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Abstract

In this paper we analyze the two-period consumption-investment decision of a house-
hold with prospect theory preferences and an endogenous second period reference level
which captures habit persistence in consumption and in the current consumption reference
level. In particular, we examine three types of household depending on how the house-
hold’s current consumption reference level relates to a given threshold which is equal to
the average discounted endowment income. The first type of household has a relatively
low reference level (less ambitious household) and can avoid relative consumption losses
in both periods. The second type of household (balanced household) always consumes
exactly its reference levels. The third type of household has a relatively high reference
level (more ambitious household) and cannot avoid to incur relative consumption losses,
either now or in the future. Note that these households may act very differently from
one another and thus there will often be a diversity of behavior. For all three types we
examine how the household reacts to changes in: income (e.g., income fall caused by
recession or taxation of endowment income), persistence to consumption, the first period
reference level and the degree of loss aversion. Among others we find that the household
increases its exposure to risky assets in good economic times if it is less ambitious and in
bad economic times if it is more ambitious. We also find that in some cases more income
can lead to less happiness. In addition, the less ambitious household and the more ambi-
tious household with a higher time preference will be less happy with a rising persistence
in consumption while the more ambitious household with a lower time preference will be
happier if it sticks more to its consumption habits. Finally, the household will be happiest
for the lowest possible current consumption reference level, i.e., not comparing at all will

lead to the highest level of happiness.

Keywords: prospect theory, loss aversion, consumption-savings decision, portfolio allo-
cation, happiness, income effects
JEL classification: G02, G11, E20



1 Introduction

One of the most important decisions households face is consumption today versus consump-
tion in the future. Households transfer current consumption into the future by allocating their
savings into different types of assets some of which are riskier than others. These decisions
are done with the knowledge that the future is risky. The expected utility theory (EUT) has
been the cornerstone model for exploring these household decisions. This research deviates
from the EUT model and explores, in a two-period model, the behavior of households which
are characterized by reference dependent preferences (Kahneman and Tversky, 1979; Tversky
and Kahneman, 1992) and by habit persistence (Abel, 1990; Campbell and Cochrane, 1999;
Constantinides, 1990; Flavin and Nakagawa, 2008; Pagel, 2017) when deciding on consump-
tion, savings, and the portfolio allocation of savings. We explore the factors that influence
a household’s consumption, savings and portfolio decisions when the second period reference
level is assumed to depend on first period consumption and the first period consumption refer-
ence level. Households have been observed to show a habit for consumption that persists into
the future, and hence a habit persistence model combined with prospect theory preferences
will provide new insights on such important life cycle decisions.

By incorporating prospect theory type of preferences and habit persistence we will be able
to address a number of issues on consumption and risk taking behavior that have not been
explored in the literature previously. How does a household make intertemporal decisions
under these two behavioral traits? Does the optimal solution depend on avoiding relative
losses or not? Does the optimal choice depend on whether the household is sufficiently loss
averse? Is the choice dependent on the household being less or more ambitious on targets?
How do the second period reference level, consumption, risk taking, and happiness change
when the first period reference level changes? Do the responses depend on the household’s level
of ambition? What impact does the habit persistence in consumption have on consumption
and portfolio choice? How will a household react to sudden income changes? Do happiness,
current consumption and risk taking always increase when income increases? This paper will
attempt to shed some light on the above questions.

The first reference levels ever used in economic research were developed by Stone (1954)
and Geary (1950). The Stone-Geary utility preferences involve reference dependent utility on
subsistence levels of consumption and thus subsistence levels can be considered as a special
type of reference points. Under such preferences households derive utility from consumption in
excess of a subsistence level. Savings and portfolio choices with subsistence consumption have
been explored by Achury et al. (2012).! They use a Stone-Geary expected utility model to

explain the empirical observations that rich people show a higher savings rate, higher holdings

"Merton (1969, 1971) used HARA preferences to examine savings and portfolio allocations in an infinite
horizon expected utility model. Achury et al. (2012) added subsistence and also habit persistence to Merton’s
CRRA utility function (a subset of HARA preferences).



of risky assets as a fraction of personal wealth, and face a higher volatility in consumption.

Another model that has been used is habit persistence. This model assumes that house-
holds derive satisfaction from consumption relative to a reference level which in turn depends
on past consumption levels. Thus current consumption affects not only a household’s current
marginal utility but also its marginal utility in the next period, which may explain why the
more a household consumes today the more it will want to consume tomorrow. The macroeco-
nomics and finance literature uses habit persistence models to explain many puzzles, e.g., the
equity premium puzzle (Abel, 1990; Constantinides, 1990; Campbell and Cochrane, 1999),
excess consumption smoothing (Lettau and Uhlig, 2000) and many business cycle patterns
(Boldrin et al., 2001; Christiano et al., 2005).

Reference levels are also used to compare one’s own consumption levels to others (Falk and
Knell, 2004; Hlouskova, Fortin and Tsigaris, 2017). Many households are influenced by the
self-enhancement motive while others are determined by the self-improvement motive. The
self-enhancement motive applies when people want to feel they are better than their peers
and set their references at low levels possibly reflecting the wealth of poorer people. Others
with a high reference level place importance to the self-improvement motive and compare
themselves with the ones who are more successful. Hlouskova, Fortin and Tsigaris (2017) use
a two-period life-cycle model with a sufficiently loss averse household to investigate the impact
of these psychological traits on consumption, savings, portfolio decisions, as well as on welfare.
They find that the optimal solution depends on whether the household’s present value of the
consumption reference levels is below, equal to, or above the present value of its endowment
income. When reference levels are below the endowment income the authors associate this
with the self-enhancement motive. Under this motive the household wants to avoid relative
losses in consumption in any present or future state of nature (good or bad). Hence the degree
of loss aversion does not affect optimal first period consumption and risky asset holdings.
When reference levels are equal to the endowment income this is linked to the belonging
motive (i.e., the sufficiently loss averse household belonging to a similar social class). They
find that the sufficiently loss averse household’s first period consumption is the exogenous
reference consumption level and such households avoid playing the stock market. Finally,
reference levels above the endowment income are connected with the self-improvement motive.
Households with such high reference levels cannot avoid to consume below the reference level,
either now or in the future. In this case loss aversion affects consumption and risky investment
negatively. The current study differs from Hlouskova, Fortin and Tsigaris (2017) in that it
incorporates habit persistence into the household’s behavior.

Close to our work is also a recent paper by van Bilsen et al. (2017) who investigate
optimal consumption and portfolio choice paths of a loss averse household with an endogenous
reference level. The uncertainty arises from risky assets and it is assumed that the time is

continuous. Mainly due to loss aversion, the household’s behavior is geared towards protecting



itself against bad states of nature to avoid or to reduce losses. Consumption choices are found
to adjust slowly to financial shocks. In addition, welfare losses are found to be substantial
given consumption and portfolio selections are suboptimal. Curatola (2015) also analyzes
optimal consumption-savings decisions of a loss averse household with a time varying reference
level in a continuous-time framework and finds that a loss averse household can consume
below the reference level in bad economic times. This is done in order to invest in risky assets
and increase the likelihood that in the future consumption exceeds its reference level. This
behavioral approach can explain why investors increase their exposure to risky assets during
financial crises. In contrast, standard habit persistence models do not allow consumption to
be below the reference level. Our research complements the work by van Bilsen et al. (2017)
and Curatola (2015) in that it provides additional insights: as our model is a two-period life-
cycle model we can derive closed-form solutions which allow us to conduct comparative static
analysis to detect why certain adjustments happen and also to conduct a welfare analysis.

In this paper, we find closed-form solutions for consumption and risk taking of a loss averse
household whose endogenous second period reference level depends on current consumption
(habit persistence) and on reference consumption. Households who have a relatively low first
period reference level are more conservative (less ambitious), which allows them to achieve
relative gains in both periods in both states of nature. Households who have a relatively high
first period reference level and a low discount factor are more adventurous (more ambitious)
and will thus face relative losses in the bad state of nature in the second period while they
will achieve relative gains in the first period and in the good state of nature in the second pe-
riod. On the other hand more ambitious households who value future consumption relatively
more will have first period consumption below the reference level but will maintain future
consumption in both states of nature above the endogenous second period reference level. We
then conduct comparative statics and examine how these different types of households react
to income changes, to changes in the first period reference level, to changes in loss aversion,
and to changes in habit persistence.

The main difference with respect to Hlouskova, Fortin and Tsigaris (2017), henceforth
called HFT, is that this study considers also habit persistence. An increase in the consumption
habit persistence will reduce current consumption but stimulate risk taking for less ambitious
households, reduce both current consumption and risk taking for more ambitious households
with a high time preference, and stimulate both current consumption and risk taking for more
ambitious households with a low time preference. In addition, we analyze income effects, which
are closely related to the effects of income taxes. Another difference between this study and
HFT is that the response of first and second period consumption of less ambitious households
to a change of the first period reference level is ambiguous. Finally, unlike in HFT we also
consider here a scarcity constraint on consumption, i.e., the consumption in both periods can

not fall below a certain value.



Note that the household’s first period reference level may be interpreted to equal the first
period consumption of a reference household, the Joneses. Then following the Joneses? means
that an increase of first period consumption of the Joneses will also trigger an increase of this
household’s first period consumption.? In HFT the less ambitious household and the more
ambitious household with a high time preference (low discount factor) do follow the Joneses,
while the more ambitious household with a low time preference (high discount factor) does
not. In this study the behavior of the more ambitious household is similar, while that of
the less ambitious household may be similar or different, depending on the household’s time
preference: for a lower time preference (larger discount factor) the household does follow the
Joneses (like in HFT'), while for a higher time preference it does not. The rest of the results
are somewhat similar to HFT in terms of the impact of the exogenous parameters on the
choice variables but differ in terms of magnitude.

Another interesting result that was not elaborated in HFT is the reaction of the choice
variables of the household to income changes. When focusing, for instance, on risk taking
then less ambitious households reduce risk taking when their income falls while more ambi-
tious households increase risk taking when their income shrinks, which is consistent with the
observation that investors increase their exposure to risky assets during financial crises (see
Curatola, 2015). Finally, the same finding as in HFT is that the highest utility is achieved
for the lowest current consumption reference level (while keeping everything else unchanged).
Thus, not comparing at all (e.g., to others) leads to the highest level of happiness.

In the next section we present the model and lay out the methodology used to find the
solutions. Section 3 presents the main results with a discussion and investigates the impact

of income taxation. Finally, we offer some concluding remarks.

2 The two-period consumption-investment model

2.1 Model set-up

Consider a household who decides on current and future consumption within a two-period
model. In the first period it decides how to allocate a non-stochastic exogenous income,

Y1 > 0, to current consumption, C7, risk-free investment, m, and risky investment, a > 0:
Yi=Ci+m+a=Ci+ S5 (1)

Savings are composed of the risk-free investment and the risky investment, i.e., S = m + a.
The net of the dollar return r; > 0 represents the yield from the safe asset. The risky asset

yields a stochastic net of the dollar return r. We assume two states of nature, good and bad.

2See Clark et al. (2008) and Falk and Knell (2004), among others.
3This will work through the household’s first period reference level which is equal to the Joneses’ first period
consumption.



The good state of nature occurs with probability p while the bad state of nature occurs with
probability 1 — p. In the good state the risky asset yields net return ry and in the bad state
it yields net return ry. Furthermore, it is assumed that —1 < r, <ry <ry, 0 <p < 1, and
the expected return of the risky asset is greater than the return of the safe asset, namely
E(r) = pry + (1 —p)ry > ry. In the second period (e.g., retirement years in a two-period

life-cycle model) the household consumes
Cos = Yo+ (L+rp)m+ (1+75)a

where Y2 > 0 is the non-stochastic income in the second period (e.g., government pension
income) and s € {b,g}. Note that Cyy > Co, as a > 0 and 74 > 13, where Cy, is the second
period household’s consumption in the good state of nature and C9, in the bad state of nature.
The household is allowed to consume the non stochastic future income Y5 in the first period,
as long as consumption exceeds its scarcity constraint in either period (i.e., C1 > Cr > 0 and
Cos > (1 +1r¢)Cr) and savings are negative. Hence, the household can partially borrow from
the risk-free asset m against its future income. The gross return from total investments is
equal to (1 +7f)m+ (1 +175) o, s € {b,g}. Based on this and (1) consumption in the second
period for s € {b,g} is

Czs :}/2+(1+T‘f)(yl—Cl)-i-(T‘s—?”f)Oé (2)
Preferences are described by the following reference based utility function
U(C’l,a) = V(Cl —C’ﬂ—l—éV(Cg —C_'Q) (3)

C} is the first period exogenous consumption reference (or comparison) level, which can be
viewed, for instance, as the first period consumption of the Joneses (a reference household
to which our household compares to) or their income or, alternatively, as a fraction of this
household’s income. The first two types of reference level are examples of an external reference
level, which relates to, e.g., people in the same neighborhood, region or country, or people
with distinct demographic features, while the third one is an example of an internal reference
level, which depends on, e.g., one’s own income or one’s own past consumption, see Clark et

al. (2008). Cs is the second period endogenous reference level given such that
02 = (1 + T‘f) [w01 + (1 — w)C_'l] (4)

where w € [0,1]. Note that the second period endogenous reference level depends on the first
period consumption and the first period consumption reference level. The weight w shows
the influence of the current consumption upon the future reference level. A higher w implies

a stronger dependence between the future reference level and the current consumption level.



