends on relative prices and real wages and
profits. Morishima has proved the existence of a state of balanced
growth, where the expansion factor of the economy equals the
growth factor of the labour force, which is assumed to be a

canstant.

Let us first fix the notation and give the basic assumptions.
A, B, x, v, ¥, B have the same meaning like in the KMT-Model.
L ist a column vector, where li denotes the labor input in the
i-th process.
gz,is the "real"™ wage, it is the money wage divided by the sum
of the prices. In order to get low weights for the prices
of non-consumption goods, the unity of a non-caonsumption

good must he small relative to the unity of a consumption good.

S and c, are the workers savings consumption retios respectively.
Similarly s and c_ are the savings and consumption ratios of

the capitalists.

E is the sum of all profits and it is assumed that workers and
capitalists share E according to their savings. Hence, if Ey
denotes the workers share and EC the capitalists share, we

have the soc-called "Pasinetti formula':




i

It is assumed that £ exceeds W, where W denotes total
wages, because otherwise the € Y go-called silvery equi-
librium would be of the anti-Pasinetti-type, where Ew equals E,

i.e. workers could get all profits.

Workers, as well as capitalists are assumed to have similar
and homothetic utility functions, hence for deriving demand
for consumption purposes we can treat the labour force as
one big worker and the set of capitalists as one big capitalist.
Homothetic utility functions have the property that income
elasticity is unity for all goods. Furthermore, we make

the usual assumption of diminishing marginal rates of substitu-

tion between goods in all directions.

These assumptions and the normalization of prices give us two

gquations

BJ=gJ(y1y -~',.y) (W+EW),

where ej is the workers demand for the j-th good and gj is the

Engel coefficient for the j-th good.

Similar, denoting by dj capitalists demand for good j (for
consumption) and by fj the corresponding Engel coefficient,

we have

d. = f.(y,y «.v, )E
j 3 Yy y

All Engel coefficients are assumed to be non-negative, finite

and continuous for every non-negative set of normalized prices.
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Further on the following equations must hold

{!
["*' =
-@j(y1, -.-,yv)y- c

J n -] W

— |

Zeif (Y., wee, ¥y ) = c_, which follow from the budget constraints.
j 374 n c

& -~
W = EZ,{f lixi = $2.xL, &< being the real wage rate

m
4

P

E = (B-1)[xAy + xbéL]

If gly) and f(y) denote the corresponding (row) vectors to
gj and fj and if we assume the labour force to grow at a
constant geometrical rate @, we get six conditions for

balanced growth (silvery equilibrium):

P 3 s ? 7
(1) xB Z & [xA + xS& L {8 _g gly) - Sw_s Fy)f ]+
C W C W

+(B-1)(xAy + xJtL)f(y)
(2) xBy = Ey + (B—1)CC] (xAy + xS L)

(3) By £ B(Ay + 82L)

(4) xBy = Bx(Ay + §2L)
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(1) to (4) are the familiar conditions of non-negative excess

_supply, absence of supernormal profits and the rules of free

goods and profitability prevailing. (5) ,also familiar, demands
that something of positive value is produced and (6) assures the
absence of unemplkyment, if - which is a necessary condition for
all balanced growth models, the initial conditions are right.

In the case of equation (6) this means, if there is no unemploy-

ment at the beginning, there will always be full employment.

Michio Morishima has proved the existence of a state of balanced
growth, i.e. a state of silvery equilibrium, if two further
conditions hold: labour is indespensable for production of
commodities, each good can be produced and g must not exceed a

certain value.

In the KMT-Model we had &%= B. Since now there is capitalists'
saving the new relationship is (x-1) = (B-1)sor from (6) (?—1) =
(B—1)sc. Again it can be shown1> that this is a special case of

Sir Harrod's famous relationship g = s/K.

1) Let Y denote national income, K capital and C total consumption.

B-1 is the return of capital, hence B-1 = %. Since E = Ec + EW,
we have sCE = ScEc + sCEW. From the Pasinetti formula

W Ec
SW(W+EW) = SCEC follows ScEw = SW(W+EW)’ hence sCE = ScEc +

+ s (W+E ).
w w

. 5
But this is total savings 5, giving s.= E° Hence g-1 =

Im

S _32 _8 _ o/
:E:K-—Y—S/,yo

Py
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I11. KMT-TYPE-MODELS INCLUDING EDUCATION

1. The Basic Model

In this section we will develop models including education,
which can - by use of simple algebra - be reduced to the
formalism of the KMT-Model, although, of course, it will
differ in the interpretation. We are in the happy state,
being able to use a method widely used in mathematics and
other formal sciences: to solve a new problem simply by

reduction to a soclved one.

We can divide the economy of our model into two interdependent
sectors: one sector being the realm of production of goods,
corresponding to the models of a pure commodity economy;

the second sector is the educational one. In both sectors we
assume the technology to be linear and hence we will describe
it by input matrices and output matrices. In this section we
assume uneducated labour to be free available and that the
wage for uneducated labour is included in the commodity input
matrix, i.e., each uneducated worker gets for his wage commcdities
in fixed amounts. By wage we will mean throughout this chapter
the money paid to an educated worker on top of his basket of

goods.

Throughouf this section we make use of the following assump-
tions: Linear technology in the production as well as in the
educational sector. No consumption by the capitalists.. The
wage of educated workers has either to be paid to capitalists
for crediting the costs of education or is saved and used for
giving credit, i.e., the worker is partly a capitslist in the
second case. Workers getting educated do get the same wage.
they would get if they were working. This is rather an opera-
tional assumption, because we could dispose of it and subtract

the wage (and the interest on it, if paid at the beginning
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of the production period) from the price of education. Uneducat-
ed labour is assumed to be free available and all people have

1)

the same abilities and faculties. It is assumed that it is
possible to group educated labour such that every group con-

taines a homogenous type of labour.

It is assumed that wages are paid at the beginning of each
period, but it will be shown that this assumption has only
a minor effect on the solution: only the relation between wages

and prices of education changes by a discount factor.

We further assume that there are perfect credit possibilities,

so that every worker gets a credit for his education costs.

On top of this we assume for our first model: People live for
ever. There is neither education by work nor is there output
bf commodities (as by<products, or, more important, depreciated

machines and buildings) in the educational sector.

Let us start by explaining the symbols used:

The production sector:

input matrix for commodities A1 of order Lm1 X n1)
input matrix for educated labour L, (m1 x n2)
output matrix of commodities B1 (m1 X n1)
activity vector for the production sector x (1 x m1)
price vector for commodities y1 (n1 x 1)
The educational sector:

input matrix for commodities As (m2 X n1)
input matrix for educated labour L2 (m2 X nz)

(used for work)

1)

Equivalently we can assume that there is no scarcity of
abilities and that everyone's abilities are known.
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" preceding period. Further we

Al

input matrix for educated labour L3 of order (m2 X n2)
(getting educated)
(Note that non educated workers not getting
educated are included in As indirectly)
output matrix of educated labour B3 (m2 X n2)1)
activity vector for the educational 2
sector  x (1 x m2)
2
price vector for education y (n2 x 1)
The wage vector is denoted by w, order (n2 x 1)
x1 and x2 are normalized such that
m m
1 q*g 2
: X, *+/, Xi = 1
i=1 izt '
Similar y and y2 are normalized such that
n n.
("1‘ y1. + ;éi y2. =1
et J S~ J
Jj=1 j=1

The expansion and the interest factor are 0Land B respectively.

For a state of balanced growth, or an equilibrium as we will
call it in this context, we demand that neither goods nor
educated labour can be used in amounts exce=ding the correspond-
ing available amounts, i.e., the amounts taken over from the

demand the absence of supernormal

1)

Note that the concept of activity analysis allows to include
drop outs very easily, they appear in B, as outputs of the
degree of education they have reached. ?he unrealistic point
in using this concept for educational activity is the assump-
tion of linearity, i.e. that a process can be used at any
level without altering the proportions of the inputs and
cutputs. This implies, to give a drastic example, that if

we need one classrcom and one teacher for, say 35 pupils in
gelementary schecol, we can use a process, which has as inputs
one half of a classroom and a half of a teacher and as out-
puts 17,5 pupils.
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profits and the rule of free goods and profitability being

valid. This leads to the following equalities and inequalities:

Yl A, £ kB

(1.1) ax 1

availability of goods

2 1

) s x2B2 + x1L + x2L

(1.2)0«1L14-&x2(L 1

+ L

1 2 2

Since people are assumed to live for ever, available

educated labour consists of educated labour used in the

last period (x1L1 + sz

in the last period x2B2.

The rule of free goods demands equations (1.3) and (1.4):

(1.3) i>(><1A1y1 + G<x2A2y1 = x B1y

1 L 2 2 1 2 1)
(1.4) otx L1w + (K X (L2+L3)w_'x BZW+ X Lfm+ X L2w
1 > 1
(1.5) BA,y + BL,w = B,y
1 2
(1.6) BAZy + B(L2 + L3)w £ p

2) and educated labour "produced"”

where p is a column vector for the (gross-)earnings of

each process in the educational sector. We will soon be

able to express it in terms of B2, L, and y2

3

(1.7) Bx1A1y1 + Bx1L1w - y1B1y1

(1.8) Bx2A2y1 + Bx2(L

(1.7) and (1.8) are the formal expression of the rule of

bility.

2
T) It would also be logically correct to take y instead
and this would make things even a little simpler. But
opinion the more fundamental relationaship is that in

profita-

of w
to my
W,
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Two highly connected problems must be solved: what is the re-

lation of w and y2 and what is p?

In this section wedp not.ha\/e a CDHSUI’UptiOﬂ aspect of edu-

cation. Since the productive power of education is somehow ex-
pressed by the wage of educated labor, we expect, the price of
education to be dependent on the wage of educated laebor. Certainly,
the price education of, say, type J y? will be zero, if there is
an excess supply of educated labor of type j, which, in turn,
implies w, = 0. In a world of perfect competition, where people
are not distinguished by different abilities, cosfs of education
must equal discounted differential life time incomes. This is
known to everyone informed about the field of economics of
education. Of course, this can only be true as long as we deny
the consumption effect of education. Hence, we will get different
results‘in the next section, where we do assume that at least
some kinds of education do increase people's utility, ie., we

take care for consumption aspects of education.

But now we only care for the production aspect of education. Hence,
in order to equate supply and demand of educated labor, education
prices must be equal to differential lifetime incomes, discounted
at the prevailing interest rate. If the price were higher, no

one would want to get educated, since it would result in a finan-
cial loss and vice versa in the opposite case, if the price were
lower. Hence there would be excess demand or excess supply of

educated labor respectively.

Hence, we have W = y2 for 3> 1. If B =1, the discounted

3-1
%%fe time income

1]

/. Bw does not converge and we are in trouble. But there is a
B=1
way out.

i

If Bw (B—1)y2 holds, hence if B » 1, we will show that = 8
holds in a state of balanced growth. Hence, to each equilibrium

o > 1 there corresponds an .equilibrium B > 1, which shows that
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if B £ 1 then {xé 1. But if ¢ z 1, we don't need any education,
since people live for ever by assumption. x2 becomes zero,
since wj and hence yj would be zero, if x? is positive. Hence

we have

(1.9) Bw = max L(B-1)y%, 0]
Another interpretation of equation (1.9) is also possible. What
are the costs of education per period? Obviously they are the
interest charges on the price y2 and since the credit for y2
has to be taken at the end of the education period, which is
the beginning of the first period with the higher wage for the
worker the costs (B—1)y2 accrue at the end of each period,
starting with the first period after education. Since wages

are paid at the beginning of each period, the financial ad=
vantage of education for the worker is his wage-value at the
end of the period, hence it is Bw. In equilibrium financial

loss (B—1)y2 must equal to financial win Bw.