The weight w reflects thus the consumer’s persistence to consumption habits. The weight (1—
w), on the other hand, determines the dependence of the second period consumption reference
level on the first period consumption reference level. This can be seen as a habit persistence
in consumption reference levels. The two weights are negatively related to each other, i.e., an
increased habit persistence on current consumption implies a lower habit persistence on the
first period reference level, and vice versa. The same habit-formation reference consumption
level was used also in Fuhrer (2000). The assumption on the determination of the second
period reference level is the main difference between this model and the one developed and
analyzed in Hlouskova, Fortin and Tsigaris (2017) where the second period reference level
was exogenous.

The § is the discount factor, 0 < § < 1, and will play an important role in the optimal
solutions. A higher § places more importance to the future relative to the presence, i.e., the
household shows a lower time preference, while a smaller § puts more weight to the presence,
i.e., the household shows a higher time preference. The V(-) is a prospect theory (S-shaped)

value function defined as

VI(C; = C) = ()
GG < G

for ¢ € {1,2}, see Figure 1. Parameter A > 1 represents the degree of loss aversion, while
~v € (0,1) represents diminishing sensitivity to consumption. Consumption in excess of the
reference level represents a (relative) gain of the magnitude C; — C;, while consumption
below the reference level represents a (relative) loss of the magnitude equal to C; — C;. Note
that the value function is non-differentiable at the consumption reference level and is steeper
in the domain of losses than in the domain of gains. This implies that there is a higher
dissatisfaction from a reduction in consumption when the household is in the domain of losses
than dissatisfaction from the same size of decline in consumption when the household is in
the domain of gains. Finally, the household is risk averse in the domain of relative gains (i.e.,
the value function is concave when consumption exceeds the reference level) and risk seeking
in the domain of relative losses (i.e., the value function is convex when consumption is below
its reference level).

The household maximizes the following expected utility as given by (3) and (5)

MaX(Cha) : E(U(C’l,a)) = V(Cl — C_'l) + 5EV(CQ — C_'Q)

such that : C1 > Cp, Coy > Coy > (1 4+1)Cr, o > 0 and
Cy=(1+4ry) [wC + (1 —w)C]

where C, and (1+477)C}, determine the minimum first and second period consumption levels,



consumption reference level

(relative) losses (relative) gains

Figure 1: Prospect theory (S-shaped) value function

so that the household does not starve (Cp > 0). Based on this and (2) the household’s

maximization problem can be formulated as follows

MaX(C1,a) : E(U(Cl,a)) = V(Cl - Cl)
+ SEV (A+r)(YVi— (1 —w)Ci)+Ys— (1 +rp)(1+w)Ci+ (r—rf)a)

such that : o< G <Y+ 1337 - CrL— TlfJ:r;b a
(1+Tf)(Y1—QCL)+Y2
0< a < TF—T}h

(6)
Note that the upper bound on C; follows from Cy, > (1 + rf)Cy, and the upper bound on o

follows from the imposition of the upper bound on C7, which is at the same time larger than

or equal to Cp, i.e., Y7 + 1}:—37 —Cp — rlf - 7;’ a > Cp. Finally, the last inequality on « implies
that

1 Yy
< -|Y
cr<g (e ) @

which we will assume to hold. In addition we assume? that C;, < C and thus that

. 1 Y- _
CL<m1n{§<Y1+ﬁ>,Cl} (8)

4This is required for the feasibility of certain solutions.



2.2 Methodology

Prior to presenting the main results of the study we sketch the approach we chose to conduct
the formal analysis, which requires the consideration of eight household consumption decision

problems:

(P1) Cy <Oy, Ca < Oy < Oy
(P2) Cy <Ci, (L+75)0L < Cy < Cy < Coy

(P3) C1<C, (I4715)CL <0y < Cy < Oy

(P4) Cr1<Cr, (L+7p)0p <Oy <Oy < G

(P5) CL<C < O, Cy < Oy < Oy
(P6) CL < < O, (1+7p)CL <Oy < Cy < Oy

(P7) Cp<Ci < Ch, (1+7p)Cp < Cyy < Cy < Oy

(P8) CL<Ci < (1+77)CL <O < Cyy < O

The first four problems (P1)—(P4) assume that the household keeps current period con-
sumption equal to or above the reference level experiencing a relative gain in the first period.
In (P1) the household does not suffer from relative losses neither in the second period. In
problems (P2)—(P4), however, there are relative losses: in (P2) the relative losses occur in
the bad state of nature while in (P4) the relative losses are observed in both states of nature.
Note that as Cyy > Cy, any feasible solution for (P3) or (P7) satisfies Cyq = Cop = C5, which
implies that any solution feasible for (P3) is feasible also for (P1), (P2) and (P4), and any
solution feasible for (P7) is feasible also for (P5), (P6) and (P8). Thus, problems (P3) and
(P7) can be dropped from our analysis.

In the remaining problems (P5), (P6) and (P8) current consumption is below, or equal
to, its reference level and thus the household experiences relative losses in the first period.
In problem (P5) the household keeps future consumption above its reference level and suffers
relative losses only in the first period. In (P6) there are losses if the bad state of nature occurs.
In the last problem (P8) there are relative losses in both periods. In what follows we show
that (P1), no losses, (P2), losses in the second period in the bad state of nature, and (P5),
losses only in the first period, have optimal interior solutions, and for certain conditions based
on the degree of loss aversion, the size of the current reference consumption level Cy, and /or
the size of the discount factor one of these solutions is the solution of our main problem (6).
For higher first period consumption reference levels some of the problems have solutions at
the border of the set of feasible solutions. These are problems (P4), (P6) and (P8), and their

optimal solutions will not be explored in this paper.?

5 Appendix B provides the optimal solution to all problems for a more general second period reference level
Cy = wo +w1C1 + w2C1, where 0 < wo < (1 +7)Y1 + Yo, wi,we >0, C1 > Cir, > 0 and Cop, > Car, > 0.
To reduce the complexity in the main text we use a simpler formulation for the determination of the second
period reference level, namely: wo = 0, w1 = (1 +7rp)w, we = (1 +75)(1 —w), w € [0,1], C1iz = Cr > 0

10



We assume that a sufficiently loss averse household makes two sequential decisions. The
household first decides whether it is the less ambitious type driven by the self-enhancement
motive, whether it is balanced or whether it is more ambitious governed by the self-improvement
motive, and only after figuring out its level of ambition the household makes its choices for
current consumption and risk taking. We treat these motives as exogenous due to the house-
hold’s psychological state of mind or due to its own income or the income of the Joneses to
which it compares. The less ambitious household chooses its first period consumption ref-
erence level to be below some threshold level, the balanced household chooses its reference
level to be equal to the threshold, and the more ambitious household chooses its first period
reference consumption to be larger than the threshold. This threshold (separating less am-
bitious from more ambitious households) is equal to the average (half) of the present value
of total income, i.e., % <Y1 + 2 ) Note that the balanced household with such a neutral

1+Tf
first period reference level will consume exactly its reference consumption in both the first

and the second period.® Depending on the level of ambition (and other characteristics), the
sufficiently loss averse household will achieve relative gains in both periods, (P1), or current
relative gains, relative gains in the good state of nature in second period but relative losses in
the bad state of nature in the second period, (P2), or current relative losses and relative gains
in the second period, (P5). Note finally that if the scarcity constraint exceeds the current
consumption reference level (i.e., C1, > C1) then the household can achieve relative gains only

in the first period” and thus the optimal solution is achieved only in either (P1) or (P2).

3 Main results

In Section 3.1, we show the optimal consumption and risky asset holdings to problem (6)
for a less ambitious household. The household’s solution is provided by problem (P1). The
solution related to current consumption and risk taking exists for a sufficiently loss averse
household with a relatively low reference level C, namely below the threshold level, and
is such that consumption exceeds the corresponding reference consumption in both periods
across both states of nature. By being less ambitious the household selects consumption and
risk taking in such a way as to avoid relative losses today and in the future. In addition,
the household needs to be sufficiently loss averse for an optimal solution to exist in (P1),
even though the loss aversion parameter does not explicitly appear in the optimal solution
for current consumption and risk taking. Proposition 1 shows the closed-form solution to

consumption and risk taking.

and C2r = (1 +r5)Cr. Note that the model in Hlouskova, Fortin and Tsigaris (2017), which dealt with
an exogenous second period consumption reference level, is imbedded in this general model, namely, when
w1 = w2 = 0 and thus C2 = wo, and Cr = 0.

5Tn this case the second period reference level will be equal to the accumulated first period reference level,
ie., 02 = (1 + rf)C’l = %[(1 + rf)Yl + Y'Q]

"To avoid this we assume that Cr, < C1, see (8).
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In Section 3.2, we describe the optimal consumption and risk taking for a balanced house-
hold. This is a very special situation, where the household’s first period reference level is
equal to the average present value of its total wealth (neutral reference level) and hence con-
sumption is exactly equal to its reference consumption in both periods. This can also be
viewed as a comparison to a reference household with the same total wealth (comparison to
someone like me).8

In Section 3.3 we show the optimal consumption and risky asset holdings to problem (6)
for a more ambitious household. The solution is provided by problem (P2) or (P5). The
optimal solution exists for a sufficiently loss averse household with a relatively high current
reference level, namely above the threshold level, and is such that the optimal consumption
is below its corresponding reference consumption in either the first or the second period.
Proposition 2 shows the closed-form solution of (6) for a more ambitious household with a
high time preference (or a sufficiently large probability of the good state of nature to occur),
where the solution is the solution of problem (P2), while Proposition 3 presents the closed-
form solution of (6) for a more ambitious household with a low time preference, where the
solution is the solution of problem (P5). In the first case the household will achieve relative
gains today and in the future in the good state of nature but will incur relative losses in the
future in the bad state, while in the second case the household has to accept current relative
losses but will achieve relative gains in both states in the future.

As we will show, the different types of households have very distinct solutions for current
consumption and risk taking activity. Also their responses, as well as the responses of the
indirect utility function (happiness), to exogenous changes in the loss aversion parameter, the
first period reference level, the habit persistence and finally the income/wealth levels vary
substantially.

In Sections 3.4 and 3.5 we summarize the income effects and other effects across the

different types of household and investigate the impact of income taxation.

3.1 Low first period reference consumption: less ambitious households

In this section we consider a household with a relatively low first period reference consumption.
This reference consumption is below a certain threshold? and is such that the household can
consume above its reference levels in both the first and the second period, and may thus
avoid any relative losses. We call a household with such a first period reference level less

ambitious. This household’s behavior is captured by problem (P1). Before proceeding further,

8See Clark et al. (2008).
9Namely below the average present value of total wealth, see (11).
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we introduce the following notation

Q = (1+T‘f)Y1+}/2—2(1+?”f)C_'1 (9)
(1=p)(ry —m)'
K, = LA (10)
p(rg—ry)
~u,pr 1 Y,
cPt = S <Y1 +5 +Tf> (11)

re—r 1=y C1=C 1=y
[((1+7’f)(Tg—fTb+bw(Tf—Tb))) * 5]9] [Q g = Tf)acéb éQL]
(1 +7£)( Cl CL)] =

p) [(
Q1 +rp)(1 +w) + M]
S —p)A+r))(1+w) [1+rp)(Cr—Cp)]

)\PI—P2

for Cy <CP' (12)

B 1 vy
k 1+K">
APL=PS - — 2< : =[ X r (13)
(1+7r)(1 +w) (I+7p)(1 +w)
) -
ro—ry\ o |7
ky = [0(1+rp)(l+w)p (Tj_rf) ] (14)
[ F iy =+ K (g — )
M = |i1 1 J 15
O+ +w)prf_rb] — (15)
WO=Cr (1+7p)(Y1 —C1 —CL) + Ys
AOCo=Cor,  — (16)
2= rE—Tp

Note that C; < C_'{] Plig equivalent to © > 0.19 We present the optimal solution for first period

consumption and risk taking of the less ambitious household in the following proposition.

Proposition 1 Let O} < C‘IU’Pl and X > max {\P1TPZ API=FPSL - Then problem (6) obtains

1ONote that HFT characterize the different types of household through Q (being positive, equal to zero, or
negative), while in this study we define the different types of household through their first period consumption
reference levels (being smaller than, equal to, or larger than a threshold value), which we think makes more
sense. However, we could equivalently describe our households through €.
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a unique mazimum at (C],a*) = (Cfl,apl), where

- Q
ot = O+
! T+ +w) + M
1 Vi+Ys+[M—(1 1—w)Ch _ 4
I+r)A+w)+M
1
<1 — K8> M
oft = , (=) >0 (18)
ry—rp+ Ko (rg —7y)
Proof. See Appendix B. m
The future relative gains, or excess consumption, are given by:
Cé;l—c_'gz ]CQ%(C{DI—C_&)>O (19)
1 _
Chl—Cy = kﬂq;%t%(cfl—cn)>0

Current relative gains, ij L'y, are driving both the investment in the financial market as
well as future excess consumption, see (18) and (19). The higher the relative gains in the first
period the higher the investment in the financial market and the higher the relative gains
(excess consumption) in the future. Note that the household invests positively in the risky
asset. Total savings, however, which include both risky and risk-free assets, may be either
positive or negative. The household’s consumption and risk taking does not directly depend
on the degree of loss aversion; however, the household needs to be sufficiently loss averse.!!
Thus the optimal consumption in both periods as well as the relative consumption in both
periods, risk taking and happiness are insensitive to changes in the degree of loss aversion.
The effect of an increase in the first period consumption reference level on current and

future consumption cannot be determined a priori, see

S T
2 :.7%171— =0, if 6=4 (20)
w ~
! Ty <0, it 6<6
where
_ K N
5 1 Qi) <Tf Tb) 1 : (21)
1—|—K«,/7 Ty — Tb p(I+w)(1 47t

1 As shown in Proposition 1, the loss aversion parameter needs to be sufficiently large, namely A >
max {A\TTTF2 APITP5Y D to guarantee that the utility of (P1) at its maximum exceeds the potential maxi-
mum of (P2) at its border, A > A"'7F2 as well as the potential maximum of (P5) at its border, A > AT1~F3,
Note that problem (P1) is a concave programming problem and its unique maximum does not depend on A.
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It depends on the household’s time preference, i.e., on its discount factor, as follows: a rela-
tively high discount factor (large weight placed to the future) will cause current consumption
to increase with increasing Oy, while a relatively low discount factor (small weight place to
the future) will cause current consumption to decrease.!? However, the effect on optimal
consumption in the second period is opposite: future consumption increases with a lower dis-
count factor and shrinks with a higher discount factor. In addition, the sensitivity of second
period consumption in the bad state to the first period reference consumption depends on
the probability of the good state. Relative current and future consumption decreases with
an increasing first period reference level and also risk taking decreases when the current con-
sumption reference level increases. The latter happens because the increase in the current
consumption reference level decreases the relative gains in the first period discouraging in-
vestment in the risky asset. Finally, an increase in the first period reference level will reduce
the household’s happiness and thus the highest possible level of happiness is achieved for
the lowest possible current consumption reference level. This suggests that comparison does
not make oneself happy, and indeed not comparing at all would be the best. Note that the
sensitivity results with respect to the first period reference level are similar (in terms of sign)
to the ones when the second period consumption reference level is exogenous (see Hlouskova,
Fortin and Tsigaris, 2017), except for the sensitivity of first and second period consumption: if
the second period reference level is exogenous then first period consumption always increases,
and second period consumption in both states of nature always decreases, with a rising first
period reference level.

As stated earlier habit persistence in consumption is determined by the parameter w.
An increase in w reduces optimal first period consumption (and thus also the first period
relative consumption) and the level of happiness, while it increases the investment in the
risky asset. The effect of an increase in w on the second period reference level, however, is not
unambiguous. It depends on the curvature, 7, the discount factor, é, and on the level of habit
persistence in consumption, w, itself. If the household is rather risk averse (y > 0.5), however,
then the effect of habit persistence on the second period reference level is always positive.
Also the effect of w on the second period consumption in the bad state can be either positive
or negative. Namely the second period consumption in the bad state increases with increasing
habit persistence in the first period consumption when w is below a certain threshold and it
decreases with increasing habit persistence in the first period consumption when w exceeds
the threshold.!> On the other hand, the impact of w on the second period consumption in
the good state is always positive. Note that as habit persistence in consumption, w, relates
negatively to habit persistence in the current consumption reference level, 1 —w, the reported

dependencies hold with the opposite sign for habit persistence in the first period reference

2Note, however, that a larger persistence in consumption reduces the threshold of the discount factor, see
(21), which makes it more plausible that first period reference consumption encourages current consumption.
13This threshold is a function of the parameters describing the financial market and on the curvature.
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level.

Current consumption depends positively on income, i.e., it depends positively on both
first period and second period income.'* An increase in the first period income, as in good
economic times, will increase current consumption by (14 7¢)/[(1 4+ rf)(1 +w) + M)], while
an increase in the second period income (i.e., good future economic conditions) will increase
current consumption by 1/[(147¢)(1+w)+M)]. Note that the presence of habit persistence in
consumption has reduced the impact of income upon current consumption relative to models
without such a behavioral trait. Furthermore, an increase in income will increase second
period consumption as well as the relative gains (excess consumption) in both periods, the
second period reference level, the investment in the risky asset and the level of happiness.
Note that a sudden reduction in income, caused by a recession or a loss of job (bad economic
conditions) or by the introduction of an income tax, will cause the opposite effect and the
household will thus reduce current consumption and risk taking. Note in addition that if the
first period reference level is equal to a fraction of the present value of the total wealth, i.e.,
Ci =c (Y1 + 13:2”) where ¢ € (07 %),15 then the sensitivity results will not change. This

suggests that the direct income effect is stronger than the indirect effect of income through

the first period consumption reference level. Table 1 summarizes the sensitivity results related
to Proposition 1, which have been discussed above.
Finally, it can be shown that the expected utility evaluated at the optimal choices is

determined by the relative gains in the first period:

(T +7rp)(14+w)+ M]”
(1477)(1+ w)

(1-)E U (CF' o) = (cfr—c)' (22)
The household will be more happy with a rising income, while it will be less happy with a
larger first period reference level (as the first period relative consumption decreases) and a

higher persistence in current consumption, see Table 1.

Ci =CFl and o = of!
dCy dC;3, dC3 do® dCy d(CT —Ch) d(C3, —Cs) d(C3, —Ca) d(EU(CT,a")))
d\ |=0 =0 =0 =0 =0 =0 =0 =0 =0
dC; |20 <0 <0 <0 >0 <0 <0 <0 <0
dw | <0 >0 =0 >0 =0 <0 >0 >0 <0
ay; | >0 >0 >0 >0 >0 >0 >0 >0 >0

Table 1: Sensitivity results for the less ambitious household with respect to A, Cy, w and Y;,
1=1,2.

We say that some quantity depends positively (negatively) on income, if it depends positively (negatively)
on both first period income and second period income.
5The fraction needs to be less than one half such that the household is less ambitious.
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3.2 Neutral first period reference consumption: balanced households

This special case applies when the household is neither less ambitious (see the previous sec-
tion) nor more ambitious (see the following section). The household is balanced in the sense
that it consumes exactly its reference levels, in both the first and the second period. This
requires that the household’s first period reference level is equal to the threshold separating
less ambitious from more ambitious households. The reference consumption is thus equal
to the average of the discounted income, i.e., C; = C’{] P % (Y1 + 1}:—?7) We call this
reference level the neutral first period reference consumption. Note that the neutral reference
level depends explicitly on the household’s exogenous income. Note, in addition, that if the
household’s total income coincides with the total income of some reference household then
this current reference consumption can be viewed as an external reference consumption, as
the household compares itself to someone like itself.

The following corollary describes the solution of the balanced household.

Corollary 1 Let Cy = CYP! and A > max {2 \PI=PSY - Then problem (6) obtains its

unique mazimum at (Cy,a*), where

Proof. See Appendix B. m

The sufficiently loss averse balanced household will consume exactly its consumption ref-
erence level in the first period, which is equal to half the current value of total income. In
addition, it will not invest in the financial market even though the expected return from
the risky asset is greater than the return from the safe asset. This phenomenon can help to
explain the equity premium puzzle as it indicates that the risk premium is not sufficient to
induce the household to invest in the risky asset. The savings will thus consist only of the
risk-free investment, which can be positive, zero or negative, based on how the first period

income and the discounted second period income relate to each other:

. Ya
>0 if Y7 > Trr;

1 Yo . Y-
mn 2<1 1+7“f> b W 29
<0 if ¥y < 2

Note, in addition, that also in the second period in both states of nature the household
consumes exactly its consumption reference level, i.e., Cy = Cyy = Cop = %[(1 +7rp)Y1+Ys] =
(1+ rf)C_'lU L= 1+ r¢)Cy, which implies that this solution is feasible for all sub-problems
(P1)—(P8) and thus can be considered a threshold solution, where the household achieves no

relative gains and no relative losses in either period.
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If the household’s income increases either in the first period and/or in the second period,
while other parameters remain unchanged, including C;, then the household’s upper bound

C_'{] Pl Wil also increase and as a result the household will become relatively less ambitious

since now C < C’{] 1 Thus, the household will be able to avoid relative losses in both periods.
If on the other hand, the household’s income falls unexpectedly, while other parameters remain
unchanged, then this will reduce the household’s threshold level C’{] P1 and thus the first
period reference level will be above this new upper bound C_’lU P1 " As a result the household
will become more ambitious in order to make up for the lost income. In this case its optimal
consumption will be below the reference level either in the second period in the bad state of
nature, problem (P2), or in the first period, problem (P5). We will discuss these cases in the
next section.

Suppose the household has initially a current consumption reference level below the thresh-
old level and hence is less ambitious. Then it is hit by a sudden reduction in income, e.g.,
due to a loss of job in bad economic times, which triggers a decrease of the threshold level
such that the household’s (constant) reference level is above the new threshold, and hence the
household is more ambitious. This switch from the less ambitious (across the balanced) to
the more ambitious type will change, for example, its sensitivity of risk taking with respect to
income: while before the drop in income the household (which is less ambitious) takes on less
risk with decreasing income, it will be eager to take on more risk with a decreasing income
— with the hope to make up for the lost income — after the drop in income (when it will be
more ambitious).!6

Note that consumption in both periods (as well as the relative consumption in both
periods), risk taking and happiness are unaffected by changes in the level of loss aversion, as

well as by changes in the persistence level in current consumption.

3.3 High first period reference consumption: more ambitious households

If the first period reference level exceeds the threshold level which is equal to the average
of the discounted income, i.e., if C; > C’{] S % <Y1 + J—if), then the household cannot
consume above its reference levels in both periods. In either the first or the second period the
household will have to consume below its reference consumption, and thus will incur relative
losses. A household with such a high first period reference level is called more ambitious. The
optimal consumption of the more ambitious household will be either below its consumption
reference level in the second period in the bad state of nature, problem (P2), or in the first
period, problem (P5). Which case occurs, problem (P2) or (P5), depends on the household’s
time preference, i.e., on its discount factor, and on the probability of the good state to occur.
If the sufficiently loss averse household is relatively time impatient and assigns a low weight

to future consumption (i.e., it has a small discount factor, or a high time preference) then the

16See the sensitivity results in Tables 1 and 2.
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optimal solution of (6) for optimal consumption and risk taking coincides with the optimal
solution of problem (P2). In this problem the optimal consumption in the first period is above
its reference level, as in problem (P1). However, in the second period the household cannot
avoid relative losses in the bad state of nature. Proposition 2 provides the optimal solution
for this case. This case also applies if the probability of the good state of nature is sufficiently
large (irrespective of the household’s time preference). On the other hand, if the discount
factor is relatively large (i.e, future consumption is valued high), and the probability of the
good state is not too high, then the sufficiently loss averse household will find a solution where
first period consumption is below the first period reference level (suffering relative losses in
the first period) but will keep future consumption above the endogenous reference level in
both states of nature. The solution for this case is presented in Proposition 3. The first
period reference level cannot be arbitrarily large, however. It needs to be smaller than a
certain threshold, C_'{] P2,

To summarize, if the more ambitious household values first period consumption relatively
high (lower discount factor), then it focuses on avoiding relative losses in the first period and
thus first period consumption is above its reference level. If, however, the more ambitious
household values second period consumption relatively high (larger discount factor), then it
wants to prevent relative losses in the second period and consequently second period con-
sumption exceeds its reference level. This is only true, however, if the probability of the
good state is not too large. If it is larger than a certain threshold then only the first case
applies, where relative losses occur in the second period in the bad state, irrespective of the

household’s time preference.'”

1"Note that for better readability we will often omit the information on the large (small) enough probability
of the good state of nature in identifying the type of household, and simply call a household that finds it
optimal solution in problem (P2) “more ambitious with a high time preference”, and a household that finds
its optimal solution in problem (P5) “more ambitious with a low time preference”.
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Before proceeding further, we introduce the following notation

Tg—Tb (}/1+ Yo )_CL

ouP2 _ ey I4ry 924
' 12 (24)
Y;
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1 1—w
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The optimal solution for first period consumption and risk taking is given in the next

proposition.

Proposition 2 Let CF' < Oy < CYF2) A > max {AP2 \F2-P2 \P4 \P5 \P2-F6)
§ < §P2P5 and C, < CY. Then problem (6) obtains a unique mazimum at (CF,a*) =
(CfDQ, ap2), where

_ 0 _
i > (36)

[(%)W + AW] k
0 _
of? = pa— (Cf? =) >0 (37)

Proof. See Appendix B. m

Note that for a sufficiently large probability of the good state'® the threshold value of
the discount factor is larger than one (6727F5 > 1) and is thus not binding. In that case
Proposition 2 applies, irrespective of the household’s time preference. The reason is that the
household is rather willing to accept a relative loss in the bad state of nature, which occurs
with a small enough probability, than to face a relative loss in the first period, which occurs
with certainty.