Now we easily recognize, what would happen if wages were paid

at the end of each period. We would have w instead of Bwvin
equation (1.9). But also we would have w instead of Bw in (1.5) -
(1.8). Since for every B > 0 we can multiply (1.4) by B, we

will get the same equalities and inequalities, if we substitute
(B—1)y2 for Bw or for w respectively. Unly y2 expressed in terms

of wages changes.

So far we have only treated education of uneducated labor.

If we denote discounted life time income of an eduacted worker

of type j by E(Zj)’ we know that E(zj) = y?. What is the price

of educating an educated worker, say from type i to type j7
Denote this price by yij. By exactly the same arguments used

for equation (1.9) we must equate differential costs to differen-

tial income. Hence,




-18-

2 2
Vij = E(zj) - E(z,) = ¥i =Yy

We can interprete this result in the way that the educating

institution gets y? for education up to type j, but has to pay

yi , ‘if the worker was educated up to type i already. It is

the same, as if the educating institution paid the value of
education, the worker has already received, and than gets paid
for the whole educational level the worker has reached,
Obviously this makes round about ways in education improfitable.

2 2 2
from Vij = U vy follows

2 2
(1.10) p = By = Lqy

The rest is easy, we have now done most of the work. All we need
to do, is to substitute (1.10) in (1.6) and (1.8) and (8-1)5 =

— Bw. For this substitution in (1.4) we must assume B 7 t, but
since as we have shown {1.4) and the whole educational sector

is not relevant if B = 1, this does not cause any troubles.

From a purely algebraic point of view we could take out y2 of the
inequalities and equalities as well. But in that case we would
not arrive at the KMT-Model. The corresponding two person game,
a zero-sum-game in the KMT-case, would be a two person non
zero sum game, and Thompson's proof for the existence of an

equilibrium would not be applicable.

The simple algebraic give:

(1.1*) C"’\E(1A1 + XZAZ:‘ —i—'><1B1

* ol 2 7 1 )
(1.27) 0<[’x L1 + X (LZfL3)_J = X L1 + x (B2+L2)
(1.3*) o(rx1l\1y1 + x2A2y1:} = x1B1y1

1) Negative values do not matter, because we assume that there

are no processes producing something by taking out education,
i.e,, by destroying it, of workers.
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2 [ 1, 2 .2 2}__ 1 2. 22,0 0 .2
(1.47) Cﬂ; X L1y + x (L2+L3)y = X L1y ¥ (B2+L2)y
(1.5*) B A1y1 + L1y2 ] zZ B1y1 + L1y2

Ky o, 2 2 2 2

(1.7

) x1/-\1y1 + x1L1y2 :]: x1B1y1 + x1L1y2

(1.8%) B{ijAzyz + x2(L2 + La)yz] = x2B2y2 + x2L2y2

Define now the matrices A, B and vectors X,y3

A L B, L
ao| 1 ] 5 ( 1 J
As L2+L3 | O E32+L2

ro 1
1.2 y
x = (x x7) y = 2]

-
We have E x =1 and. L‘y

We assume (i) and (ii) similar sectionifor A and B. This

Il

means (i) every process uses some input (commodities or educated
labor). Since each worker gets a commodity basket every row of

A1 has at least one positive entry, if we assume that every

process uses some work. (ii) every good can be produced and any

1)

kind of educated labor is attainable. i.e.every row of B2

has at least one positive entry.

Hence we demand, that every kind of education standard can be
reached, i.e., every column of B_. has at least one positive
entry. For the KMT solution we wbuld need this property for B
only, but then, if L contains unattainable educational standards,
this may force the system to have an ¢ as low as 1. This comes
from the fact, that L, and L, occuring as outputs in B are in-
puts as well, hence i} we wafit to increase this output we must
increase first the inputs, which would be impossible, if we did
not have other processes producing thee outputs without using
the same amount of inputs. This makes it clear, that, in fact,
the v.Neumann path could never he reached, if there are
unattainable educational types used on this path. Hence although
there could be balanced "growth" at oK at most 1, the initial
state for such a growth could never be reached, ’




™

f

~20-

Finally let us demand that the economy contains something of
positive value at the end of the period, i.e.,

*) 1 1 1 2 2

(1.9%) x'By| +x'Liy" + x2B2y2 +llyS >0

Making use of A, B, x and y we get:

(I.1) X xA & xB
(1.2) X xAy = xBy
(1.3) BAy 2 By
(1.4) BxAy = xBy
(I.5) xBy>0D

Hence we have reached our aim: the reduction of our model to a

model, which is formally a KMT-Model. Arrived at the island,

we have been looking for, we do not need to bother about proofs,

we can build upon earlier work. There exist &,B,x,y fulfilling
(1.1)-(1.5). Also we have &= B >o. By equation (1.9) we get
the wage vector if B >1. In the case of B8 £ 1 we get x2 = 0,
since the educational sector is not used. Hence, if we make

2

w =y = 0, we get

(1.1") C(X1A £ x1B

:
(1.2) &x'Ay' = "By

(1.3') BA1y1 2B,y

(I.4") Bx1A1y1 = x1B1y1

1
[wa]
«

(1.5') x'Byy' > o

The system (I.1') - (I.5') is a KMT-Model because it fulfills
(i) and (ii). Hence, since (I.1') - (I.5') is a possible state
of (I-1) = (I.5), there exists a state of balance growth in

all cases.

Before developing a little more sophisticated models, let us

have once more a look at our present one.

A and B are "general' input or output matrices respectively,
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they include both sectors. We notice, that educated labor,
although used in both sectors, is not used up. People live
for ever and work for ever, in fact, once we have a certain
kindoaorker, we have a certain amount of work of a certain kind,
and since technology and hence economic demands on education
do not change, this amount of certain work will always have a
certain effect in the economy. Work is given, once we have the
worker, and hence work does not appear as a production factor in
our model. Instead of it educated labor appears as catalyst:
it is an input, needad at the beginning of the period, and at
the end of the period the same manpower turns Qp as an output,
Another point of interest is that of the relations between the
two sectors, the goods producing one and the educational
one. Let us assume, that ¢Xand B are greater one, since we
already know, that in the case ofa(é 1 we have the trivial case.
Since for every worker the wage is the discounted interest
on the price of his education, this must hold for the economy
as a whole as well: the sum of all wages is the discounted
interest on the stock of human capital (if we narrow this
this term to education for simplicity)lOr in another formulation:
The wage sum plus the interest on it, i.e. B times the wage
sum equals the interest on human capital. Obviously the factor
3 comes from the assumed time of wage payment. If wages were
paid at the end of each period, the wage sum would equal the
interest on human capital. But not only this stock - flow
relation can be derived. The total wage sum, denote it by W,

1

. _ 2
is W = x L1w + X (L2

(1.8) after substituting B2y2 - L3y2 for p (from (1.10), we
get: BW = szzyz - x2L3y2 + x1B1y1 - B(x1A1y1 + x2A2y1)

But since X = B, this reduces to BW = szzyZ - x2L3y2 because

of (1.3) .

+ L3) w. If we add equations (1.7) and
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Hence the value of the wage sum at the end of each period
(wage sum plus interest on it) eguals the value produced in
the educational sector. (For simplicity, we have no commodity
output matrix in the educational sector. This means, there

is no capital transferred, all capital is used up. But there

is no difficulty at all to include such an output matrix, we

‘only have to replace the zere matrix in the lower left corner

of B by a commodity output matrix, say BB' This will be done in
the following models). Hence the wage sum, or more correctly
its value at the end of a pericd, corresponds to stock and

to flow values of education. The connection to the stock

value, the interest on human capital, can be interpreted as an

1)

equality of investment in education and savings out of wages.

The equality of the flows enables the balanced growth, both
sectors have one common expansion factor ¢ . This is the reason,
that,as follows from (1.3) substituting B for o, the value

of the commodity inputs at the end of the period (i.,e., value
of inputs times B) equals the value of the output of the

goods producing sector,.

From (1.4%) follows the expected equation

2

1 2 2 2 2 2, .2
1 - = - :
(1.4') (B 1)v{ X L1y + X (L2 + L3) v ] X Bzy X Lay

where the second term on the left hand side of the equations

is the stock of human capital and (8-1) interest rate. Hence,
as the two discussed equalitiss concerning the wage sum times B
imply, the value of the output of the educational sector

(net of value of transferred work x2L3y2) equals the rate

of interest on human capital.

1) Since the differential wages cannot be spent by the
worker but have to be paid back for received education,
they are savings.
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Finally a Marxian interpretation of equation (1.9) may be

. 3-1 z B3-1
iven. From (1.9) we have w. = —y, ¥. . =75 y.
9 » J B Yj J B Y;

can be
interpretated as "costs of reproduction" of work of kind j
falling on one periods share. Hence wages equal the cost of
reproduction of labor, a wellknown proposition of Marxian
economics. This is not at all surprising, since the world
of our model is a producing system, nothing more, and hence

the value of education must be exactly its value for

production, which is, in turn, the wage.

We know from section II. that the solution of our model is

not necessarily unique. Kemeny, Morgenstern and Thompson have
investigated some properties of the model in the case of
non-unigque solutions. Their results, modified according to

our interpretation of the A and B matrices, ae fully applicable
to our generalized KMT model. These relations are e.g.those
proved in section 6 of the KMT paper The sxistence of sub-
geconomies " and the properties aof th; maximum respectively

the minimum &, being the technically maximum possible

expansion factor and the minimum interest factor for a

profitless system respectively.

One point more may be of interest, What happens, if the
"learning workers"”, represented by x2L3 do not get any

wages or wages different from the wage of "working workers"?
Obviously this is no contradiction to our theoretical model
of competition (like e.g. different wages for working workers

of the same kind or different prices for the same good

1) If there are two equilibria with different Ks, then
commodities produced in the equilibrium with the larger
o are free in the one with the smaller ¢X. Processes
used in positive amounts at the smaller &« are not used
in the equilibrium with the larger ¢,
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would be) as long as discounted life time incomes do not
differ. (Since consumption is fixed the time preference rate
must egual the interest rate). The answer to our question is
that it does not change anything. Losts of education includes
price and incomes foregone. If the educating institution

pays no or smaller (or larger) wages for the students, we can
add the wage or the wage difference resprectively on both
sides of the profit inmequality and profit equation. This

will give the " augmented price", which equals costs for

the individual. For this " augmented price" all equalities

and inequalities of our model hold.
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2. Further Generalizations

People do not liva\?or ever and they do not work all their
1ife time. Workers iéarn by working and the educational sector
has a positiﬁe commLaity putput, at least the output of real
input capital, depreciated for one period. These facts we will
now put into the model developed. In order to avoid confusion,
we will do this in twa steps, in the first taking account of
death and retiring as Qell as of the commodity output of the
learnini

educational sector. The second step will be to include by doing

into the model.

We assume; that during a?period there is no change in the labor
force for each type 3 ofieducated 1abor, there is 2a numbexr

Y’j & 1, which gives th@ percentage staying in WDIka1) Hence

1 - Y& is percentage Dfilabor of kind J, which is not in the

labor force at the beginning of the next period.

Define the (diagonal) matrix G by

3(1 0 ... 00 ( ij can be interpretsd aa a
G = Q;{E;;:;’QQ transition probability in a
00 ...0 \(nz Markoff process.)

By the matrix B3 we denote the commodity output matrix of the

educational sector.

Notation and normalization concerning the symbols already usell,
anc
have not changed. We ctill assume (i) and (ii) demand,

that something of positive value 1is produced.