Future relative gains (in the good state of nature) and losses (in the bad state of nature)

are given by

1
CI2 = Co= ke ()7 (Cf2=Ch) >0
Cy— CP2 = |l \5 (CP2 = ¢y) >0

Tg—Tyf

(38)

In problem (P1) the loss aversion parameter does not affect the optimal choices but here loss
aversion plays a significant role. An increase in the degree of loss aversion will result in a
decline in the first period consumption, a decline in the future consumption in the good state
of nature, and a decline in the endogenous second period consumption reference level, but will
increase future consumption in the bad state of nature. An increase in loss aversion will also
reduce relative gains in the good state of nature in the second period because of the decline in
relative gains in the first period. In addition, an increase in loss aversion will reduce relative
losses in the bad state of nature in the second period. Even though there are two opposite
effects on relative losses in the second period arising from an increase in loss aversion it can
be shown that the indirect effect from the decline in Cf 2 — (' overpowers the direct impact
from increasing the loss aversion parameter. Finally, an increase in loss aversion will reduce

the exposure to the stock market and reduce the happiness level.

_ 1—v _
18 _ rg—ry TITTh PRI
Namely for 1 > p > 1 [(1+rf)(1+w)(rg—rz,)] . Note that p must also be larger than P which is

implied by the assumption E(r) > ry.
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Contrary to problem (P1), an increase in the first period reference level will increase first
period consumption, see (36), which is in line with the assumption on preferring the presence
to the future. Also it will increase second period consumption in the good state of nature, the
second period reference level, and the investment in the financial market because the increase
in C; increases relative gains ij 2 — (). However, an increase in €} will reduce future
consumption in the bad state of nature. Relative gains of consumption in the first period
will increase, and so will future relative gains in the good state of nature by having higher
future relative losses in the bad state of nature. Similarly as in problem (P1), an increase in
the first period reference level will decrease the level of happiness, i.e., not comparing at all
makes one the happiest. Note that the sensitivities of the solutions (in terms of signs) with
respect to loss aversion and the first period consumption reference level are the same as in
the case of an exogenous second period reference level, as reported in Hlouskova, Fortin and
Tsigaris (2017).

An increase in the habit persistence in consumption reduces the current consumption,
the relative consumption in both periods, risk taking, as well as the happiness level. Finally,
the increase in the habit persistence in current consumption reduces also the second period
endogenous reference level, Cy, and future consumption in the good state of nature, 021;2,
for a sufficiently large habit persistence level (where the threshold depends on the curvature
parameter which is binding only for v < 0.5), while it increases both Cy and C’2Pg2 when
the household is sufficiently loss averse and at the same time exhibits a lower level of habit
persistence in consumption. Note that the opposite dynamics hold when we consider the effect
of the habit persistence in the consumption reference level. Finally, note that the dynamics of
the current consumption, current relative consumption, second period endogenous reference
level and the happiness level with respect to the habit persistence are in line with the dynamics
of the less ambitious households.

A change in income here has profoundly different effects from those related to the less
ambitious household. An unexpected decrease in income, due to, e.g., a loss of job in bad
economic times, will increase first period consumption, second period consumption in the
good state of nature, investment in the financial market and also the endogenous second
period consumption reference level. In addition, a decrease of income increases the relative
consumption in both periods. On the other hand, the second period consumption in the bad
state of nature will decrease when income decreases, and so will the happiness level. These
effects are opposite (in terms of sign) with respect to those reported for the less ambitious
household, with the exception of the future consumption in the bad state of nature and the
happiness level, which both decrease with a falling income. The reason is probably related to
the fact that the more ambitious household cannot consume above its consumption reference
levels at all times while the less ambitious household can always do that. Total savings actually

decrease with a falling income. Note finally that if the first period reference consumption
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level is equal to a fraction of the present value of total wealth, i.e., C; = ¢ <Y1 + IEJ where
c > %,19 then the vast majority of sensitivity results become opposite in sign, including the
happiness level. This suggests that the indirect effect of income through the first period
consumption reference level is stronger than the direct income effect. Thus, in this case the
happiness decreases with an increasing income, which is not entirely inconsistent with the
literature which finds that as income moves beyond the levels associated with happiness,
overall life satisfaction actually decreases, see Jebb et al. (2018).2Y All the sensitivities with
respect to problem (P2), which we discussed above, are presented in Table 2.

Note, that the value of the expected utility at the optimum (the level of happiness) is

determined by the relative gains in the first period, like in problem (P1):
k 1\~
Mo (=—1") -1
(1+7rp)(1+w) K,

The more ambitious household will be happier with a larger income, while it will be less happy

(1—yE (U (CF? o)) = - (Ccr2—¢y)'

(39)

with an increasing first period reference level (even though first period relative gains increase,
but also relative losses in the second period in the bad state rise) and a higher persistence in
current consumption. These effects are the same as those for the less ambitious household.
In addition a larger degree of loss aversion affects the happiness negatively, see Table 2.

Before proceeding further let us introduce the following notation

s 1

T w Y

A\P5-P2 f . Ky for §> §F2-F5 (40)
I+rp)(A+w) 1

The next proposition shows the case where the household is again more ambitious (i.e., it
cannot avoid relative losses at all times) but values future consumption higher (i.e., has a
larger discount factor) than the household described by Proposition 2. This is why it strives
to avoid relative losses in the second period but has to accept them in the first period. For
this to hold, the probability of the good state of nature must be small enough. If it is larger,?!
then the household can avoid relative losses in the first period but has to accept them in the
second period in the bad state (which occurs with a small enough probability), i.e., it always

solves problem (P2), irrespective of its time preference.

Proposition 3 Let C’{]’Pl <Ci < C’{]’PQ, A > max{)\m*P‘r’,)\PQ,APQ*PQ,)\PS,)\PS’PQ,)\PZ’P(;}
and § > 6727F5. Then problem (6) obtains a unique mazimum at (Cj,a*) = (CF5,al®)

9The fraction needs to be larger than one half such that the household is more ambitious.

20Jebb et al. (2018) find that the ideal income point when money no longer increases an individual’s
happiness is $95,000 for overall satisfaction with life, and $60,000 to $75,000 for emotional well-being. They
use a collection of survey responses from over 1.7 million people spanning 164 countries.

21For the precise threshold see Footnote 18.

23



where
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Proof. See Appendix B. m

Here, too, the degree of loss aversion enters the solution, as in Proposition 2. However,
loss aversion has a different impact on the consumption pattern. An increase in loss aversion
will increase the first period consumption (and thus reduce the relative consumption losses
in the first period) as well as the second period consumption reference level. On the other
hand an increase in loss aversion will reduce the second period consumption in the good state
of nature and also the relative reference consumption in both states of nature. Higher loss
aversion will also reduce investment in the financial market and the happiness level, like in
problem (P2). Finally, the second period consumption in the bad state of nature will be
reduced with higher loss aversion if the habit persistence in consumption is sufficiently low,
it will be enhanced if the habit persistence in consumption is sufficiently large, and it will
remain the same if the habit persistence in consumption equals some threshold depending on
the parameters describing the financial market.?? Note that in the case with an exogenous
second period consumption reference level Cﬁf’ is decreasing with an increasing A, while the
other effects remain the same (in terms of sign), see Hlouskova, Fortin and Tsigaris (2017).

The effect of the first period reference level on the first period consumption is negative,
while it is positive for the second period consumption in the good state, and mixed?? for the
second period consumption in the bad state. Also the effect of the first period reference level
on the second period endogenous reference level is not unambiguous. For sufficiently loss
averse households the effect of an increasing first period reference level is positive, while for
households with a smaller loss aversion it is negative. Moreover, an increasing first period
reference level enhances current relative losses and future relative gains in both states of
nature. Also risk taking increases with a higher first period reference level. Finally, the
happiness level shrinks when the first period consumption reference increases. Note that the
sensitivities with respect to the first period reference level coincide (in terms of signs) with

those related to an exogenous second period reference level, see Hlouskova, Fortin and Tsigaris

Tg—Th Ké/ﬂ'

TE—Th l*K&/’Y ’

large probability of the good state of nature, p.
23The effect is positive if the household is sufficiently loss averse.

22This threshold value is equal to

and it is smaller than one, i.e., binding, only for a sufficiently
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(2017).

The effect of habit persistence in consumption, w, on the second period reference level
is negative, while its effect on the investment in the risky asset, relative gains in the second
period as well as on the happiness level is positive. The effects on consumption in the first and
second periods and on relative losses in the first period cannot be determined unambiguously.
For sufficiently loss averse households, however, the effect of w on the first period consumption
is positive (and hence negative on current relative losses), while it is negative for the second
period consumption in both states of nature (and vice versa).

Regarding the sensitivity analysis with respect to income, an increase in income increases
first period consumption, the second period reference level and the happiness level, while
it decreases risk taking and relative consumption in both periods. The income effect on
consumption in the second period (in the good and in the bad states) cannot be determined
unambiguously, it can be either positive or negative. The effect is positive if the household
is sufficiently loss averse, while it is negative if the household is not that loss averse.?* These
income effects are partially different from those related to the less ambitious household: while
the effect on the first period consumption is the same (in terms of sign), the effect on risk
taking is opposite, and the effect on second period consumption can be either the same (if the
household is sufficiently loss averse) or opposite. The reason for the difference is that the more
ambitious household cannot consume above its reference levels at all times and incurs relative
losses in the first period. Consequently, an extra amount of income is rather used to increase
consumption in the first period, in order to decrease relative losses in the first period, than
to increase consumption in the second period when it is anyway above the reference level.
In addition, the less ambitious household increases its risk taking in the financial market
with increasing income, while the more ambitious household reduces its risk taking. Finally,
the main difference between the more ambitious household with a lower time preference,
(P5), and the more ambitious household with a higher time preference, (P2), is that the
household with a lower time preference increases its first period consumption and the second
period reference consumption when income increases while the household with a higher time
preference decreases its first period consumption and the second period reference consumption
with a growing income. Note finally that if the first period reference consumption level is equal
1327) where ¢ > %,25

then, as in the case with a more ambitious household with a higher time preference, the

to a fraction of the present value of the total wealth, i.e., C; = c <Y1 +

majority of sensitivity results become opposite in sign. This suggests again that the indirect

effect of income through the first period consumption reference level is stronger than the

Z4Note again that an unexpected reduction in income can change the household’s degree of ambition. Let
the household be originally less ambitious. Then a drop of income (while keeping the first period reference
level constant) will also decrease the threshold CY"F!, which may change the household to be more ambitious,
as the first period reference level might then exceed its threshold (C; > C_’f] ’Pl) and the household will face
losses in the first period.

Z5The fraction needs to be larger than one half such that the household is more ambitious.
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direct income effect. Thus, in this case the happiness will again decrease with an increasing
income.
Table 2 summarizes the sensitivity results related to the solutions of problem (P5), which

we discussed above.

- Cf:C’f2anda*:cEP2 )
dCy dC3, dC3 do* dCy d(CT —Ch) d(C3,—Cs) d(Cy—C3) dEU(CT,a")))

dx | <0 <0 >0 <0 <0 <0 <0 <0 <0
dC;| >0 >0 <0 >0 >0 >0 >0 >0 <0
dw | <0 0 >0 <0 =0 <0 <0 <0 <0
dy; | <0 <0 >0 <0 <0 <0 <0 <0 >0

) Ci:CfD‘:’andoz*:o_zPS )
dCy dC;3, dC3, do* dCy d(Cy —CF) d(C3, —Cs) d(C3, —Ca) dEU(CT,a")))

dx | >0 <0 =0 <0 >0 <0 <0 <0 <0
dCi| <0 >0 =20 >0 =0 >0 >0 >0 <0
dw |20 s0 s0 >0 <0 <0 >0 >0 >0
ay; | >0 =20 20 <0 >0 <0 <0 <0 >0

Table 2: Sensitivity results for the more ambitious household with respect to A, C;, w, Y;,
1=1,2.

Finally, the value of the expected utility at the optimum can be determined by the relative

losses in the first period:

_ 1—y
W@ (Ef%a™) = ~ g -0

P1-P5\ 1/7
A

The effect of income on happiness is positive, while loss aversion and the first period reference

(C1— ) (43)

level impact the level of happiness negatively, see Table 2. These results are the same (in terms
of signs) as those for problem (P2). The only difference (between the two more ambitious
households differing in the rate of time preference) is in the effect of the persistence of current
period consumption on the happiness level. It is positive for the more ambitious household
with a lower time preference, while it is negative for the more ambitious household with a
higher time preference. The positive effect of income on happiness and the negative effect of

the first period reference level are also the same as for the less ambitious household.
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Before proceeding further let us introduce the following notation:

N 1+7re)p [1,—1p 1=
AR L = 1( {) ( L w) (44)
1= 5 —gp—pos \''f —Tb
Cps 1477
SO\ P2—P5 _ 5P2—P5 1— )‘Pl s ! 45
( )C_'1=C_’{J’P2 - )\ ( )
ra—ty Yl_él_CL‘i'lI?rf 17
ri=ry  CU ooy -w
5P2*P6 — i 46
(I-pw (46)

The following corollary describes the results when the current consumption reference level
reaches its upper bound. Note that, similarly as in Corollary 1, the first period reference level
is a function of the household’s income, but also its minimum consumption in the first period
and the (risk-free and risky) financial returns are part of the solution.