The main problem, caused by the fact, that G is not equal to
the identity matrix, is that of establishing the relationship

between w and Y- In deriving: this relationship we will find,

1) Note that thisg implies, that there is no variance although
we will use probabilities.
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that G depends on K, which makes it impossible to reach firm
ground in form of the KMT model, since our matrix corresponding
to B of the KMT model will depend on & . But fortunately we
will recognize, that we can use Thompsons proof, if B is a

continuous function of &X .,

Let us concentrate on labor of type j. Each worker has an age
of a certain amount of periods. Denocte the amount of the
youngest ones by N1, the amount of those one period older by
N2 and so on up to an uppar limit, say Nr' The amount of all
workers of type j denote by N. vaiouslyz:r N' = N,

By p; we denote the probability, that a Xleer out of NV still

works in the next pericd. We have F. = 0. 1—pr is the

probability of dropping 94t of the labor force for a worker

of group Nv' From those definitions follows \fj N =) T vav,
v=1
hence T
N\
3 r
- = !
(2.1) ¥y = § %;1 PNy

For the pv's we make the assumption, that (iii) for all kinds
of labor the p,~S are non increasing,

. <
i.e., P =P, for all v.

v+

Further we have

E[‘zj:]= W + P1ow, o+ PAPow o+ i+ PPR Py W

hence if we define Pq

~ - r
1 1
(2.2) EL_Zj- = wj I; Gv—1

.T.
v=1 i=0

If e economy grows at a common rate of (X -1)

P
_ v
(2.3) N\[+1_:R— N\/ ‘FDI‘ all vV = 1,... ’ I‘-1
& 5
Hence [y vav - {X‘L_‘! Nv+1
v=1 v=1
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Since Nr+1 =0 NV+1 =N - N1, which gives together

with (2.1) Yj =of 1 or

(2.4) (o -¥) N=-okN, 1)

From (2.3) and N = N follows
v=1 v
P
sy N=Np L gvTi it P

We demand like in our previous model
2 ,
(2.6) . = E[z.]
yJ J

We now proceed in the following way:

we demand that O(= B8 and derive the relationship between w
and y2. This is of course, an unjustified condition for an
equilibrium, but as we will find out, the condition is
superflumes, since o= B will be an implication of the other
equilibrium conditions. Since we do not aim to prove
unigueness of the equilibrium, but only its existence this

is a feasible way of proceeding. Hence we demand

12.7) X =8
From (2.2), (2.5), (2.6) and (2.7) we get
N

N= — .2, multiplied by (8- ¥.) this gives (B- ¥.) N =
Wj j 5 J J
. ¥
= (B~ X}) N1 —;l—- , which, in turn, because of (2.4) and
J

1) An alternative proof would be:

(X =1) SN = (= XN e growth rate of the economy
N

equals the growth rate of the labor of type j available.

That implies (2.4). The proof is simpler bur less

illustrative. :
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2
Y]
(2.7) implies BN, = (B- ¥ .) N , hence (2.8) BW, =
1 j T W, 3
J
\ 2 2 £
= (B- ¥.) v." for B8 > ¥ . and w, =y, =0 for B = b o
ys’J yJ ¥ J J yJ J
This must be true for all j =1, ...., m hence we can write

19
(2.8') Bw = (BI -G ) yjz if B > Bﬁj for all ;

If G = I we have (1.9)

In order to keep w non negative we demand

(2.9) w. =0 if (B - ¥) & o
j j

Our problem is not solved completely yet, because we allow

for educating educated labor. Hence we must find a relationship
for yijz’ the price of education from step : to step i We
demand yijz to be equal to the discounted expected differential
income, hence y..2 = E[jz.]-— 3 (E’—z..]— w.), where the

ij 3 _ i i
second term is the expected income of labor of type i after
one perind., The rest is easy. Because of (2.6) and (2.8) we
2 2 2

2 2 . 2
have Yis = V¥; - By;” + Bwy =y, - By,” + (B - ¥i) y;© =

2 2 2 2
= yj —Zzy i,«henge (2.10) yij = yj - Eﬁiyi
We are now in a position to formulate the model. The equalities
and inequalities are the formal expressions of our familiar
equilibrium conditions. As we have already discussed, we need

to add the pseudo-gondition K =B.

(2.11) o ><1A1 + o<x2A2 —_‘-"><1B1 + ><283

(2.12) o« ><1L1 ¥ &Kx? (Lyrl) - x°B, + x11_1G' + XZLZG

(2.13) &« x1A1y1 + X ><2A2y1 = x1B1y1 + x2B3y1

(2.14) o€ x Low + o(x2(L_+L.) w = x°Bow + x L, Gw + x°L_Gw
1 2Tk, 2 1 2

(2.15) f3A1y1 +8 Lyw 2 B1y1
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1 > 1
(2.16) BA,y + B (Ly+ly)w =p + By
(2.17) BX1A1y1 + Bx1L1w = ><1B1y1
2 1 2 2 2 1
(2.18) Bx Azy + Bx (L2+L3)w = xp + X BBy
(2.19) Bw = (BI - G) y° and w, = o if (6- X*j) o

(2.20) o€ =

On top of this we demand for an equilibrium, that something of

positive value is produced: x1B1y1 + x233y2 + x1L1Gy2 + x2 (B+

> 2
+ LZG)y > o,

The next problem to be solved is the evaluation of p in (2.16).

If all workers getting educated stay in the labor force because

of (2.10) p must equal 82y2 Lg% 2

38y . If people die after

1) B. is the commodity output matrix for the educational
sector. If no goods are produced in that sector, i.e.
no "by-products", then B, contents just the depreciated
input goods. Hence in thé case of no by-products

XZA y1 - x2B y1 is the total depreciation of capital

in “the educ&tional sector.

2) Let n, ? be the amount of workers getting educated from

typ i to typ j in the h th process and let ph be the earnings

for education of that process. Then p,_ = LJ .h y..2
h ij 13 ij
where n. is the number of

i= 1 e e I aﬂd j = 1 "’nzi 2

education types.
]

% v > T 'h
p, = &4 o " V. 2 _ L oph (y.2 —Y‘.y.z) = L ( L_J n..)
he, i lJ ij ion ] ivd 3 ij
5"0 s"& h }-r b 3 “\
= L I - i [ : g
I ( X’iyi 3 nij) But —JJ Ny 1,.7 of L and % i

. b . .
5» since EZnij is the amount of workers of degree i, which get
educated to any other level in proecess h and similar
Zj ni.h is the amount of workers educated up to level J

i ’ / 2, 2 2‘ 2 3
: = L R
from any former degree. Hence Ph E yjbhj =Yy kpilhl

2
- b
(E2 Laﬁ)y .

it

for all h, which gives (2.21), p

s

Tk
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their education, we assume they die always in fixed proportion
(represented by A BZ) and hence we can include their death in
the technology: they do not occur in BZ although they appear in Lj.
In this case we must assume, that the educating institution has
costs ZX]BZ.yZ, which means that the dead workers are an input

of the process of education. On the other hand our assumption is
based in the other assumption, that the dead workers also had

to pay their education price. Hence effective "costs" are

A B2y2 - ﬁ}BzyZ —~Z§L36y2) = £3L36y2 It is possible to
developed a model, where these rather strange "costs" are
excluded by paying wages to workers getting educated different
to the correspondings ones of working workers, but I doubt.

that it is worth while to spend room on it in this paper. It
seems to be rather a minor point ,especially since we have
already discussed, that different wages for workers getting
educated relative to "working workers" does not imply a

completely different model.

Laﬁyz, call it "+taking over costs" , is the amount the educational
institutions have to pay (to the worker or his creditors
respectively) if they claim Bzy2 as payments for

education. Hence if we assume, people in education do not leave
the labor force at the end of that period (or that the educational
institution has to pay the "taking over costs" for such people

as well) we can state:

(2.21) p = B2y2 - LaGyZ, which gives

1 > 2 2 1
b = -
(2.167) BA2y + B (L2+L3) w = Bzy LBGy + Byy and

2 1 2 2

2 B 2 2 2 1
(2.18) Bx Aoy + B x (L +L3) wo= x"Boy - x LaGy + x" By

2

Before doing the algebraic, we show, that G is a continouos
fuction of & . This is the case if and only if all Xﬁj are

continuous functions of .
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N - N1 ; N
From (2.1) and (2.3) we had Yj =a<--——N--—-—-= (,’("'v( —-N—1
which together with (2.5) gives
XP =} 1 - 1 hence
j T 1 v—1 ’
z:tx : Ty
Ty=1 i=o
B 1
(2.22) ¥. = 1 - ! for § = 1,00, n
J T g v=1 2
—=T 1 »;
v=1 & i=0

Hence G is a continous function of &, since for v=%<l_1 P, = 1
In the case p; = 0, completely new education is necessary in
every period. In that case - as can be shown - the KMT model

can very easily be dsrived, but there is no mlevance in it.

We are now ready, to convert our model into one similar to a
KMT model. The only difference is cantinous dependence of

B, the input matrix on L.

From (2.8) to (2.21) follows:

1 2
5 X B1 + X B3

(2.12%) o<><1L1 X2 (L+L) <2

N

(2.11%) dx%1+mx%

1 2
L G
o1l X B2 + X L1 G + x 5

(2.13%) &« x1A1y1 + X x2A2y = ><1B1y1 + x2B3y1

(2.14%) o« x1L1y2 + o(xZ(L2+L3)y2 - x2B2y2 s x'L, Gy2+x2LZG¥2
(2.15%) BA1y1 + B L1y2 2 qu1 + L1Ey2

(2.16") BA2y1 v 8L, + La)yz 2 B2y2 L Gy° + B3y1
(2.17%) Bx Ay + Bx'L,y° = x'By <L 6y?

(2.18%) 8 ><2A2y1 + B x2(L2+L3)y2 = x252y2 + xZLsz2+ x2B3y1

B 2 2
(2.19% [_x B, +x ’B ily1 + L.x1L1G + X (B2+LZG{]y > 0
(2.20)
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Inequality (2.19*) demands, that something of positive value

is produced,

We now define the matrices A and B ( &K ) - the X denoting

the dependence on X~ and the vectors x and y :

I

(%)

y y°

B depends on &X, since G depends on &X. We have already
proved, that this is a continuos dependence, hence B depends
continuosly on o€ . G does not occur in A, hence A is

independent of e . The equilibrium canditions can now be

written in the forms

(I1.1) oK xA < xB( X))
(11.2) A xAy = xB( X))y
(11.3) . BAy z )
(I11.4) BxAy = xB( &K)y
(11.5) xB(X )y > o

(2.20) K =B

From (II.5) follows xAy > o, & =g and B8 >o. (II.2) and
(I1.4) imply & xAy = BxAy, hence & = B . Londition (2.20)
is superfluos. A state of balanced growth is fully described
by (II.1) to (II.5)
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Next we want to show, that there exists a state fulfilling
(II1.1) to (II.5). Our proof follows exactly the route of
the proof for the KMT-model. “

We will proceed as follows: First we define M =B (X)) - £A
and show the equivalence of (II.1) to (II.4) to a zero-sum-game
with the payoff matrix Mo< and &K such that the value of the game
v (M ) equals zero. Next we show that v (M 0() depends
continuosly on ¢and that for some X (M ) >0 and for some

Xy (MO( ) ¢ o for X and & both positive. Hence there must be
an QX*: such that v (M X ) = 0 and the existence of a solution
for (II.1) to (II.5) is assured, if we show, that for at least
one &< xB( X )y > o holds,

Define My = B{ g€ ) - XA. We rewrite (II.1) to(II.4)
(I1.17) 0 =x Mg v

(I11.2") B = x Mg vy

(11.3") 02 My y

(11.4') 0= xMyy

Obviously this corresponds to a zero-sum-game, where Mak is the
payoff matrix and x and y are the probability vectors for the
strategies of the maximizing (controling the rows) and the
minimizing (controling the columns) player respectively.
LBemember that x and y are normalized in such a way that

%4 x. = 1 and E y; = 0, and, of course, activities and prices

i
must be non negative, hence X, i o ¥ i and yj >= o ¥j)

From game theory we know, that for every Mg , there exist x*
and y*, such that xM ¢ y* £ 3w o y* = x Mg y holds and
x*MO( y* =V (Mo( ) is called the value of the game M, and
x*, y* are optimal strategies. The optimal strategies may not
be unigue, but in the case of a two person zero-sum-game, the

value of the game v (M ;) is unique.