Corollary 2 Let Cy = C_’ij’m, A > max {/\PQ—P{ AP5 \EP2-P6 } and

0126_'{]’132
0 < min {(5(/\)gf_gg’m, 5P2_P6}. Then problem (6) obtains a unique mazimum at (CF,a*),
-1

where

(1+7y) (H—C{J’PQ—CL> +Ys
o = >0
Tf_'r’b

Proof. See Appendix B. m

Note that in this case, C; = C; = C’{]’m, Coyy = Cy = (1+rf)élU’P2 and Cop, = (1+75)Cp.
The solution implies that the household can only consume its minimum level in the second
period in the bad state, and it consumes exactly the reference level in the first period and
in the second period in the good state. This household, like the other ones but unlike the
balanced household, engages positively in the stock market. Any further increase in the
first period reference level, while keeping the other parameters constant (such as income, the
scarcity constraint and/or returns of the safe and risky assets)?¢, i.e., Cq > C‘{] ’P2, will result
in a state where the household faces relative losses either in the second period (under both
states of nature) while keeping gains in the first period, (P4), or where it faces relative losses

only in the first period while keeping sure gains in the second period (in both states of nature),
(P5).27

260r any reduction in income while keeping the other parameters (such as the first period reference level,
the scarcity constraint and/or returns of the safe and risky assets) constant.

2TThe solutions actually depend on the following threshold levels for the current reference consumption,
namely on CY""? < ¢V < CVP% < CPP8. For CP7% < €y < CYP* the household that values future
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3.4 Income and other effects — a summary

In this section we summarize the income effects and other effects on happiness, (relative)

consumption and risk taking across less ambitious and more ambitious households.

Income effects

All other things equal, more income, as in good economic times, is good: for both less
ambitious and more ambitious sufficiently loss averse households with a constant first period
consumption reference level a higher income increases the household’s happiness. For the less
ambitious household, which always consumes above its reference levels, this works through
higher current relative gains, see (22). For the more ambitious household which places less
weight to the future and thus faces relative losses in the bad state of nature in the second
period, this works through smaller current relative gains, see (39),2® while for the more
ambitious household which places more weight to the future and thus faces relative losses
in the first period, this works through a reduction of the current relative losses, see (43).
Note that the relation “more income — more happiness” is not true for the more ambitious
household, when its first period reference level depends on income, e.g., when it coincides
with a fraction (that exceeds one half) of the present value of its wealth. In this case more
income will imply a larger first period consumption reference level and will actually lead
to less happiness, which is due to the indirect effect through the first period reference level
outweighing the direct effect of income.

In addition, the less ambitious household increases its investment in the risky asset with
good economic times as income increases, while the more ambitious household decreases its
exposure to risky financial markets in good economic times and increases its exposure in bad
economic times.?? See Tables 1 and 2 for the described sensitivity results with respect to the
first and second period income.

Note that the effects of an increase of income, as discussed above, are the same as the
effects of a decrease of the tax rate when we assume a taxation of income endowment. See

Section 3.5 for more details.

consumption more, faces relative losses only in the current period, (P5), while the household that values
current consumption more achieves relative gains only in the current period, (P4). For C’{]’P‘l <0 < C'{J’m
the household faces relative losses only in the current period, (P5). For even higher reference consumption,
C‘{J’Ps <C: < C’{J’PG, the household achieves relative gains only in the good state in the second period, (P6),
and finally for the largest values of reference consumption, namely C; > C'{J "6 the household faces relative
losses in both periods, (P8).

28Note that these smaller relative gains in the first period go hand in hand with smaller relative losses in
the second period in the bad state.

29Technically speaking, we must consider the effects of larger first and second period income separately. As
they are always the same (in terms of signs), however, we simply talk about the effects of income.
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Note finally that an increase of current income increases savings for both less and more
ambitious households.?? The effect of second period income on savings is opposite to the effect
of second period income on current consumption for both types of households. Thus, savings
are discouraged for less ambitious households and for more ambitious households with a low
time preference (that achieve relative gains in the second period), while they are encouraged
for more ambitious households with a high time preference (that face relative losses in the

bad state of nature in the second period).

Effects of the first period consumption reference level

Ceteris paribus, a higher first period consumption reference level is bad: both the less ambi-
tious and the more ambitious households will be less happy with a larger first period reference
level, i.e., a higher comparison level decreases happiness. Thus, the household seems to be
happiest when it does not compare itself to anybody at all. For the less ambitious household
being less happy with a rising first period reference level works through lower relative gains
in both periods as the relative gains shrink with an increasing first period reference level.
However, for the more ambitious household, this works only through larger relative losses,
enhanced by the penalty on losses, as both relative gains and losses increase with an increasing
first period consumption reference level.

The reaction of the less ambitious household’s consumption to an increase in the first
period reference level is ambiguous: A household with a smaller weight placed to the future
will decrease its current consumption and increase its future consumption while the opposite
happens for a household with a larger weight placed to the future. In the case of a more
ambitious household with a higher time preference, the current consumption as well as the
second period consumption in the good state of nature increase with increasing C'; while
the second period consumption in the bad state shrinks. On the other hand, in the case
of a more ambitious household with a lower time preference, the increase of the first period
reference level will cause a reduction in the current consumption but an increase in the future
consumption.?! Thus, for instance, if C; is equal to the consumption of a reference household
(the Joneses) then our household is following the Joneses®? when it is either less ambitious
with a low time preference or when it is more ambitious with a high time preference. Note

that in the case of an exogenous second period consumption reference level, see Hlouskova,

300nly more ambitious households with a low time preference need to be sufficiently loss averse. If the
degree of loss aversion of these households, (P5), is not too large then savings will decrease with an increasing
current income. This may happen for households with a small persistence to current consumption.

31This holds also for the second period consumption in the bad state of nature, when the household is
sufficiently loss averse.

32The household is following the Joneses when the increase, or decrease, of the first period consumption of
a reference household (the Joneses) impacts this household such that its current consumption will change in
the same way as the one of the Joneses, i.e., it will increase if the current consumption of the Joneses increases
and vice versa. Note that in this context the household’s first period reference consumption is equal to the
current consumption of the Joneses.
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Fortin and Tsigaris (2017), the less ambitious household follows the Joneses irrespective of
its time preference.

A larger first period reference level also implies a larger second period reference level,
except for the more ambitious household with a low rate of time preference (high discount
factor), where the effect can be positive or negative. Finally, the effect of a rising first period
reference level upon the household’s investment in the risky asset is negative for the less
ambitious household, and positive for the more ambitious household. Thus, the risk taking
decreases for less ambitious households with an increasing current consumption reference level
while it increases for more ambitious households when the current reference level increases.
See Tables 1 and 2 for the sensitivity results with respect to the first period consumption

reference level.

Effects of loss aversion

All other things equal, the degree of loss aversion does not have any effects on the less
ambitious household’s happiness, nor on its consumption or its investment in the risky asset.??
On the other hand, the more ambitious household is less happy with an increasing level of
loss aversion, which is triggered solely by shrinking relative gains (whenever there are gains).
An increasing level of loss aversion shows opposite effects (in terms of signs) on the second
period reference level, for different time preferences. The effect is negative for a high time
preference, and it is positive for a low time preference. Technically speaking, this works
through the impact of loss aversion on first period consumption (which is negative for a
high time preference, and positive for a low time preference). Finally, a higher degree of loss
aversion implies a lower investment in the risky asset for the more ambitious household, which
is what one would probably expect. See Tables 1 and 2 for the sensitivity results with respect

to loss aversion.

Effects of the habit persistence in consumption

The effect of persistence in consumption on happiness depends on whether the household’s first
period optimal consumption is above or below the reference level. Whatever is smaller — either
consumption or the reference level — should be followed more intensely (in the formation of
the second period reference level) in order to increase happiness. If first period consumption
is above the reference level, then increasing habit persistence in consumption makes the
household less happy while increasing persistence in the consumption reference level makes it
happier. Thus the household should intensify its persistence on the consumption target. This
situation applies to the less ambitious household and the more ambitious household with a

higher time preference. On the other hand, if first period consumption is below the reference

33The assumption on the degree of loss aversion to be sufficiently large is to guarantee that the maximum
of (P1) exceeds the potential maxima of (P2) and (P5).
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level, then growing habit persistence on consumption leads to more happiness while increasing
persistence on the consumption reference level results in less happiness. Hence the household
should stick more to its consumption habits. This applies to the more ambitious household
with a lower time preference.

For the less ambitious household the decrease in happiness materializes only through
a decline of the first period consumption (or, equivalently, through a decline of the first
period relative gains), as the second period relative gains actually increase with an increasing
persistence in consumption, see Table 1. On the other hand, for the more ambitious household
with a sufficiently small discount factor the decrease in happiness is triggered by a decrease of
both the first period relative gains and the second period relative gains when the good state
of nature occurs. Finally, for the more ambitious household with a sufficiently large discount
factor the increase in happiness is caused by a decrease of the relative losses in the first period
(for a sufficiently loss averse household) as well as by an increase of the relative gains in the

second period.

3.5 Implications for income taxation

Our analysis has important implications in terms of how a household responds to income
reductions due to the impact of taxation of endowment income.?* In fact an increase in the
tax rate is equivalent to a decrease in income in the model without taxes. The effects of
taxation will depend on whether the household has a low or a high first period consumption
reference level, hence on the type of household. Suppose suddenly income is taxed and
the household is less ambitious such that it only experiences relative gains. Then increased
taxation will reduce current consumption, future consumption in both states of nature, risk
taking, second period reference level, relative gains and happiness.

Suppose, then, the household is more ambitious with a high time preference (i.e., it values
more current consumption) and thus experiences relative losses in the bad state of nature in
the second period. Increased taxation of income in this case will increase current consumption,
risk taking, consumption in the good state of nature, the second period reference level, current
relative gains, second period relative gains in the good state of nature and second period
relative losses in the bad state of nature, which is opposite to the response of a less ambitious
household towards taxation of income. On the other hand, increased taxation will reduce
consumption in the bad state of nature as well as happiness.

Suppose, further, the household is more ambitious with a low time preference (i.e., it
values more future consumption) and is thus willing to experience relative losses in the first
period, then increased taxation will discourage current consumption but stimulate risk taking

while the direction of future consumption is ambiguous and happiness will decrease. In terms

34The corresponding model set-up is the same as presented by (6), only income is replaced by after-tax
income in all formulations, propositions and corollaries. I.e., Y7 is replaced by (1 — 7)Y1 and Y3 is replaced by
(1 = 7)Y, where T € (0, 1) is the tax rate of income.
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of relative gains and losses increased taxation of income will increase relative losses in the
first period as well as relative gains in the future.

Finally, if the household is at the threshold level, i.e., if it is balanced, then a sudden
increase in taxation (while keeping all other parameters unchanged) will reduce the present
value of after-tax income and thus the threshold level of the current reference consumption
C’f] P il shrink, which in turn makes the household more ambitious.

For the discussion of the effects of income taxes on savings it is reasonable to assume that
the tax rates on current and future income are not independent. For simplicity we assume
that they are the same. Then a higher income tax (which induces lower disposable income)
discourages savings for the more ambitious household with a high time preference, and it also
discourages savings for the less ambitious household and the more ambitious household with
a low time preference provided second period income is small enough.?®> On the other hand, if
second period income is larger than the threshold then a higher tax rate stimulates savings for
the less ambitious household and the more ambitious household with a low time preference.
Note that if the household has a sufficiently large persistence in current consumption and the
second period is the retirement period then more plausible is the case when second period
income does not exceed its threshold.?%

A particularly interesting result is the impact of taxation on risk taking. Taxation of
income will discourage risk taking for less ambitious households, while for more ambitious
households, irrespective of their rate of time preference, taxation will increase risk taking.

Finally, taxation makes a household less happy irrespective of its first period reference level.

dr dCy dC3, dCy, do* dCs d|Cf — 1| d|C3, — Co] d|Cy, — Cs dS* dU*
C, < Pt <0 <0 <0 <0<0 <0 <0 <0 <0<0
C, >V 5 <sP2P5 50 >0 <0 >0>0 >0 >0 >0 <0 <0
Cy> OV 5> 6P P50 <0 S0 >0 <0 >0 >0 >0 <0 <0

Table 3: Sensitivity results for less ambitious and more ambitious households with respect to
the income tax.

4 Concluding remarks

In this paper we analyze the two-period consumption-investment decision of a household with
prospect theory preferences and an endogenous second period reference level which captures
habit persistence in consumption and in the current consumption reference level. We find
that the optimal solution of a sufficiently loss averse household depends on how its first

period consumption reference level relates to a given threshold which is equal to the average

35In the latter case the household, in additi~on, needs:.~ to be sufficiently loss averse.
36The threshold is given by (1 4 rf)wY1 + k, where k > 0.

32



discounted endowment income. The reference level may be below, equal to, or above this
threshold and hence households can be of three types. These three types are characterized
by how their optimal consumption relates to their reference consumption. First there are
households with a relatively low reference level (less ambitious households), which can avoid
relative consumption losses in both periods. This means that they always consume above
their reference levels. Second there are balanced households with a neutral reference level,
which always consume exactly their reference levels. This type of household, however, is very
special and can only occur when its first period reference level is equal to the average of the
discounted income. Third there are households with a relatively high reference level (more
ambitious households), which cannot avoid to incur relative consumption losses, either now
or in the future. More precisely, a more ambitious household with a lower discount factor
(high time preference) will face relative losses in the second period in the bad state of nature
while a more ambitious household with a higher discount factor (low time preference) incurs
relative losses in the first period. Note that the three types of household sometimes act
very differently from one another and thus there is a diversity of behavior resulting from the
different levels of comparison.

We observe the following effects of habit persistence in consumption. A less ambitious
household will be less happy with a rising persistence in consumption, but at the same time
it will be happier with a rising persistence in the reference consumption. Hence it is better
to stick to one’s exogenously given consumption target than to one’s consumption habits.
The same applies to the more ambitious household with a high time preference. However,
the situation is reverse for the more ambitious household with a low time preference: it will
be happier if it sticks more to its consumption habits than to its target, i.e., if it intensifies
its consumption habits. In addition clinging to one’s consumption habits decreases current
consumption for the less ambitious household and the more ambitious household with a
relatively high time preference, while evidence is mixed for the more ambitious household
with a relatively low time preference.

It is always true that more income is better, i.e., the larger the income, the happier the
household — provided the first period reference level does not depend on income. However, if
the reference level depends on income in the sense that it is equal to a fraction of the present
value of total wealth and the household is more ambitious, then a higher income reduces
happiness. This is due to the fact that in this case the indirect effect of income (through the
first period reference level) outweighs the direct effect of income. We also observe that less
ambitious households increase their exposure to risky assets during good economic times (i.e.,
when their income increases) while the more ambitious households increase their exposure to
risky assets during bad economic times (i.e., when their income decreases).

Finally, we obtain the same findings as in Hlouskova, Fortin and Tsigaris (2017) related to

the dependence of happiness upon the current consumption reference level: the highest utility
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is achieved for the lowest current consumption reference level (while keeping everything else
unchanged). Thus, not comparing at all (e.g., to others) leads to the highest level of happiness.

We also discuss the effects of taxation of endowment income: increasing the tax rate in a
model with income taxes is actually equivalent to decreasing income in a model without taxes.
An interesting extension would certainly be to examine the household’s optimal consumption-

investment behavior if also capital income is taxed.

34



References

1]

[10]

[11]

[12]

[13]

ABEL, A., 1990. Asset prices under habit formation and catching up with the Joneses,

American Economic Review, 80, 38—42.

AcHURY, C., S. HUBAR AND C. KOULOVATIANOS, 2012. Saving rates and portfolio

choice with subsistence consumption, Review of Economic Dynamics, 15, 108-126.

VAN BILSEN, S., R.J.A. LAEVEN AND T.E. NuMAN, 2017. Consumption and port-

folio choice under loss aversion and endogenous updating of the reference level,
https://ssrn.com/abstract=2530259.

BoLDRIN, M., L. CHRISTIANO AND J. FISHER, 2001. Habit persistence, asset returns,

and the business cycle, American Economic Review, 91, 149-166.

CAMPBELL, J.Y. AND J.H. COCHRANE, 1999. By force of habit: A consumption-based

explanation of aggregate stock market behavior, Journal of Political Economy, 107, 205—
251.

CHRISTIANO, L., M. EICHENBAUM AND C. EVANS, 2005. Nominal rigidities and the
dynamic effects of a shock to monetary policy, Journal of Political Economy, 113, 1-45.

CLARK, A.E., P. FRIJTERS AND M.A. SHIELDS, 2008. Relative income, happiness, and

utility: An explanation for the Easterlin paradox and other puzzles, Journal of Economic
Literature, 46, 95-144.

CONSTANTINIDES, G.M., 1990. Habit formation: A resolution of the equity premium
puzzle, Journal of Political Economy, 98, 519-543.

CurATOLA, G., 2015. Loss aversion, habit formation and the term structures of equity

and interest rates, Journal of Economic Dynamics and Control, 53, 103-122.

FALk A. AND M. KNELL, 2004. Choosing the Joneses: Endogenous goals and reference

standards, Scandinavian Journal of Economics, 106, 417-435.

FrAaviN M. AND S. NAKAGAWA, 2008. A model of housing in the presence of adjustment

costs: A structural interpretation of habit persistence, American Economic Review, 98,
474-495.

FuHRER J.C., 2000. Habit formation in consumption and its implications for monetary-

policy models, American Economic Review, 90, 367-390.

GEARY R.C., 1950. A note on “A constant-utility index of the cost of living”, Review of
Economic Studies, 18, 65—66.

35



[14]

[18]

[19]

[20]

[21]

[22]

Hrouskova, J., I. FORTIN AND P. TSIiGARIS, 2017. The consumption-investment de-

cision of a prospect theory household: A two-period model, Journal of Mathematical
Economics, 70, 74-89.

JEBB, A.T., L. TAay, E. DIENER AND S. OI1sHI, 2018. Happiness, income satiation and

turning points around the world, Nature Human Behaviour, 2, 33-38.

KAHNEMAN, D. AND A. TVERSKY, 1979. Prospect theory: An analysis of decision under
risk, Econometrica, 47, 263—-292.

LETTAU, M. AND H. UHLIG, 2000. Can habit formation be reconciled with business

cycle facts?, Review of Economic Dynamics, 3, 79-99.

MEeRrTON, R.C., 1969. Lifetime portfolio selection under uncertainty: The continuous-

time case, Review of Economics and Statistics, 51, 247-257.

MEeRTON, R.C., 1971. Optimum consumption and portfolio rules in a continuous-time
model, Journal of Economic Theory, 3, 373-413.

PAGEL, M., 2017. Expectations-based reference-dependent life-cycle consumption, Re-
view of Economic Studies, 84, 885-934.

STONE, R., 1954. Linear expenditure systems and demand analysis: An application to
the pattern of British demand, Economic Journal, 64, 511-527.

TVERSKY, A. AND D. KAHNEMAN, 1992. Advances in prospect theory: Cumulative

representation of uncertainty, Journal of Risk and Uncertainty, 5, 297-323.

36



Appendix A: Optimization problems

Before proceeding further, we introduce (or re-introduce) the following notation

Q

ko

(1+75)(Y1 = C1) + Yo — [wo + (w1 +w2)C4]
(L4+7)V1 + Ve —wp — (1 + 75 +wyi +ws)Cy

(L—p)(ry —re)' ™"

p(rg—rp)t=
— 1
=y~
Tg —Tp dk dk
5(1 1— J — <0, — <0 4
(147 +wi) (1 —p) (Tg_rf> ] a0 @y (47)
— 1
=]~
Tg —Th k dkg dkg
o(1 g - =50 2250
(I+7rf+w)p <7“f—7“b> ] K1 dn, >0, drg>
_ 1 1
(1 + 7 +wy)p-2—2 vy =y Ko (rg — 1)
L / Ty —Tbp Tg —Tp
1 1/~ )
— = I
k H(Kw) ]_14;2(1+K7 )
dM dM
1 \P1=psyt/y - A alvi
( +Tf+w1)( ) i, > 0, i, >0
1\ dM () dM ()
kMY — [ — = ko |OAK )Y — 1|, —2 <0, —-2L <0
<K7> ] 2 [05) | dry O Tdry
(1+7p)Y1+ Yo —wyp
147+ w +we
(rg = o) [A+7p)Y1 +Y5] — (ry —rp)wo — (rg —r7)Car
(rg =o)L +71p) + (rp — 7o) (w1 + w2)
(1+ ry+ w1)Car, — wl[(l + ?”f)Yl + Yg] - (14 Tf)wo (48)
(1—|—7“f)w2
Y, — C
N )
f
(14+7rp)Y14+ Yo —wo— (1 + 7 +w1)Cig (50)

w2

1 |r,—1r
— {gib (P+7rp)(Y1 = Cip) +Ys — Cor) —wg — w1 Crp, + CQL] (51)

w9 T'f—’l”b

1 —_
— [L (4 rp)(Yi = Chp) + Yo — Cop) —wo — (1+ 75 + wl)clLJw)
wy | T — T

37



U
CQL

APQ

)\PI—P2

)\PQ*PQ

)\P27P4

AP4

Tg — T = re—Tp ~
s [ = G+ Yo = = fun + (w1 + ) 1]
g g
_1+rf+w1 + 1 1/ _ (=92 w1 !
E Ky wo+(w1+w2)C1—Car, k
1— (=9 Tg—Th

wo+(w1+wa)C1—Cap Tg—T5
il

L+ +w 1\
#+<_>

K K,

m [(L+7p) (Y1 = C1) + Ya)wr — (wo + (w1 + w2)C1)(1+ 7y + ka)] — Car !

CU — Cyr
o rF—Tp 1+Tf+k2 v
1+7ry+wy " 1 Y 14 Tor T TRatun (—Q)
k K, Cg: — Cor,

for Cy < CY and CV' < €y < CVP?

_ 1—y ~ 1—y
Tf—Th Cch=C
|:((rg—rb)(l—l—rf)—l—wl(rf—rb)) + 5p:| |:Q + (’rg - rf)aC;b:égL}

5(1 —p) [wo + (w1 + wg)él - CQL] 1=

Q@ M) L
_ (Ltrp+w+ M) o for Gy <O
5(1 —p) (1 + 7y +w1) [wo + (w1 + w)Cy — Cor

_ 1—y ~ 1—y
TE—Ty Cc1=C
[((rgrb)(1+rf)+w1(rfrb)) + 6p:| |:Q + (’rg - Tf)aC;b:égL]

6(1 —p) [(wo + (w1 + wo)Cy — C’gL)kV - (M)l_v (_9)1—7}

T‘g*’l"f

1 1=y
L Tf —Tp
op [(1 +7rp)(rg —rp) +wi(ry — Tb)}

— _ — Y
1 w0+w1(H—C’l—kyﬁfff“)—i-(wl—kwg)Cl—C’gL1+rf

w10 C1=C1 _ C2=Cs re—1p
QCo=Cor, ~ YCop=Coy, f

for 01 < C’{J’PQ
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_ i
\P5 _ \P1-P5 (1+7s+w)(Cy —C1p)

w2 (C‘{]’PE) — C’l)

r 1 v . 1 Y
ko <1+K”> k<1+(—)”>
AP17P5 — —’Y _ Ky _ L 7
L4+rp+w L+ry+w 147+ w
r & 1 ¥
Lo 1
1+re+ 1/~ k
PP d :1 i for T o > 1 or when § > 72715 (53)
1+rf+w1 o + rf + w1
(147 ) (rg—rp) 2
(2 )
Tf Tb
Q Cl=él T+
\P2-P6 [ +(rg_rf)ac2b:C2L]
1 4 §(1—p)wi
(Cl*clL)1+’\/ [w0+(w1+IU2)C'1702L]1+,\/
1 1=
§P2-P5  _ [ g —Tf }
L—p (L +rp+wi)(rg — 1)
P2-P5 P2-P5 AP1-P5\ /7 !
5()‘)01:0{1,132 = 0 1- < \ )
a@g:@ _ (I+7rs4+w) [wo + (w1 + we)Cy — CQL] + w1
Can=Car (L+7p)(rg —mp) +wilry — 1)
_ (1+ ’I”f) (wo + wyC) — CQL) +w [(1+ Tf)Y1 +Ys — Cor)
(I +7rp)(rg —rp) +wi(ry —rp)
(I +ry) (wo + waCh) +wi [(1+77)Y1 + Y] — (147 +wi)Cor (54)
(L +rf)(rg —rp) +wi(ry —m)
_ (1+ ’I”f) [wo + (wy + 'LUQ)él — CQL] + wq [(1 + "”f)(Yl - 01) +Y; — CQL]
(L +rf)(rg —rp) +wi(ry —rp)
C1=C (1+7r)(Y1 —Cy)+Ys— Cyy,
aC;b:é2L = rr— T (55)
Ci=C (I+7r)(Y1 —Cip) + Y2 = Cor
aC;b:CIELL = rr— T (56)
0110_1 _ Q _ (]‘ + Tf)ifl + Y2 — Wy — (]- + Tf + w1 + wZ)Cl (57)
Cap=C2 TF—Th TF—Th
_G —Q
C1=C1 _
N (58)

Tg =Ty
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0601201L _ w0+(1+rf+w1)ClL+wQC_'1—(1+Tf)Y1—Y2 _ —Q—(l—i—?”f—i-wl)(él—ClL)
C2g=C> Tg—Tf Tg—Tf
Ci=Ci,  _ (L+rp)Yi+ Yo —wo— (L+ 7 +w)Cip — welCh _ Q+ (1+ry4+w)(Cr —CiL)
C2p=C1 rE—Tp rE—Tp

On=Ce  _ _1 (1+7,)Y1 + Yy — C +1+Tf( +wsCy — Cop)

ACp=Cor = LV URS! 2 2L Wo T w21 2L

() w1

The following lemma summarizes the basic properties of the threshold values for the reference

level C and for the risky investment o.

U (w1+w2)[(1+rf)Y1+Y2}+(1+rf) 0 ~ ~U,P1
Lemma 1l (i) C3 > 7 Fwn Fws — C1 <0y and
U (w1+w2)[(1+rf)Y1+Y2]+(1+rf)wo U,P1
CQL < 1+r+wi+ws Cl :

— C; >

CQg*CVQ

(ii) If Cor, < m [wo + wy <Y1 + 1-}:—37) + 1_026_'1] then Ay —cy, = 0. However, Cyp, <

. . Cog=C .
wo + w1 Ch 1, + weC is sufficient for aCjZ:CjL to be nonnegative.