It has been proved, that the value of a matrix game depends

contionuosly on the elements of the payoff matrix. Since the
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elements of M o depend continuosly on ¢X, we know that:
The value v (Mg ) of the matrix game depends continuosly an &,

Because of (i) and (ii) we have:

for every i there exists a j such that aij > p and for every
j there exists an i such that bij > o , where A = (aij) and
B( X ) = (bij)' It can be shown that this implies V (-A) € O
and v (B(eX))> o ,

For simplicity we denote v (M, ) by viex)., If &= 0,

Mg =5 ( &), hence v (o) > o . We have now to prove, that
for some &, large enough, V ( Q(_) £ 00 holds. In a matrix game,
the value v cannot decrease, if we increase some af the
elements of the payoff matrix and do not decrease any of the
elements. Hence if M = M, we have v (M2 v (M), We know that

G (e¢) S 1, I being the identity matrix, hence if we define

we have B2 B ( ¢X) and B is independent

wel}
1l

B3 BZ+L2

of & and fulfills (ii). Define M = B - oA, It has been
proved, that for any A and B fulfilling (i) and (ii) and being
independent of &, there exists an X | large enough such that
vl ) £0. Sinceﬁ‘gB(O(),,Mo(é‘Mo(,hence
v(l\"/i;:)>= V(M o ). This gives 0 > v(M g ) 2 v (M ), hence
we have proved, that v ( o¢) <0 for a lz;:ge enough ;ositive «<.

e

Let us summarize: v ( X)) >0 for X=0 and v () <0 for a

certain © >0, Since v ( <) is a continos function of O,

there must exist at least one o<*, such that v ( «*) = 0.

We still have to prove, that there exists an C(*, ‘giving
vi(ie<® = 0and x B ( &)y >0, x and y being optimal strategies
(they may not be unique) for the matrix game Mge*

First, we have to prove, that v (Mg Yy = v(eX) is a
A
monotonically decreasing function of o¢, Let & > X, Then

M&-Mo<=8(¢;\<) _B( o)oK~ X)A
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BU&X) - Bl &) =[ 0 L (6 &) -6(&))
0 L2<u<$<>-e<o<>>
P R C I L1[G<o<>_e§o<>-(o<-o<>1]
- (c;‘(- <) A, - $<- 0()L3+L2LG( &)—G(d)—

bt

A
(X -

Obviously v ( X ) is monotonically decreasing, if
. A A
G (€) -6 (X) £( X~ X)I, which is equivealent to

A A , A ,
)fj(o() —X!j( K )< K- £ for al.'!.:j

X
From (2.22) we know Y = o= 7
J T =
Lowv=t 1 e
v=1 i=o
) A A A
Hence Y. (X)) - ¥y (oK) = - o~ £
J J T 1 v=1 -
YA '
[ 7i
\77——21 ‘7(\/4 i=o
X
- T 1' V=1
\‘ ' .
l pi
v=1 0(\/—1 i=0
: I ¢
From «L > X follows i, = -1 for v 2 1 with the strict
K V=1 v

inequality for v 2> 1. Hence tﬁe first term inside the brackets
has a greater numerator than the second term and a denominator
at most as high as the second term in the brackets. Hence the

expression inside the brackets must be strictly positive, hence
¥ (X)- ¥ L) < &—p( ¥ . hence 6( X )-6( ) -

- g(-— o) I <o, hence Ma( < M hence v ( (::() £ v ( eX).
Again we will use the proof of the KMT model and we will only
pick out the point, where the dependence of B( K) on X
causes differences. From the monotony and v ( &) <0 and

v | &) >0 follows, that the s with v (04*) = 0 farm a

closed intervall, having positive finite and real boundaries.
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Hence QS* $X* 2 5‘(*, where ?ﬁ* and o< * are the lower and
upper houndary respectively. For a fixed &K B (™)

Hence we can use the KMT result, that if v «K*) = 0 and

is fixed.

xB( 0(*)5/ = o for all saddle points (x,y) of M—d(* , then for all j
L (b, (&™) = (&* 4 Cf) a..) = 0 would hold for a certain Q,
i1 i] 1)

where gis a positive numbers 5 > o.

Let us now have a look on B(;(’lf + g Y. From (2.1) we have

[]
Y. = E Ny , where N = ZN . We know from (2.3), that
i p N i
] Vi Vv
v=1
Nv+1 DV Nv+1 . . . X i .
N = <’ hence = is decreasing if increases. Y’j is
Y v

a weighted sum of the P,~8> if X increases, the weights of the
p,S having a low v increase relative to those having higher v-s,
because Nv increases with ¢£. Since by assumption (iii) the
Nv+1

. . . S +h th . < h
p,~S are non increasing wi e v-s, i.e., p .4 = P,» We Nave
the result, that X‘j is a naon decreasing function of 0<, because
the higher weights are connected with at least as high numbers,

Since alle X'j are-nomdecreasing functions of £, G and hence B

is nondecreasing, if o increases.

Hence forxr 8 > g we have:

v

b (xX*+ &) b, (¥,
1] 1]

i‘—;/\ ; - - >

L,xi W, (K* + g) - (™ 5) a;; |= o would hold for all j
or xM ;(——* + §
Let (X,y) be a saddle point of Mg(at% +g , then

— x5 T =&t 8
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Since v ( 52*) =0 and v( ) is monotonically decreasing

v 51* + éf) must equal zera,v ( x* 4 ér) = o, But this a
contradiction to oX* being the maximal «*. Hence to M =*
there must exist §¥§§¥ﬁi (X,y), such that X B( Ezah) y > o. This
completes our proof of the existence of a state of balanced

growth.

Again we can interprete our model straight forwards: A and B

are the generalized input and cutput matrices respectively.

They both contain commodities as well as labor, but now labor

is not just a catalyst any more, since (if G is not the identity
matrix) some labor is used up in production and this "wear and
tear of labor" formally comes in by our matrix G. So, e.g.,we
have L, labor input in the commodity production sector, but

1
the output of that sector is only L1G for labor. The difference
is subject to wear and tear. Having this in mind a look at our
matrices A and B( &X) shows, that the interpretation as general-

ized input and output matrices is very intuitive.

Next let us analyze the relation of the wage sum to the stock
of human capital (we have already pointed out, that by human
capital we mear\only education in this paper) and on the other
hand, to the flow of earnings (gross of costs) to the
educational sector. We expéétto find similar relations to

those of the basic model.

The value of the wage sum at the end of each period is B times
the wage sum. If we denote by 1 the (row) vector of educated
labor available, i.e. lj is the stock of labor of typ j in the

economy, we have _

BW

Blw =| B1I - lG:]yZ = B1y° - 16y° = Bly® - 1y° + 1y°

~16y° = (B-1)1y°+1(1-G)y°

2

BW = (B-1) 1y~ + 1 (I-G) y2
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The first term (B—1)ly2 is the interest on human capital. In the
basic model, where people worked for ever, this was equal to BW.
But now we have a second term in the equation and since (1-G)
corresponds to the rate of workers leawing the labor force

1 (I—G)yz is the value of human capital leaving the labor force.
Again this shows that "wage savings" (confer note 1 on page 22)
equal investment in human capital, giving "total savings” equal

"fotal investment'.
Hence we arrived at a very intuitive results:

The wage sum, discowmnted forward to the end of the period,
equals the sum of two values, the interest on human capital

and the value of human capital leaving the labor force.

The relation wage sum - earnings of the geducational sector for

education is the same as in the hasic model:

1 2
BW = Bx L1w + Bx (L2+L3) "

From (2.17) and (2.18) we get:

BX1L w o+ B><2(L +L3)w = ><1]31y1 + ><2p + ><283y1 -

1 2
—[BX1A,‘y1 + Bx2A2y1 ]

Since K = B and because of (2.13) this reduces to

B W= x2p, the earnings of the educational sector, i.e.,
investment in educations equal the wage sum, if both are evaluated

at the same point of time.

Finally let us have a look on the problem of drop outs, workers,
who do not reach their educational aim , Their ratio is

assumed to be fixed and it is included in the mapping L3 — BZ‘
In fact, technologically, there is no difference, if a worker

of level i is educated to level j by intention or if the intention
was to educate him up to level h, but he could not get so.far.

The risk of failing bears, in our model, the educational sector.

The worker pays only for the degree of education he has
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actually reached, not for the one he was intended to get

educated.

We are now ready to build in learning by doing. Formally this
substituting

is done by L1G, fhe labor output of the goods producing sector

by L4 and LZG by LS' About L4 and L5 we make the following

assumptions, which seem plausible because of the forgoings

L4 and L depend continuosly on X, they do

not decrease if 0(1ncreases and thirdly,

L, 8«)_1_4< Ky 2 (K- oK) 1 and

< 5>
LS(O()—LS(CX)=(0<—O<) 1, ifeXs &«

The equations of our model are:

(3.1) oKx'a + oA, = x'B, + x“By
(3.2) & x' L1 : X x®(L+L,) € x%B, 4 x'L, + xCLy
2 " T T
(3.3) ng A1y + n(x A, = X B1y + x"Bgy
(3.4) O(x L,[w + o(x (L2+L3)w = xZB%w + x1L4w + ><2L5 w
1 > 2 2
(3.5) BA1y + BL1w = B1y + Ldy - L1Gy
1 > 2 2 2 2
(3.6) BAy + B(L, + L) w 2 By” - LjGy" + Lgy" - |1_sz
1, 1 1 1o f
(3.7) Bx A1y + Bx L1w = X B1y + X Ldy - X L1Gy
2 1 2 2 2 2 2 2
(3.8) Bx"Ayy + Bx (L2+L3) w = x"Boy" - x L MEVAE Loy =
2 2 1

- X LZGy + X B3y

<
(3.9) Bw = (BI-G)y® and y§ =W, = 0Ef (8- ¥) =0

(3.10) X =8

1 1 2 1 2 2 1 2 2 2 >
(3.11) x Biy + x By + x By™ + x Ly™ + % Ley 0
In setting up this equations for describing a state of
equilibrium we draw on the results of the forgoing model,

giving us the prices of education and the pseudo condition

(3.10). G is dmplieit in L4 and L5.

We assume, that both sectors get paid for the education of

"working workers".0f course, this must not be explicitely, but
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can take the form of, e.g.lower wages. Conceptually we can
divide the actual wage in the full wage and the charges for
education. It does not seem unrealistic, that a job

giving education, i.e., giving good prospects for high
garnings in the future gets less paid at the present. We can
write (3.5) in the form

1

3 A1y + BL,w - (L, - L G)y2 2 B1y1 and interprete 0 L1w -

1 4 1
2
- (L4-L1G) y as "actual" wage costs,

Note, that the goods production sector may USe a pProcess onlyb
because it brings a return because of the education connected
with the production. Similar aﬁ gducation process - like
already in the previous model - may be used only because

it is so productive in producing commodities. Hence the

. . . sharp
distinction between the two sectors is not so any more.

Substituting (3.9) in (3.4) to (3.8) we can rewrite the

equilibrium conditions:

(3.17) O(X1A1 + C‘XZAZ = x1B1 + x283
* 7 1 of 2 2 1 2
« =
(3.27) £ x L1 + Ax (L2+L3) X B2 + X L4 + x L5
(3.3*> O<x1/\1y1 + O<><2A2y1 = x1B1y1 + X2B3y1
* 1 2 2 2 2 2 1 2 2 2
. « =
(3.47) o€ x L1y + ox (L2+L3)y X B2y + x Ldy + x L5y
* 1 2 > o1 2
(3.57) BA1y + BL1y = B1y + LAy

2 1

n

(3.6™) BA2y1 + B(L2+L3) y

2 1 1 1 2
X B1y + X L4y

2 2
Bzy + L5y + B3y

Il

(3.7*) B><1A1y1 + Bx1L1y

it

(3.8%) B><2A2y1 + sz(L2+L3)y2 x2B2y2 + x2L5y2 + x2B3y1
(3.10%) o< =8

(3.11%) x1B1y1 + x253y1 + x1L4y2 + %2
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We define:

A L B L
A = 1 ! B() =} | 4
A2 L2+L3 B3 B2+L5
1 2 !
x = (x x7) and y = 52

and x and y are normalized such that

v . -
Z: <.y L x.2 =1 and Lo y.1 + Loy 2 1.
1 i i7i : ] j 3

Hence (3.1*) to (3.8*) and (3;11*) can be rewritten:
(111.1) o<xA £ xB

(I11.,2) XxAy = xBy

(I11.3) BA, 2 By

(IT1.4) BxAy = xBy

(

I11.5) xBy > O

From (III.1) to (II1.5) follows ©X= B and (3.10%) is superfluos.
From our assumptions about L4 and l_5 we have the same

properties for B{ oK) and M, like in the previons model: B( oK)
is a continuos, non decreasing function of &and M is a non
increasing function of ¢X. Hence again v ( oK), the value of the
matrix game Wlozﬁnonotonically decreasing (in a weak sense, i.e.
non increasing) in . Hence all the premises of our existence
proof are fulfilled and this establishes the existence of.an

X% B, an x vector, giving the activities, and a y wactor giving

the (relative) prices, such that (IILI.1) to (I111.5) is fulfilled.

Since (3.9) equals (2.19) 8W = (B-1) ly2 + 1 (I-G) y2 still holds
and as well is its interpretation still true (savings equal to
investment). The second relation concerning the wage sum needs

a slight modification: From (3.3)&%53)(3.8) we get BW = -

(L4 - L1G)y2 + x2 (B2 - LBG +L5 - LZG) yz, the wage sum equals
the discodnted earnings for education in both sectors, hence

again BW equals investment in education.
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IV. MORISHIMA TYPE MODELS INCLUDING EDUCATION

1. The simple model

After we have given some definitions and assumptions we will
develop the model and give some interpretations. Finally, we

will prove the existence of a balanced growth path.

Let‘fzédenote the real wage rate and the vector w the differ-
ential wage. By 1, a column vector of the dimesnion m, + m,

we denote the total demand of labour used in the processes.
Hence li is the amount of labour (total, i.e. not distinguished
by type) needed for the i'th process at unity level, where

the i'th process is a production process if 1 z m, and an
education process if i » m, . In L1, L2 and L3 we include now
uneducated labour and in w we have an element 0O for uneducated

labour correspondingly.

We now come to consumption and we will deal with consumption

of commodities and consumption aspects of education. We

assume that there is no workers' saving and no capitalists’
consumption. We further assﬁme that if the differential

wage is positive, there is no education purely for consumptional
purposes, i.e., every educated person wants to join the labour
force as an educated worker, if the wages for a worker with

his kind of education are higher than those of workers with

a lower education.
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Before handling consumption of commodities we must get over
the problem of consumption aspects of education. It seems
that it is impossible to make a clean cut, since investment
and consumption aspects of education are just two sides of
gne indivisible thing. Hence, in Drder to solve the problem,
we must evaluate the two aspects (without trying to "divide"

14 2)

education itself). LConsequently and making the model

more difficult, consumption of education will appear in the

"monetary", i.e., the cost inequalities and equations,

respectively.

The way consumption aspects of education are evaluatsd in

this model, is the following. We assume that with each type of
education j there is associated an h, with O £h. < giving
the fraction of 3 the individual istilling to éay in each

period for the consumption value of education and we assume that

") tf.W.G. BOWEN, "Assessing the Economic Contribution of

Education: An Appraisal of Alternative Approaches".
(Higher Education Report of the Committee under the
Chairmanship of Lord Robbins 1961-1963, London, H.M.S.0.
1963, Appendix IV, pp. 73-76).

Note that consumption aspects of education include also
such things like more pleasure or less displeasure at the
work one can get with better education. Reasons for such
pleasure may be e.g. intellectual satisfaction, being the
boss, working in clean and heated rooms etc.




bl

all individuals have the same utility functions, hence the

same hj' Since wj, the excess of the wage over J L for a worker
of type j. has to be paid back for the price of education (which
we will show) we have to base individual consumption decision

on SV for all (educated and not educated) workers. The total

consumption value of education is the discounted sum of the

"~ amount paid per period,

We assume that the utility function, common to all individuals,
is such that all income elast1c1tles are unltyz For education
this is implied by assuming hj to be independent of QO .« As far
as commodities are concerned, this enables us to trace out the
demand vector, if we define by Ej the amount of commodity j

a worker demands if his wage net of payments for received

education is unitye.

Let the hj's form a column vector h and the aj's a row vector g.
Since a worker with education j pays;flxhj every period his wage
net of those payments isd b ( (1-h.), hence his demand vector is
JNL (1—h )g. let d be a row vectgr where d. gives the amaount

of labor of type j available in the 5031et§‘ Note that this

even in equilibrium is not‘necessarlly gequal to ><1L1 + x2(L2+L3),
the vector having as its j th element the amount of labor of
type j actually used, because if a type of education has very
high utility, its differential wage may be zero because there
are more workers of this kind available than needed and those
workers will partly work in other JDbS, although this is

rather exceptional, Denoting 1- hj by nj and h = e~h, where e

is a column vector with all elements being 1, the total demand

vector is (assuming full employment)

>.%h d.5 = £ dng.
] i3

1) Hence there are no effects of changes in the distributian
of the wage sum among the workers.
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We assume h and g to be continuos functions of yq, the price
vector of the commodities. Hence, we allow for both, substitution
between commodities and substitution of education for commodities

and vice versa.
Let us assume all human beings have equal abilities.

What are now the equilibrium ;onditions which equate demand and
supply of education? In this very abstract model which neglects
the great influence of social variables we can state that in
equilibrium costs of education for an individual, i.e., the
price of education must equal the benefits of education, because
otherwise either everybody or nobody would demand education,
Hence we must have (since wages accrue at the beginning of each
period but prices belong to the end):
(4.1) B (w, +flh,) = yg for all j =1, eesy, n, if B > 1

B-1 "7 J N
where w. is the differential wage and y% ist the price of
education j. In vector notation (4.,1) can be expressed as

2 B

(4.2) Bw = (B8=1) (yv° - 3 Sy, B> 1

or defining
(4.3) 3° = y2 - [-3-% J L

which can be interpreted as the investment price of education,

we get

(4.4) Bw = (B-1)5° for B > 1,

- , 2
Once we know y1, yz,‘fxland 3 we can calculate w as well as y ,

1
since h does depend on y only.
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By hij denote the fraction of the real wage an individual is
willing to pay each period for the consumption value of edu-
cation from type i up to type j. Assuming that the value of

education is independent of the path to it, we get

(4.5) h.. = h, - h.
lj J 1

The equilibrium condition for additional education are that in

gach case the price equals the benefits, i.e.,

B > - 2 1) '
(4.6) - j:(wj - wi) + 34 h ij] =y, . for B 7 1

giving y?. = £ (w. +L(L h.) - £ (w. —‘fﬂlh.) because of(4.5)
ij (- i i

hence we get
2 2 2 1)

(4.7) Vij; =¥ <Y for B > 1,

which decreases the number of unknownsby a large amount.

(4.7) can be interpreted in the following ways An educating
institution gets y? for educating from level i up to level j

but has to pay yi, the value of the previous education.

What is the revenue of an educaticnal process at unity level?

!
It is for the i th process the value of the commodity output

1) More exactly we should express (4.6) and (4.7) in the form

2 = 5 B | - g
vy = mex B~1£(wj wi) +\flhijj , O and
2 ( 2 %
Yij = max { y; = ¥5» O

in order to avoid negative prices., But this is not necessary
if we assume that there are no processes producing something
by destroying education.
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3
L leyJ bij being the i, j'th element of the ouﬁput matrix B
plue the value of ircreased education &L b, JyJ - Ll y%, bij
‘] »

3 v
and 1. i being elements of BZ and L3 respectively. Hence the vector

having as its 1 th element the revenue of the i th educational

process, if used at unity level, is (82 - La)y2 + Bay1.

3!

Before we can state the model a few more assumptions must be
specified. Assume that the labor force grows at a constant rate
giving an expansion factor ¢ (= 1 + growth rate). Assume further
that each process uses some positive amount of some kind of labor,
i.e., 1 > 0, and that for each good and each kind of education

there exists a process producing it.

One final assumption is necessary, which assures that the

growth factor 9 is not too high with respect to the technology.

The assumption we use for that purpose will become clear in the

next pages and ist power will be seen in the proof of

the existence theorem. Now we just state it .: Let A and B be the

following two matrices:

let Q(D be the smallest possible growth factor of the KMT model

associated with A and B; we assume that 9 is smaller than & D:
g < Ko ' '

For a state of balanced growth we demand that the demand for
goods and the demand for educated labor do not exceed their
supplies, that there are no profits exceeding the one associated
with the common profit rate B-1 (i.e., no excess profits) and
that the rule of free goods (goods available in excess of demand
have zero prize) and the rule of profitability (processes with

a profit less than the one associated with the profit rate B8-1
are used at zero level) prevail, In order to have full employ-

ment for ever the system must grow with the expansion factor ¢
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(with full employment being one of the initial conditions).In
order to keep our relations concerning w and y2 valid we demand
that there is a positive rate of interest if ¢ > 1 1), 1eEay
g >»>1, if Q > 1. Finally, we want the real wage to be positive
because this assures that something of value is produced in an

equilibrium.

Formally these equilibrium conditions are:

(4.8) & ><1A1 + o<><2A2 + o« Jb dhg

i.e., no excess demand for goods,

1) 1If Qf 1 there will be no positive activity in the educational
sector (since workers work for ever), hence, the system reduces
to the production sector and we don't need to care about w

and V

2) In order to make things shorter I did not start with the
nominal wage and unnormalized prices, although this case
the hjts would be the same and in all of the following
equations and inequalities except in (4.8) and (4.10) we

would have just prices p1, p2 (corresponding to commodities
and education) and the nominal wage ¥ . In (4.8) and (4.10)
we would still have JWbut prices p in (4.10). Similar to
the following procedure we had to define the "investment
price—vector of education®

2= p° - 3_1 » h.
After definition of normalized price vectors y1 and y2 by
1 =2
yl _ Po 1 — 9% = pi : = and of the real
1By + B, B, v &R |
wage bycf14= £ 1.y — " the problems occuring in
P R

this context are discussed in M. Morishima, Theozy of Crowth,
Oxford 1969, Rearranging properly we would get the system
(IV.1) to (IV.6).
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1

2
+0<x(L2+L3) x82+xL1+xL2

R

1'

i.e., no excess demand for educated labor. Since workers are

assumed to work for ever the supply is old supply plus new
supplye.
(4,10) ex x1A1y1 + (}Lx?‘Azy1 +0t‘«(-2-dh§y1 = ><1B13y1 + ><2E33y1

i.2., rule of free goods for commodities.

1 .2 2 1 2
(4.11) Ixx L1w+, X (L2 + L3)w = X 82w + X L1 W o+ X L2w

i.e., rule of free goods for educated labor. The differential
wage is zero if its supply exceeds its demand.

(4.12) r3A1y1 + BL, fw +dLe) 2 B1y1

i.e., Nno excess profits in the production sector.

(4.13) BAY + B(L2 + La)(w+J‘L e) 2 (B, - Ly)y" + Byy
i.es, no excess profits in the education sector.

(4.,14) Bx1A1zy1 + Bx1[_1(w +dbe) = x B,y

i.e., rule of profitability

b ek (L L) (w +dh o) = xP(B, + L)y° + x283y1‘

' 2
(4.15) Bx A2y 5 3 5

(4.16) & = g

(4.,17) B8 » 1 if g 1
(4.18) W > 0
(4.19) Bw = (B-1)5°
i.e., the equilibrium condition stated in (1.4).