~ _ AUP2 C1=C, Cag=C =C1
(i) If Ch < Cf then « 2y <Qc,_—c,, <O CQb Cor*

Coy—Cs
~ _ AUP2 C1=Cy _  Cag=C2 __ aC1= Cq
If CL=Cy7 7 then o —6 = ac,)_c,, = 0y, —C,, -

(iv) If Ch = ? then wo + (wy + w)Cy""? — Cap = (rg — )ag;b CCI*QL
Cog=C> C1=C
(V) acyy—cyy, S Ocy=Cyy -

(vi) Oy < O = ag};% <0 and ag ~AF >0,

~ ~U,P4 01

s C1=C1L C2g=Cs =CiL C1=C1L
(vil) gt B <acyZe;, and agl G > ag AL,

(w1+w2) [(14+7) Y1 +Ya]+(1475)wo
1+rp+witws ’

(w1+w2)[(1+Tf)Y1+Y2]+(1+Tf)
1+rp+witws

(w1+w2) [(14+7)Y1+Ya]+(1475)wo
1+rp+witws

(viii) CVP < CUP? < OV — oy <

<= (Cyy, and

~U,P1 ~U,P2 ~U,P4
C{]’ :C{L :Cijv

CUPt < ¢UP? < OV — 0y >

(ix) (147p)Cip + Cor, < (14 75)Y1 + Yo implies that a CC{L >0 and C’UP5 < CUP6

(x) C1z < C‘{]’Pl (assumption (62)) <= wo+ (w1 +w2)Cip <

(w1+w1)[(1+rp)Y14+Yo]+(1+ry) wo

147 +wi+wse
In addition, if Cip, < C'lU’Pl then C{]’Pl < ClU’PS'

(1+7'f—w2)(Y1+1+7,f) —wo +1+rf Cor,

(Xi) Ci < jEw—

C{J,Pél < C’{]’PS.
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(xii) Let Ci, = Cp >0, Cop, = ﬁ—ﬁf, wop =0, wi = (1+7rp)w and wy = (14 7r¢)(1 —w)
where w € [0,1]. Then C‘{]’PQ < C’fj’%.

There are eight cases to consider:

(P1) C1 > Cy, Cy < Cyp < Oy

(P2) Cy > Cy, Car, < Copp < Cy < Oy

(P3) C1 > C1, Cop, < Coy < Cy < Cop

(P4) Cy > Cy, Cop, < Cgp < Oy < Cy

(P5) Ci, < Cy < Cy, Co < Cyy < Oy

(P6) Ci, < C1 < C1, Cop, < Copy < Cy < Oy
(P7) Ci, <Cy < Cy, Cop, < Coy < Cy < Oy
(P8) Ci < C1 < C1, Cop, < Copy < Coy < Cs

Let the following assumptions hold

1 Yi+Y, — _ _
G < min{LErVItYemwo  pue o (62)
147+ wy +we
Cy, < (1—|—Tf)ClL (63)
max{ClL,C’gL} S 01 (64)
. ~ ~U,P2
Then the corresponding problems for C; < C] are
Problem (P1):
C1—C1) (147 1) Y1 +Yz —wo—wsCr — (147 w1 )C1+(rg—rs)a] 7
Max(c, o) E(U(Cy,a)) = L 17;) +5p[ S 17'yff )G ey ry)e] -
+5(1 . p) [(1+7’f)Yl+Y2—wO—w201—1(_1::'7'f+wl)01—(7’f_7'b)a]
such that : c, <Oy < 1+rf1+w1 [(1 +re)Y1 4+ Y —wo — woCy — (ry— rb)oz]
Q _ _=C
0 sa = TETy aC;bZéQ
(P1)

Note that feasible solutions exist only when Ci;, < C; < C_'{] P1 " Note in addition that
assumptions (62) and (63) imply that Coy, < Co, namely,

Cor < wo + (w1 + w2)Cip < wo + w101 + weCy = Cy
This applies to all problems (P1)-(P8).
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Problem (P2):

_—— L B 1ry
MaX(Cl,a) :E(U(Cl,a)) — (01*1?;)1 vy +5p [(1+Tf)Y1+Y2 wo—w2C1 1(}jrf+w1)01+(rg rf)a]
_)\5(1 . p) [(1+Tf+w1)C1 +(ry —rb)az(jjrf)Yl—Y2+w0+w26’1]1_7
(P2)
such that

1+rf1+w1 [(1 + Tf)yv1 + Yy —wp — w2cjl - (Tf - ?”b)Oé] < (C;
e (L 7)Ya 4 Ys —wg = wsCr+ (g = rp)a] > Cy

Cr <O <Yi+ i V2= Co— (rp — 1)

-0 _ _C1=C (14rp)(Y1—C1)+Ye—Cor 1 =C
max{O, T9TTE acég:éb} sa = . 1Tf*1”b = aC;bZéQL

Feasible solutions exist only if C; < min {C_'f] ’PQ, Y1 + Yﬁ%ff”}.?’? Note that for

Cor < (w14wa)[(147)Y14+Ya]+ (147 )wo
2L 1+rf+wi+w2

Lemma 1-(x), is C’{]’PQ <Y+ Y’i%fj? and C‘{]’Pl < C’{]’m, see Lemma 1-(viii). Thus, the

necessary conditions for feasibility of (P2) are: Oy < Cy < C_’{] P2,

, which follows from assumptions (62) and (63), see

Note that in the case of problem (P3) Cq, = Cyy = Cy as Cy < Cyy. This and (4)
imply that the only feasible solution for 2 > 0 is (01 =C1+ Wﬂﬂm’ o= 0) which is also

feasible for (P1)—(P4). There is no feasible solution for 2 < 0, i.e., when C; > C_’lU’Pl.
Problem (P4):

MaX(Cl,a) . E(U(C’l,a)) =

(C1=Cp)t—r /\5]7 ((I4rp4+w1)C1—(rg—rs)a—(14r5) Y1 —Yotwo+w2C1) 7
1—y T—y

—Aé(]_ B p) ((1+Tf+w1)Cl“’(rffrb)a*l(_l’jrf)yl*Y2+'LU0+’LUQC’1)1_'\/
(P4)

such that : Cq > m [(1 +7“f)Y1 + Yo —wp — wQCl + (’I”g - Tf)Oé]
CHSC’l SH‘l‘ﬁ[YQ_CQL_(Tf_Tb)O‘]

Cog=C4
0<a< XCop=Cyy,

. A ~U, P2 c,=C c,=C . A Yo —
37Constraint C1 < CYF? follows from a1~ < oS~  and constraint C; < Vi + 2=2L follows from
1 Cog=Co Cop=Car, T+ry

c1=C
< =
0< ACy,=Cyp
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where agzizg; is given by (54). Note that a necessary condition for the feasibility of (P4) is

> 0 which is equivalent to

61 > (1 + rf +w1)C’2L — wl[(l + ?”f)Yl + YQ] — (1 + T‘f)wo _ CL’P4
o (1 —|—7“f)’w2 1

see Lemma 1-(vi), or to

147y Ys ~
Cop < — 1 Nwo4w (Vi 4+ —2—) +wC
2L—1+rf+w1[° 1<1 1+ f> 21]

Problem (P5):

MaX(C1,a) . E(U(Cl,oz)) =

_)\(6‘1—01)1—7 ny [(1+7'f)Yl+Y2_(1+7’f+w1)Cl_wo_w2él+(7’g—7'f)a]l_’y
T~ D T

1-v

p) [(1+Tf)Y1+Y27(1+Tf+H)1)Cl711)()711)2@17(1”}67?“1,)04]

+5(1 - o

such that : Cy, < Cp < min{m [(1 +71)Y1 + Ya — wp — waCy — (ry — 7p)] ,01}
0<a< (I4rp)Y14+Yo—wo—w2Cr1 —(1+rp+w1)Cip OZCIZC—IL

TFTTD Cop=C2
(P5)
Note that (P5) is feasible only when C < CU P see Lemma 1-(vi).
Problem (P6):
MaX(C1,a) : E(U(Cl,a)) =
_/\(67’1—101)1_”Y +dp ((I+rp) Y14+ Yo —wo—waCh 1(1+Tf+w1)c1+(1“g ry)a)l =
- 8!
—Aé(]_ _p) ((1+Tf+’w1)Cl+(rf7Tb)a71(_1ij)Y17Y2+’w0+u)26'1)1—7
(P6)

such that : C m (1 +7p)Y1+ Yo —wo — waCy + (rg —7)]
Ch 2 Wiwl [(L+74)Y1 + Yo — wo — woCy = (ry — 1p)0]
01L<Cl<min{Yl—|—H%[Y2—C2L—( F =) ]aél}

C1=C11, ,C1=C1 C1=C11, , Co=Cs
max {0 « , O } < a < min {ac =Car? X —Co,

IN

Cog=Cs’ " Ca,=C>

7

gl :Cls is given by (59), « b:C—12 is given by (57), ozc% ClLL is given by (56) and
=CiL Cap=C d

Cap=C.
acs_c., is given by (61). Assumptions (62) and (63) imply that aC —Cay Sk _c, an

where «
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Lemma 1-(ix) gives that the upper bound on « is nonnegative, i.e., ag;b::cé; > 0.

6'1:C'1 6'1:01L e (1+7'f)ClL+C2L_wO C1=ClL ClzclL .
Note that Ao Gy < Ay —Car holds if C; > TFr; s and 04029:6,2 < Al —Car if

Cr < C_'{] 76 Which is defined by (51). Thus, the set of feasible solutions for (P6) is non-empty

for

(1+77)C1z, + Cor, — wo
IT+7rp+w +ws

< Cy < CYrS

Note finally that for C; < min {C_'{]’PQ,C_HU’PS} is o017 < 0, see Lemma 1-(vi), and for

Cag=C5
¢ < C’{] Plis ozg;b::cc—l,g > 0. Thus the set of feasible solutions for « is as follows
. = ~U,P1 C1=C1 C1=Cq1,
if Cip <C; <y then e Sa<ag, o
it ¢ <) <min{ VP Ve then 0 <a<af=%r
1 S 01 = 1 = = 7 = C9p=CaL,

Problem (P7): Similarly as in (P3), Cq, = Cyy = Cy as Cyy < Cy4 and thus the only feasible
solution for Cy > C’{]’Pl (ie., 2<0) is <01 =C + Wgﬂm’ a= 0) if i < Cy + Wﬂ‘i’wl
Note that this point is feasible also for (P5)—(P8). There is no feasible solution for C; < C_’lU Pl
(Q>0).

Problem (P8):

i

Max(c, o) ¢ E(U(Cy,a)) = —MOZEI g [y i) (o))

—Q+(1+rf+w1)(01 —C’1)+(rf—rb)a]
1=y

—26(1 - p)!

such that : Cy > max{m (14 7rp)Y1 + Yy — wg — weCi + (rg — rf)a ,ClL}
C7 < min {Y1 + ﬁ Yo — Cor, — (14 — 1) ,CH}

: C1=C1 C2g=C>
0<a<min {a02b=02L’aC2b=02L

— rg—Tyg /

(P8)
Note that the last inequality holds only if Q < 0, i.e., when C; > C_’lU 1 Thus, based on this
and Lemma 1-(vi), (P8) is feasible for
Oy > max {éf’“, C‘{J’Pl}

As problems (P3) and (P7) are imbedded in other problems we can exclude them from

our analysis.
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Appendix B

IHDbbnl(Plylﬁtclggﬁﬂﬁﬁiﬁ:ﬂQ::é?Paiew(Q;EO)amile§él+jI%%E}%

147 p+wi+ws
At first, we solve the concave programming problem (P1) as an unconstrained problem, i.e.,
we solve two equations in two unknown variables C7 and «, namely % =0 and % =0

(VE(U) = 0), obtain the optimum solution (C{,a!) and finally verify that CL* > C and
021;1 > (O, Cfl >Cpand 0 <ol < {2 i.e., that the solution is also feasible.

Tf—?‘b7

The first order conditions are

dE(U C1—C1)™" ~ -
1+7’f1+7.U1 dé‘l) - (1‘1|'7’f‘|{7)-U1 - (5]? [Q o (1 + rf + wl)(cl a Cl) + (Tg o Tf)a] !

61— p) [~ (L + 77 +wi)(Cr —C1) = (ry —mp)a] T =0

d]%(g) = dp [Q —(1+7ry+w)(Cr — Ch) + (7“g — rf)a] - (rg —ry)
—4(1 —p) [Q — (1 +7rp+w)(CL—Ch) — (ry — rb)a] - (rp—mrp) =0 )
(65)
digj) = 0 from (65) implies the following

p[Q— 1 +rs+w)(Cr—Ch) — (ry— rb)a]v (rg —7y)
=(1=p)[Q= (1 +rs+w)(Cr = C1) + (rg —rp)a]” (rf —mp)

which after using the definition of K., as given by (10), gives

Ky

2=

Q- A +r+w)(Cr—C1) = (rp—m)a] =Q— 1 +rp+w)(Cr — Ch) + (rg — 7f)

This implies that

1

1- K]

o=

T (@=L +rp+w)(Cr - Ch)] (66)
rr—rp+ Ky (rg —1rf)

38 There is no feasible solution for (P1) if C; > CV""! orif C1 > Cy +
then Oy < Ca which is infeasible in (P1).

H_TI%Q_‘_W. If the latter inequality holds
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If we plug the last expression for « into the C; part of the FOC in (65) we obtain

(Ci—=C)7
(1 4+rp+wr)
—

<1 - Ké) (rg —7y)

1
rp—rp+ K (rg —ry)

) (1—Ké> (ry—rp) .
+(1—=p) Q= A +7rr+w)(C1—Ch)— - Q= (1 +rs+w)(Cr —Ch))
ry—rp+ Kg(rg —ry)

=p [Q= (1 +rp+w)(Cr = C1) + (@=L +rp+w)(Cr = C1))

1 v
?”f—?“b—i-KS(?”g—?“f) rg—Tp

(Q—(l—i—rf—i—wl)(Cl—C‘l)) (’I”g—’l”b) p?”f—?”b

under the assumption that Q — (1 + r¢ + wy)(Cy — C1) > 0 which is equivalent to C; <

~ Q 39
Cl + 1+rf+w1 :

After some simplifications we obtain

1

1
)L — 1y + Ky (rg —ry)

Q—(l—i—rf—I—wl)(Cl—C‘l) = (01—01 5(1+Tf+’w1)prg_rb !
’I”g —Tp Tf —Tp
= (¢, - C)M (67)
which gives
- Q
C,=0Ch+ =t

I+rp+w +M

as given by (17). Note that (17) and the assumption Q > 0 imply that C{! > Cy. In addition,

Pl as given in (18). It is also easy to verify that

after plugging C{! into (66) we obtain a
upper bounds on C{! and af’!; as given in (P1), are satisfied. Note finally that o' > 0 as
Ko < 1 which follows from E(r) > r;.