Using the definition of 92 given in (4.3) and eliminating & and
w by use of (4.19) and (4.16) we get the following conditions

for (4.11) to (4.16) and (4.19):

(4.20)9X1A1+9 ><2A2+gﬂodha £ x'B, + x“B
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1 2 < 2 1 2
(4.21) g x L, +¢@ X (L, + L) = x"B, + x Ly +x L,

1. 1 2. 1 Aot 1.1 2. 1
(4.22) § x Ay +g x“Ayy +gdLdhgy = x By + x By

1, =2 2 -2 2.2 12 2 22
{4.23) g x L.y™ + g x (L2 + Lg)y = X Bzy + x L,y" + X L2y

i.e., the investment price of education is zero if the correspond-

ing labor is not scarce.

1 1

(4.24) BAy + BL, 5% + 8 Ll e 28,y + L1§2

2 -2

1 L > 55
+ B4 (L2 + L3)e = By + Ly +

(4.25) 8Ay + BIL 2

- La)y

1 B
+ By + 5_1“&‘ (8, - L3)h

1 - : -
(4.26) Bx1A1y + Bx‘ILTyZ + B«.(\s x1L1e = ><1B,lyll + ><1L1y2

2 1 7 2 ~ 2
(4.27) Bx“Ajy + Bx“ (L, + L3)¥" « AR (L, + Lyle =

2

~2 2, =2 2 1 3 2
= X 82y + xL.yT + x 83y + EjTL{L=X (B2 - L3)h

2

The total amount paid for education out of Lhis Jjadh, hence,

since workers are assumed to consume all their income
(4.28) fL x1 = Sudngy' +ldn

hence gy1 =1, (since x1 = de = total amount of labor)

We state (or recall) the following definitions:
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X = .
i i 1 i
— = o
_ | R R
y = normalized such that y., + Hy, =~ y. = i
J JJ J J

The normalizaticn of the prices is closely related to the
definition of Y as the real wage. Problems occuring in this
context are discussed in M. Morishima, "Theory of Economic

Growth".

t
«at
<

il

g = (g 0), hence gy
Hence, an equilibrium is defined by

(1v.1)  gxh +§ { Ldhg < x8

(IV.2) ngy‘+9 Jwaxl -9 Jﬁhcﬂ1= xBy

(1vV.3) BAy+Bﬁ1-E%—ﬁ Eh 2 By

(1V.4) BxAy + BxC1 x1 - 57 Jhb xEh = xBy

(v.s) Jb > 0

(1v.6) B8 >1 if g > 1

In the case § 5 1 the system reduces to the production scbor

and since there is no educational sector there are no payments

(on the equilibrium path) hence we can take h = B. But in
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general the system would need a certain stock of educated labor
as initial condition in order to be able to reach the

equi librium path.

Before trying to give some interpretations we can look at

two more special cases: J\ﬁz 0 and h = 0,

If;r\'= 0 we get a model of the KMT type if we replace (IV.5)
by xBy > 0 and § by & and leave out (IV.6)s A possible
equilibrium would be {L =0, x,y and & = B the equilibrium
values for this KMT wodel, if 3 happens to be of the
equilibrium & 's. But we have assumed the contrary by our
assumption © D> Q , So in fact we could generalize this
assumption to 3 either O g 2 Q or 9 - o ¥
with G(% being any solution of the KMT model, but this is a

miner point.

If h=10, i.e., there is no education with positive consumption

aspects, (IV.1) to (IV.5) reduce to the Morishima model with

c. =58, = 0, but like in the KMT case A and B are "generalized"
input and output matrices. Because' in this case B8 = ¢ we don't
need the condition B ® 1, Hence in the case h = 0 we get a model

formally identicel to the Morishima model and we dont't need to

prove anything.

In the following we assume Q > 1 (having treated already the

< .
case § = 1). In this case the amounts of educatef laboxzr

plus
available are the amounts of the preceding period new educational
outputs minus the students (i.e., plus net educatiocnal output).

Hence, Q d = d + x2 (B_~L_)y dieea, g d= d + xE, hence

2 3
(4.29) d = §:TXE and equation (ii) becomes
(3! 3N implyd
o xAy + g b x1 -~ 31 W b x Eh = xBy implying
(g -8)(xAy + L) + (E%T - §%T )zflsth = 0 because of (IV.4)
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Obviously, @ = B is a solution of this equation. It is easy to

show that it is the only one: assume @ < B; then —-%g > VB
Yo > 1 S B _a>

hence 1-Yg 1-YB hence 3= < ==, Hence g B> 0 and

B S

(8—1 - 9_1) > 0, Since the other terms are nonnegative and

L x1l is poeitive, since 1 > 0 and > 0, there is no

solution with @ > 8, Similar, there is no solution with

B > 9 s hence B = Q is the only solution. But this makes
(IV.6) redundant and we finally write the model in the
following form (for Q@ 2 1):

(Iv.1') g xA+—-=-~ﬂthg—_—xa

(IvV.2') § xAy+ g Ly - =§=tf\ix5h = xBy
9 -1

(1v.3') BAy + VL1 - EE—,rL Eh 2

(1v.4') BxAy + 8 f\x1 - =2 LuxEn = xBy

(1v.s') L > o,

Now we can try to intérprete the model,

The generalized matrices A and B are easy to interprete. In our
model the workers produce labor but they don 't get used up
themselves, This can be regarded in that way that any process
using a certain amount of labor has the corresponding workers
as inputs as well as outputs., The worker is & .labor producing
machine without suffering wear and tear. Hence, L1 and L2
appear in the output matrix B, This shows that A and B can

easily be regarded as an input matrix and an output matrix.

The term E“T LU xEh obviously is the (capitalized) consumption
value of the net production of education, since xE is the
vector giving the net production of education for every type

andd ¥ h is the vector giving the consumption values of
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education for one period, B-1 in the denominator is for the
capitalization and the B in the numerator comes from the fact
that payments for consumption of education are paid at the
beginning of each period and we are evaluating the consumptioﬁ
value of additional net output of education at the end of

the period.

Total payments for consumption of education at the beginning of

the next period, i.e., at the end of the present one, areg L dh

-2
g-1
librium, where B = @ , in each period the addition to the con-

equal to &NLth. This gives an interesting result: in equi-
sumption value of education equals the total payments for con-

sumption aspects of education (received in earlier periods).

Total capital consists of three components: commodities used forx

production, human capital and the wage goods (since wages are
paid praenumerando). The value of the wage goods must equalé\axl,
the amount spent by the workers (on commodities and education).
It is easy to see that capital equals xAy +-bexl. Denoting
savings by S and Investment by I we get (since savings equal

profits)

w
i

(B-1)(xAy +|j\axl) ") and

(g-1)(xAy +J4U x1) .

-
i

Hence in equilibrium, where B = § , savings must equal invest-

ment S = I, the famous Keynesian equality.

1
1) Note that the sum of the differential wages x L,w +
+ X (L2 + L3) w are part of the savings because it cannot be

spent by the warkers since they have to use it for paying
for received education.
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Dencting capital xAy-+Jwal by K we get 9-4 Denote

national income by Y and defining s =% and K=

v® being equal to
the sum of Sandd ¥xl grows at the same rate § as S and K do,
I

1 2
Denote by W the sum of differential wages W = X L1w X+

(L2 + L3) w. Since they are paid at the beginning of the period
their value at the end is BW. From equetions (4.14) and (4.15)
we get

BW = x1B1y1 + szSy1 - Bx1A1y1 - szAZy1 -5 Jux1 + ><2(B2 - La)yz,

Since in equilibrium & = 8 = § (4.10) and (4.28) give

x1B1y1' + x253y1 - B><1A1y1 - B><2A2y1 _adux1 + 8 edh = 0,

2 2 2 2 3
Hence, BW = x (82 - La)y - B bdh = x (82 - L3)y - T JALth

because of (4.29). Since xEh = xz(B2 - L3)h by substituing y2

by §2 (confer (4.3)) we get BW = XZ(B2 - La)gz. The right hand
part of the equation is the increase in the value 1) of

"human capital" (narrowly defined in this context as educational
capital), because it is the production of education evaluated

at the end of the period. Hence, in equilibrium the sum of
differential wages must equal the investment in human capital,
both evaluated at the end of the period. On the other hand (4.10)
shows that the value of inputs of goods, including wage
cqmmodities and evaluated at the end of the period, equals the

value of the output of commodities. These two flow equalities

are necessary for balanced growth, because otherwise one

1) Evaluating only the investment aspect of education.
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sector would expand faster than the other.

Finally we can also derive a stock equality. Human capital,

denoted by K is the wvalue of the investment aspect of education,

h?
ieBay
1 =2

2 -2
Kh = x Ly~ o+ x (L2 + LB)y

Because of B = § and (4.23)

2 =2 1, =2 2, =2 _ .2 )
BKh = X'BZy +x LyT o+ x Lzy = X (B2 - La)y + Kh
hence, K, = - x2(B -~ L. ) ¥V° (or, more intuitively, equals
* Th B3~ 2 3 ’ ’
1 2 -2
9_1 X (82 b LB) y )v

he an intuitive
result: The sum of differential wages equals the interest on

But since x2(B2 - L3)§2 = BW we get BW = (B-1)K

human capital, both evaluated at the end of thebperiod. This
is the effect in the aggregate of our equilibrium condition

that costs of education must equal its benefits,

Finally we will prove the following theorem:

Theorem: There exists at least one n-tuple (x; thrL ), yT
denoting the transposed of y, such that (IV.1') to
(1V.5') and hence (IV.1) to (IV.6) hold.

Proof:

We will proceed by making use of Brouwer's fixed point theorems
If a continuos point to point mapping assignes to every point
of a non-empty, compact and convex subset of the Euclidean
space a point of this subset, then there exists at least one

point which is mapped into itself.

Let B be equal to g 3 B=9q .
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Define excess demand F and e xcess profits D:

F = q xA + 5%7 S xEhg - xB with the j'th component denoted Fj

D = By + §%quh Eh - 8 Ay - g B 1 with the i'th component Di'
We can prove the Walras law for B= g :

~

(4.30) Fy + xD = 0 since h = e - h and de = x1l.
L T .
Hence it is enough to prove that an n-tuple (x;y; JNu ) fulfils

F<o, D20 ane 20,

Define F? = max (Fj’ 0) and min (Fj’M) for a very large M for
all j.

ik = max (D., 0) for all i.
i i

* S
Since g and h are continuos functions of yﬁ, Fj's and Di’s are

continuos functions fo x, y and J .

Now we need our assumption g < & o A theorem of the KMT model
states that the smallest expansion factor is the
smallest interest factor such that there exists a price vector y
such that

B -

( CKDA) y

<
= (0, i.e., giving a system without excess profits.

IfV W = 0D = (B -QA)y and since we have assumed g € &K g there
is no price vector y such that D g 0. Hence Jﬂezﬂimplies

Lp* s g,

i i

From h ¥ o (because hj € 1 for all j) follows dh > g, which

together with (4.29) implies x Eh > o.Hence there exists a

1
- 3 -1 _
large enough finite v, such that J W = ¥ implies that there is
positive excess demand for at least one good no matter what

activity vector x is taken,

- Uox
ieee, e v == L3 F. 0.

J
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Define the following mappings:

¢ 1 , v
(4.31) § ;= 777 (X + D))
d. 1

1 %

(432 = g by Ty
- v '
(4.33) v = T =5 (s LoD
v + -J.»F?“+ Ll D% * 1

Denote by the set Z the set of all vectors (x;y? Jﬂh) such that

fi'ﬂ
x. %20 & L oy -
R 1 I
¢ ' >o & E 1
yiz‘ i.y*l:
o $\- v,

Obviously, Z is a non-empty convex compact subset of the

Euclidian space.

The mappings (4.31) to (4.33) map every point of Z into Z, because
)

if (x, yTu L € Z, then
- o~ ' SR WL
i A
¢ ¢ g L og _bLxrbhli o
. = . oy - = TV %%
i i i 1 + L,Di
T ¢ s
5 0 Doy, ob¥s "L75 -1 and
RS . 2 — R ~—‘
* J J ’I’+)_9Fjasé
< < nt Lot 2
0 = v = v because 0 = oo
- b 3 X
V+EFJ.+ZD1

Since the mappings are continuos (because the denominators
cannot vanish) Brouwer's fixed point theorem can be applied.
o,

Hence, there must exist at least one point (:}’?T , Jﬁb ) with:




-50~

- -~ -~
(4.34) x. = **‘*ifzr——- (x + D%)
* 1 + LD, + t
1 1
(4.35) y3= 1+1 P o (;/‘J+Fj%
i
o~ Lo d
~ v ¥
(4.36) b = = (L L D)
G+ LT . L g¥ Ty
i i i

where the ~ denote the fixed point values.

We have now to prove that every fixed point is an equilibrium.

From (4.36) we get :
o~ L. Yo —~
(4.37) S ( L F¥+ L D.%) = \7}:: D.* since v = 0 and F*—é!"l
3o i7i0 7 71 Td J
SV ~
ﬂ_. = 0 would imply L DJT. = 0. But we know Ebata= 0 implies

) 1
}—iJ DT" >0, a contradiction to (4.37). Hence, fL 2 0.

Assume 2 Df > 0. (4.34) gives

(4.38) x. L_;D#: D.. Hence (for : D.%‘ 30) x. is zero if and
i i i i i i

-~ P -~ r'N -
only if D# is zero, hence, x.Da.%: x.D. and le.D%z xD. Multi-

i ~ ivi ii ii
plying (4.38) by X, and summing up we get

gl P ""!~ ~ T

E xi __\D?sz L!XiD:_V: and the left expression is positive if I__[Df

is positive.

L.
Hence, XD >0 if Li p% >,
i

~ iR ¢
By the same reasons Fy = 0 if Lj F? 3 0. But since xD + Fy = 0
~ P
either Ds.* =0 or U F# = 0 or both.
i i i




~
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P

Let /= P 0, then (4.37) becomes \.-m—’ L D?{ = v L D%.
— d ] - 1 i i1
- )_| g
IfQd Lwere equal to v ‘j Fj would be positive, because we

—-— -— v o 4
have chosen v large enough, hence ufla(\/, hence l% D?‘ = 0,
i 7i

7

hence 2 F?: 0 implies l—i ‘5;& = 0.

ns
o3 I
Sirce at least one, Z} D% = Or ] ?ﬁ== 0, both must equal
i i N
zero. Hence, we have F=20,0D S 0, Fy = 0, XD = 0 (because Fy +

+ xD = 0 and x and y being non-negative) and JVL >0, This
proves that the fixed point is an equilibrium and completes the

proof of the thecrem.

2. Ope further generalization

In this last model we use all assumptions of the previous one
except that we allow now for workers leaving the labhor force
and for learning by experience. Hence again we assume that
workers do not save that capitalists do not consume and that
g > KXe > 1. We further assume that for any worker there 'is
a given probability ¥ , which is the probability of continding
to work in the following period for any worker. We assume

that the percentage of workers of each type continuing to

work in the following period is exactly ¥ (i.e. we assume that

there is no variance). A worker who has left the labor force

does not pay any longer for his education (and has no income).

Since we demand that the price of education equals the value of

the benefits it gives we get equation

(5.1) 3 (wj +—JW4hj) = (B - Y ) y? for B > Y and

since by assumption hij = h, = h.

2 2 2
{5.2) Vij = vy - Vs for B > ¥ .

By the investment price vector of education we define
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(5.3) 92 S - H , (which is equal to y2 - Efi;Jﬂufﬁ for B> X

-

We define two matrices L4 and L5 corresponding to L1 and L2
respectively. L4 is the labor output matrix for the production

sector and LS the one for the educational sector as far as.

non-students are concerned. Hence in L4 are the workers of

L1 but improved by learning by doing and diminished by those

leaving the labor force (i.e. multiplied by X'). L5 corresponds

to L2 in exactly the same way.

Because of (5.2) profits out of education are described by the
2 - ; _ 2
Vecters (L4 - X’L1) y© and [(B2 - ¥ YL3) + (L5 ¥L2)<] y fqr

hoth sectors if each process is used at unity level.

The equilibrium conditions are:

(5.4) .Cf‘xil!\1 + CXXZAZ + & L(\lxla - 0(-(\\dh§ 2 ><1 B1 + x2B3

1 2 + L) £ x2B + x1L + x2L

(5.5) &X x 5 3 5 4 5

L1 + O x™ (L

(5.5) &X ><J}A1\y‘| + 0(><2A2y1 + &fuxl - xfudh = x1B,|~y1 + ><2]33y1

(5.6) €& x1L1 w o+ X x

w

+ L) w = XZB w o+ x1L4 w + x2L5

2 3 2

(5.7) B A1y1 + 8L (w+fue) 2 B1y1 2

1 b, =¥y

1

(5.8) B Ay  + B (L+L)) (wt o Ng) i[<BZ+L5> - Y (L2+L3)} y2+33y1

(5.9) Bx1A1y1 + B x1L1 (w +\ue) = x1B1y1 + x1(L4 - Y’L1)y2

) (w +xfﬂbe) = XZ[.(BZ+L5) -

- 3g-(L2+L3):l yZ + ><2B3y

2 1 2
(5.10) Bx"Ajy + B x (L2+L3

1

(5.11) JL> g

(5.12) &= Qg
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(5.13) B> Y
2 3
(5.14) y = By (w + & Lh)
If there is balanced growther at a rate X -1, then & d = ¥ d +
2 . 1 2
)"L + X [(B2+ L5) - X(L2+L3)’DI‘ defining x = (x x7)
g'L
and £ =
PR SUR Y
(5.15)d = o= xE
» — G—X‘
Hence we can a define an equilibrium by:
1 2 .- _8 A 2
(5.16) g x A1 + g x A’Z + gt-r\fxlg —g_xt_ﬁa xEhg = X B1 + X B3
2 < 2 1
(5.17) ng + g x (L2+L5) —><(B2+L5)+x L,
(5.18) x1Ay1+'gx2Ay1+ t.n-‘xl- "—S-"'L _ath=x1By1+
1873 1 0 S s-y 1
+ x2E
3Y
-2 2 ~2 2 -2 1 -2
(5.19) gx l_1y + Q x (L2+L3)y = X (BZ + L5)y + X L4 y
1 =2 BN, _ >
(5.20) 8 A,y +6L,5° + BN Le - B_X,ﬁ (L, - ¥t 2
> 1 -2
= B1y + L4y

(5.21) 8 ALy’ + B (L, + L)F° + a..f\.(LZ +L)e - —13-—-.,(\[(82 + )=

it

(5.22) B x Ay + 8 x'LF° + 8lux'Le ~ £ ! (L= YLk

3’

1 1 1, =2
= X B1y 4+ x L4y
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(5.23) Bx2A2y1 + Bx2 (L +L )§2 + B J\JXZ(L2+L4)E - =B Ny

2 3 B—X’

2 -2 2 1
5 ['(B2+L5)- éf(L2+L3)] h = x (B2+L5)y + X Bay
(5.11) J L0

(5.12) B';g

Definings

Ay B, 4L
A = B =
A2 L2+L3 n B3 BZ+L5
12 . v
x = (x x7) normalized such that Lgxi = 1
! v
y = ’zé normalized such that Ly; = 1
by , J
g =(g 0) with dimension (n1 + n2)
L1e
Remembering that 1 is by definition 1 =
_1L2+L3)eA_

the model finally can be written:

(V.1) QxA + g melg~—g—_3§- . L xEhg S xB

(V.2) gxAy +g o/l x1 - —£ ML xEh = xBy

>
(V.3) BAy + 8du1 - £ .(Len 2 By

o |

(V.4) BxAy + Bd \ixl - =2~/ xEh = xBy

¥

Lo

(V.S)k(\.l A p
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The condition (5.12) B >'¥' becomes redundand because from
(V.2) and (V.4) follows B =@ which in turn unplies B > ¥
because § > 1 and X’é 1

The model again reduces to Morishima's model if h = o

and to the KMT model if o W= o. Again we have B = g and the

proof for the existence of such an balancéd growth path is

exactly the same like in the foregoing model, since mathematically
the only difference is, that now we have g-fg'and 3= X instead

of @ -1 and B-1 in the denominator. Hence we don't need to go

through the proof again.

The model has a similar interpretation like the foregoing one.
A is a kind of generalized input, B a generalized output matrix,
The term E:-' J i xEh stands for the (capitalized) consumption
value of the net production of education. Since Q Lflddh equal

to

3__ngLth are the total payments for consumption of
education for one period and since in equilibrium B = § , we

have again the result that in equilibrium in each period

payments for educational consumption equal the capitalized
consumption walue of the net increase in education.Further,

like in the foregoing model, savings must equal investment, since
savings equal (8-1) (xAy+dWx1) and investment ( g-1)(xAy + lix1)
and B =g . It followe by the same arguments used in the last
model, that also Sir Harrod's equation holds, the growth rate

equals the savings-income ratio divided by the capital-output

ratio.

Denoting the sum of differential wages by W we have

W = x1L1w + x2(L2+L3) w and from (5.5), (5.9), (5.10) and

Ca 2 _ 2. 2 2
o =B=Q we get BW = x (L4 - YL,I)y + X [(B2+L5) - ){ (L +L3)‘,y -
- 8 budh. Since BV Lidh = E%‘XT,L[\AXEh and since S/.Z = y2 X,x.m.:h
we finally get BW = xE§2 or in more detail BW = x1kL4— x—L1)y +

2 =2 . .
+ x (B2+L5) - %’(L2+L3) y_ . The sum of differential wages

equals the increase (net of those leaving the labor force) of
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the investment value of educational capital. (5.5) and C‘=B==§
show that the input of commodities, including wage goods,
discounted foreward to the end of the period equals the value
of outputs of commodities. These equalitiss make balanced

growth paossible.

The investment value of educational capital K

x1L1§2

h equals

+ x2(L2+L3)§2, its decrease subject to workers

leaving the labor force (i.e., wear and tear),denote it by Dh’

equals x! (1-¥)L1§2 + x° (1—‘{)(L2+L3)§2 or D = (1- X’)Kh.

=2

From & =B= @ and (5.19) follows that BK_ = x2 (B -L5)§2 + x1L[y .

h 2
The right hand side of the last equation in turn equals

24K =D

x" (L, 1,05 + xz[(BZ+L5) - Y (L#ly) |37 + K - D,

which equals BW + Kh - Dh' Hence BKh = BW + Kh -—Dh or

BW = (B-1) K, + D, the sum of differential wages (disconnted

h h’
forward to the end ef the period) equals the interest on human
capital plus the depreciation of human capital, evaluated both

at investment prices. This seems to be an intuitive result,

Since again X = B = ¢ one could assume different probabilities

for continuing workin . for each type of educated labor j.
: g g ] j

As in chapter IIl.2. we could procced by defining a diagonal
matrix G with Yj as the j's element in the diagonal,Neither
the existence proof nor the interpretations would change in

a substantial waye.
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V. A TURNPIKE THEOREM FOR THE BASIC MODEL

In general we do not observe belanced growth nor do we really
want it in the sense that we have a strong preference for it.
Turnpike theorems have shownthat the balanced growth path of
the von Neumann model has some normative properties. Under
certain . assumptions an efficient growth path will tend

to the von Neumann growth path. Since the assumptions used

are rather restrictive, one should be cautious to give those
theorems too much weight for problems outside of the pure realm

of theory.

The formal equivalence of the KMT model and our basic model
suggests, that the turnpike theorems based on the KMT model
hold as well for our basic model. In the following we show
that this is truefor Morishima's turnpike theorem (and in fact
I feel very sure, that it holds as well for others, e.g.that
of Radner).

The reader is referred to Morishima's "Theory of Economic
Growth" Chapter X: Maximization of Bequests: The first turnpike

fheorem, pp 179 - 197. We will only give the hsadlines.

1) Turnpike theorems are also used for investigations in problems
of stability of the growth equilibrium. These problems are not
analyzed here, but for the KMT type models given in section III
similar results about stability probably hold for our
generalized models because of the formal equivalence. But it
would be very misleading to use those models, which exclude
all social aspects of education and even the consumption
component of education, for an analysis of behavior, It seems
that those models are more apt to give a basis for the
developement of models of planning than for describing
economic or educational reality.
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Let A and B be our generalized input and output matrix
respectively. We assume that capitalists do not consume and that
workers get their wage in form of goods in fixed proportion,

which is included in A ( augmented input matrix).

A state with the max & = O fulfilling (I.1) to (I.5) of
section III we define as a turnpike with the equilibrium value
X defined as turnpike intensity wechur and y as turnpike price
vector. We assume (in addition to the assumptions for the

basic model):

(i) X is unique (i.e. the system is to some extend indecomposable)
(ii) y is strictly positive. (i.e., there are no free goods,

hence all inequalities (I.1) are equations).

The task is to maximize a vector p* giving the desired

proportion of goods and educaticnal standards at the end of
the planning period of length T. It is assumed that there is
no use of that amount of any good, which exceeds the desired
proportion, hence any excess can be discarded so that we are

left with the desired proportions.

An efficient path or a "DOSS0-path" 1) is a path which

maximizes the amount of goods and educational standards in their
desired proportions b * subject to the restrictions imposed

by the technology. Hence it maximizes a scalar u, whefe u
gives the level at which b* is available at period T. Formally

a Dosso path is defined by:

v) R.dorfman, R.A. Samuelson &% R.M. Solow, "Linear Programming

and Economic Analysis" (New York 1958)




~68~-

max u

. L _ > ¥
subject to 4 bij qi(t 1) Ly 859y (t)

for all £t = 0,404, T-1 for all

*

>
= Ubj j=1,-on,n

L, o o
and M bijqi (T-1)
where aij and bij are the elements of A and B respectively
and q; (T ) is the intensity of process i at time period T.

The problems can be solved forming on Lagrange expression

g T=1 -Tﬂ Ej
- - ; / - ! . - -
L= u ‘jﬁi 1+ & P ‘i aijqi(t) T biqu (t 1)]
- [ bijqi (T-1)]

where the pj(t)'s are the unknown lLagrange multipliers.

This unplies the Kuhn - Tucker conditions:

o
DL * " r | i
qu(t)" q. (t) = - q; (t¥ }3. a,.p.(t) - 1T~bijpj(t+1)i1_

i i L ] 137
Q, = 0 f‘OI t=0,ovo, T"1

= v =4 1—.Libj pj(T)‘= 0 where the asterisk denotes

oo

the maximizing values.,

We can write this in the form

| V'
E - LJ_t ag P () if qi* (t) > o
6.1 ~ b..p.(t+1
(6.1) L 1JPJ( ) E
] = * -
= 3 aijpj(t) q; (t) = o
—
)—‘ " = 1 if U*) O
(6.2) Lt p "p, (T) -
J J J > *
=1 if w = o
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This shows that the Lagrange multipliers have a familiar
interpretation: they are prices, all evaluated at the present

(hence they are discounted prices).
One question arivest what are the wagews 7

The pj(t) are education prices for j > n, . We see that in
production educated labor rums throughs: its input price is

pj(t),its output price is pj(t+1) for all j > n,.
Obviously the (differential) wage is the difference:

(6.3) wj(t) = pj_'!._m(t.\ - pj%n1(t+1).

We can check it for the Neumann case, where,writing y?, for

2 1 2
. (o) and w: for w.(o),p. (t) = — .C hence
Y3 J J "pj—m gt 7
2 1 t+1 2

4 B 2
wj(t) = i v —|at+1 y; ox B° w(t) = Byj -y~ oo

3 wj(t) =(B-1)yj2

Since wj(t) is the present value of wage at time t, hence

disconnted, i.e., w, = 1 wj(t) we get the familiar equation

J t

2 3
o= (B-1 .

BWJ ( )%

Twc more assumptions are necessary:
(;33) The initial stock vector b (o) is given such that
the economy can move from b (o) to a point on the

turnpike in an finite number of periods.

(iv) E* is given such that the economy can move in a
finite number of periods frem a point on the turnpike

to a state with the stock composition b*'

In order that the turnpike theorem holds further conditions
are necessary, which are derived by Morishima. In order to
keep things simple we will only give a sufficient condition.
If it is not fulfilled, then there are still some cases where

the theorem holds:
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We can define a top process as a process where (I.3) holds
with equality, i.e., a process, which is profitable. Let A%
and B* be the matrixes A and B respectively, where only top
processes are included. Then the sufficient condition is that
(v) the characteristic equation 'B* - AiA*’ = o is such that
there is no negative or complex root ‘Xi that has absolute
value & . ( A is the vector of latent roots for systems of

difference equatians).
If (i) to (v) hold, then Marishima's turnpike theorem holds:

If the programming period T is sufficiently long, then any
Dosso path starting from b (o) will remain most of that period

within a very small neighborhood of the turnpike.

Since formally there is no difference between our model

and the KMT model, which Mgrishima uses for his turnpike,
Morishima's proof is valid for our basic model as wll. The

only difference is in the interpretation: A and B are generalized
matrices, i.e. they include education and so do bf{o) and b*

include educated labor besides commodities,.
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APPENDIX:
Optimal Allocation of Investment

In this appendix we deal with quite different thingss we look at
problem of maximizing the absolute increase in natiocnal income
with respect to investment in capital, i.e. "physical capital",
and investment in education subject to a restriction of the
Keynesian type, that (in some smse) savings must equal investment
both taken ax ante ) in equilibrium. This problem can be solved

quite easily by classical methods and the solution has a fairly

rice interpretation.

Let us first specify the notation:

C Lonsumption, 5 Savings
Y national income, defined such, that it does not
‘ include increase in "human capital'.
Y = dY . . - . .

at absolute change in national income per time unit,
Ip Investment in "physical" capital
Ie Investment in "educational® capital
IZ "Incomes foregone" because of education, which is a part of IE
Hence, Ie - I: is the part of the educational investment, which
is actually spent and creates new income.
— Ie - Ig ~
| = —————5nd we assume {I' to be a constant. Obviously W = 1

e

and T € 1 if I: > g,

We assume

: 42
(AL1) Y =g (I.,I ) with 99 >p 42—3—‘4-0 for j=p, e
p- e 31 d1;2

Of cogurse, in generallY will depend not only on investment but

on eapitel, physical and educaticnal, as well. This is in fact
included in our assumption (A.1.), but at any given moment the
capital stock is fixed and hence becomes a parameter influencing
our function g. Since the capital stock is fixed at any moment, we
assume that the only variables which do'influence.Q and are at

the same time subject to economic policy are Ip and'IE.
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We have the "Kegnesian" equalities:

(A.)Y=C+Sand
(AL3) Y=C+1I + (1 - If), hence
p £€ e
S=1+1 -1 oxr
p e e
(A.4) S = Ip +’TIe and we assume that S is a twice continuously
differentiable function of Y.
_ 1) ds

(A.5) S = 5(Y) and =y > o.

The optimization problem is that of maximizing

Y subject to the constraint A(4):

(A.6) max Y v
subj. to S(Y) = Ip + TTIE

We can solve the problem easily by classical methods.

Forming the Langrange-expression

L =g (Ip,Ie) + /\(Ip + I - s(Y) )

We get the following necessary conditions:

(h.7) 2k _ dd PAoAds

o1, I
= +il A - A= = 0
QIE aIe dIe
which im plies
39/ 41, _ ¥/ 31 -
ag/ale a5/ g1 -7 oF
e

1) Note that this assumption implies, that savings, hence
consumption is not influenced by increase in educational
capital, because this is not included in Y. This means
that incomes foregone reduce consumption, although expected
life time income might not have changed or might even have
increased because of the investment in education.
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. S
(A.8) qu 31 = ﬁa?—J’an a? - ?q :
given unitial conditions, Y is a function of Y 1), hence
(A.9) S (Y) = h (Y). It follows, that Tgi‘ = 32- , j = p,e and
J J
(A.10) -81—5— = & g-af—q— and
95 - 43 _3;_9, since Y =g (I_,I ).

Ie p’Te

Q4
—
®
o
Q
o W)

This;im;alies

aq 35_ aq dS aq das aq aq Jds Aq

= = = or
3T, 31, ~ 3L, Tdg 3l 49 9T, 3L, “al, 3L,
3 35 dg 45
(A.11) = = =2 %2~  Hence (A.8) reduces to
3l ar 31, 3L,

L

TR

(A.12)
J P

Q.J"Ll
«Q
f o

This proves: If the distribution of investment between physical
and sducational investment is optimal, the ratid of
the marginal products of educational and physical
investment i.e.their rate of substitution equals the
proportion of the educational investment, which has

actually to be spent.

Obviously this is an analcgon to the well-known result of the
theory of production, that the rate of substitution between any
two inputs equals their prices-ratio. In fact (A.1) can be

interpreted as a production function, where the "product"” is

3 13 - 0 "~ . -
increase in national income, and i can be interpreted as a price

ratio, as the following shows. Sine investment is measured in
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money terms, one dollar of physical investment costs one

dollar. This is not the case for educational investment: one
dollar of educational investment needs TT dollars (TT’é 1) for
expenditures, where as (1-T1) dollars are financed by

increased savings because incomes foregone reduce sonsumption.
This formally proves Dennis-ans ! proposition, that if incomes
foregone reduce consumption it pays to invest more in education
even if its marginal return (hence its internal rate of interest)

is lower than that of investment in physical capital.Z) 3)

It is easy to show, that neglecting the fact, that educational
investment may cause higher savings leads to non optimal
solutions. Suppose the available resources for total investment
are a constant I. Neglecting the "Keynesian" equality (A.4) we

would set up the optimization problem in the following form:

max Y subject to I + I = I,
p e

1) Dennison, The Sources of Economic Growth, pp. 77-78.

2) Note that Y is relatively lewzr if lg is higher, since one
dollar more for Ie causes only 7i dollar more income.

3) Of course, one has to stress, that this is not so if higher
investment in education does not give incentives for more
students, who are willing to substitute education and its
economic and non-economic advantages for present income,
i.e., the argument does not hold, if higher income foregone,
because in this case W would become 1 for the marginal in-
vestment in education.
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The Langrange expression is

L=g (I ,I )+ A(I_ +1 =1)
p’'Te p e
giving the 15t order optimum conditions:

jgfg = §%9 + A = o and

p p
L d
BIE = "é_%'; -+ A = [®] or

lcu
[{=]
Q4

» which means that the morginal products of

i
Qu

3 P
both, investment in physical capital and investment in
educational capital, must equal. This is the result a simple
comparison of benefits of a one dollar investment in different
sectors would give, the result of building the decision on an

comparison of different internal rates of interest. But this
ap&f%;gﬁVégﬁgfa€yngfaﬁsﬁﬁ%?%iﬁipreason of a purely economic
kind for high investment in education. Our general results can
very easily be verified wi?h special functions, e.g. a

Cobb-Douglas function for Y .

"Finally let us have a look at the second order conditions for

our constraint maximum problem (A.6). In order that the
conditions (A.7) indeed specify a maximum problem, the principle
minors of the bordered matrix of the second derivatives must
alternate in sign. But we gan show, that the extremum must be

a maximum,in a simpler way. Assume (A.12) does not hold, let

2.
te greater than the optimal Ip*. Hence because of SIYZ «
d 9/ a Ie ~ v P. o
a g/ d I ', hence redgcing Ip by an incremental amount

~and adding it to I, would increase Y . Hence (A.7) gives indeed

a maximum, becmsuse similar arguments hold, if I is smaller
p

than the optimal Ip%.