Using (65), it is easy to verify that di}i{? < 0, % < 0, and V2E(U(Cy,Cs)) =

PE(U) d*E(U) [ PEU)
dC? ~da? dCy do

(CF1, o) is its unique global maximum.

2
) > (0 and thus problem (P1) is a concave programming problem and

Finally, C’ng]L and CQPb1 can be written as

_ — Q
Pl _ c fog g — b 68
29 wo + (w1 +wp) 1+[w1+ 2re—m] T4 twi+ M (©8)
_ 1y — )
CPl _ c ko Ky Lo 69
2b wo + (w1 +ws) 1+[w1+ 2 Orf—Tb I+rp+w +M (69)

39Note that the optimal solution satisfies this inequality.
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and thus

_ — Q
CLV—Cy = k2=t x >0
29 2 rp—ry 1w+ M T
_ 1 — 0
ChV—Cy = kK] 2" >0
2 2 2 Orf—rbxl—l-rf—l-w1+M_
It can be shown that
(1—yEU(CH o) = L(l +rf4+w; + M)
Lo L+7rs 4w !
Q 1=y v
— |:1 + (API—P5)1/'Y:| (70)
1+ rf + wq
where A\P1=F5 is given by (13).
As we have already mentioned the only feasible solution for C; = C; + Wﬂﬂm is
— O Q _ :
(Cl—Cl—’—m,a—O) with

= Q Q 1= = ~U,P1
1 —~yE _— = — fi < ’ 1
( v) <U<Cl+1—|—7“f—|—w1’0>> <1+rf—|—w1> or Ch1 < (71)

which is below the value of the expected utility function at (Cf*, af!) as M > 0 and w; > 0.
Thus, the maximum of (P1) is reached at (CT?1, af!). Note that as Cyy = Co, = Oy for
(01 =Cy + Hrf%uu’ o= 0) then this point is feasible also for problems (P2)—(P4) if C; <
C’{]’Pl (i.e., © > 0) and is feasible also for problems (P5)-(P8) if C; > C‘{]’Pl (ie., 2 <0)

where

~ Q - = A AUPL
(1—’}/)]}‘: <U <Cl—01+m,a—o>> = <m) for Cl>Cl (72)

for C;, < (1+T‘f)yi1:’:/2*w0*w201 and C; < (trp)Vat¥e—wo 40 Note in addition that for Cy, =
Ftwi w2

C_'?’Pl (ie., Q@ =0)is (C{* = Cy,a”" = 0) which is feasible for all problems (P1)-(P8).

Sensitivity analysis.
Equations (68) and (69) imply that
dCi!
dCy

= ko Dy + (1+ 4w (73)

40To guarantee that the upper bound on Ci, is nonnegative.
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where s € {b,¢} and

(w1 + w2) <1+K~1/7) — P (Lt +wr +wa), for s =g
_ _(w1+w2)(rg*?“f)(1*Ké/7>+(1+7”f)(7“g*7"b) <0

Tf—Ty

(wy + ws) (1 + Ki/”) — T (] g oy +we) Ky, fors=b

Tf—Tby

— (wy + w) (1 _ Ké/v) —(147y) (Ké/"Y + Ki/w)

Equations (73) and (74) imply that for s =g

(<0, fork2>%@5>5g
e =0, fork‘g:#@d: 9 (75)
> 0, fork2<(1ﬁ#@5<5g

where

o

1

5 o_ (1—|—rf)w2 v rTf—Th 1=y 1 _ w9 TF— Ty
g -D, Tg —Th (I+rf+wi)p (Witws)(rg—ry) | q rg—ry) (L+rp+w)p

(I+rf)(rg—rp)
Equations (73) and (74) imply that for i = b

(<0, for (k> UEF" and D, < 0) & (9> 5, and Dy < 0)

dCQPbl =0, for (kz = % and Dy < O) & ((5 =6, and Dy < 0)
dCy
>0, for Dy, >0or

for (kz < W52 and Dy < 0) & (9 <, and Dy < 0)

where

5 [(1+rf)wg]v<7~f—n,>1—7 1
b —Dy rg—Tp (I+7rs4+w)p

1 1
KO/’Y+K’Y/’Y

Kk Note that the following holds

for D, < 0 which is equivalent to wy +wa < (1417¢)

when wy +wg =1+ 7y

<0, forp<p
Dy§ =0, forp=p (77)
>0 forp>p
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where .
(ry—mp) g —ry+2(ry —m)]”

ri =) g =g 20rp = 1e)|7 g —7f

P
Under this condition, i.e., when w; = (1 4+ rf)w, we = (1 +r¢)(1 —w) and w € [0, 1], it can
also be shown that for sufficiently large w are the threshold values for ¢, namely 6, and Sg
smaller than one, i.e., both Cézl and C’ngl can be both increasing or decreasing with respect

to C, see (76) and (75). However, based on (77) this applies to C4! only for p < p. For a
sufficiently large p (p > p) is 02121 increasing with respect to Cj.

Problem (P2). Let C; < C_'{]’PQ.

We proceed in the following way: At first we solve problem (P2) as an unconstrained

problem i.e., we solve VE(U) = 0, so that the FOC are satisfied, obtain the unique solution
(CF2,aP?), verify that the objective function of (P2) is concave at (C{2,a’?) and that
the solution is also feasible. As the utility function is differentiable at the domain under
consideration, (C¥2 a’2) is the only local extremum (namely a local maximum) and if the
objective function at the border of (P2) does not exceed its value at (C{?, a’2), then this
point is also a global maximum of (P2) when A > A2 and C‘{]’Pl < 0y < C’{]’m. For
C; < C_'{] P1is the maximum reached at the border.

The first order conditions are

LD = (o, -C) .
—5p (= (A +7rp+w)(C1—Cr) + (rg—rp)a] " (L+71p+w)
A1 =p) [(L+7y+w)(Cr—C1) = Q+ (rp —mp)a] T (L+7s+w)=0

(78)
% = op[Q—(1+7rf+w)(Cr—Ch) —i:(rg —rp)a] T (rg —ry)
A1 =p) [(1 475 +w1)(C1 = C1) = Q+ (rp —mp)a] ' (rp =) =0
digj) = 0 from (78) implies the following

D [(1 +rp 4 wi)(Ch — Ch) —Q+ (ry — Tb)]'y (rg —ry)
=A1-p) [Q — (147 +w)(Ch —Cp) + (rg — rf)oz]'y (ry—rp)

which gives

<KL0>; [ +7p +wi)(C1 = C1) = Q+ (rp —mp)a] = AT [Q— (L4 rp+wi)(CL = C1) + (rg = 7p)]
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This implies that

(14 ry4+w)(Cr = C) — Q] (79)

for A > I% If we plug the last expression for « into the C part of the FOC in (78) we obtain

(C,-C)™

_——— = Cr— (1 Vi -Yy + (1 ci177
o(1+7f+wr) [wo +w2Cy = (L rp)¥a = Yo o (1t 7y 1)y

2 VAT . 2
vy vy - vy
(Ko) +<Kw> +/\(1_ /\V+<K0> Tr—T

1 1
1 1 = 1 1 77“g—7“f
r (&) N ()

After some simplifications we obtain

X

(1+Tf+w1)(01—01)—9

= (C1—-Cy)

= (C1—=Ci)M(N)

which gives

=9

_ P2 _ A
Gr=a _Cl+M()\)—1—rf—w1

In addition, after plugging C{2 into (79) we obtain

1/
[(K%)) + w] K )
a=aol?= (Cf)Q—Cl)

Tg =Ty

= rr+w 17
Note that C{2? > Cy if © < 0 and \ > [H—f%—k (%) V] (i.e., M(A) > 1+ 7rf 4 wyp) or

/577
Q> 0and A < [Hf% + (K%) ] (e, M(A) < 1+ 77 +wy).
What remains to be shown is when the expected utility function is strictly concave at
(Cf2,a2). For this to hold it is sufficient to show that the following holds at (C{2,af?):
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2
LR <0 and D = V2E(U(Cy, Cy) = GRG0 — (45E0)7 > 0. Note that
1
_ k(—Q) g — Th 1\~
CP2—Cy = . = 1
29 2 M()\)_l—rf—wlrg—rf <K0) (B
_ -Q - 1

M) —1—rf—wirg—ry

_ _ _ 1/~477
which are positive for either C{J’Pl < (1 < C’lU’P2 (©2<0)and A > [Lljwl + (%) q or
Y

L \ 1/7]" 7 L
for Oy < CUPL(Q > 0) and A < [”Qﬁ + (KL) q A Thus, Gy — CF2 = (Ko\)7 (CE2 -
C5). Using (78), (81) and (82) we obtain the following

1 d2E(U)| B o) —1=r
v dC? (Cr=(C%e) T () =1 —rp — wy
1 — 2 1,
x| -14 P (Tg Tf) <A‘% ~ Ky Tb) (83)
k Tg—Th Tg—Tf
1d2E(U)| (rp—1)% (19 —14\° —Q —1=y \L K%
[ — o —
v da? (CLe)=(Cf%al?) E(1+rg) \rg—1p M) —1—rf—w K
(84)
1d’E(U) rr—ry (19 =75\’ -Q s 1
v dChrda |(Cl’ =(C*al?)  — k (T‘g—T‘b> [M(/\)—l—rf—wl} (A ! +KO>
Note that (84) and A > K imply that =) |(C1 a)=(CP2,oP2) < 0. In addition,
_ 2(1+7) _ 2 _ 1
i Q D — _1+1+rf+w1 Tg Ty )\_%_T‘f TbKJ
Y2AIMN) —1—rf—w; k Tg —Th Tg—T¢

2 1

rTF—Tp Tg—Tf 1 =

X —rpA 7 —(ryg —re) Ky
k(L +7p+wi) (rg = rb) [(Tf R ERE ]

2 4 N2
'rf_'l”b Tg—’]”f 1 1
— A K
( k ) (Tg—rb> ( o O)

and thus

1 o) 2(14+7) rg — T 2 k 1 1 X
"l D= VKT — (1 — )\
72 M()\)—l—rf—wj <rg—rf> rE—Tp L4+rp+w [(Tg rp) Ky = (ry =) ”}

HUpor Oy =CVFP (=0)is CI? = (), C3 = C3? = Co = wo + (w1 +w2)Cy and o = 0.

o1



1 Tg— Ty 2 _1 Tf_Tb 2 -1 o
+ E(Tg—rb> A 7_7“9—7“f Ky ) |(rg—mp)A 7 = (rg —rp)K(
re—1y [(Tg—T 2 1 2
_ f < g f) <)\; —I—Kﬂ/>
k Tg—Th
After some derivations we obtain

1 0 0 1 Nk ) . B
~2 D = - — K’Y _ _ )\
72 [M()\)—l—rf—wj <7”g—rf> TE—Tp L+7rp+wy [(rg rp) K = (rp—m) ”]

rg—rp -1 1+
_QT)\ ”K(;

177

Now it can be easily shown that if C_'{]’Pl <C; < C_'{]’m and A > Hrfi,jwl + (%) 7] then

D > 0 and thus the local maximum is reached at (Cf 2 af 2). There is no local maximum for
C) < C_'{] P1 and thus in this case the maximum occurs at the border.

Thus, for analyzing the feasibility of (C’fQ,aPQ) we assume that C’?’Pl < () < C’IU’PZ

and Oy, < [wrtw2)Wir )V e¥ol H(Itr w0 (g0 Temma 1-(viii)). Note that (81) and (82) imply

1+rf+w1+w2_
that C’P2 > (5 and 0512 < Cy only when M(\) =1 — 7y —w; > 0 which holds for A >

117
[”’"fi,jm + (K%) ”] . In addition, Cyz, < €Y and A > A2 imply that CL2 > Coz. In more

detail, C32 = (1 +71¢) (Y1 — CT?) + Yo — (rp — mp)al? > Cyy if

)\1/"1 [’wo + (w1 + wg)C‘l — Coyr, _Tg =T > wo + (w1 + wg)él — Oy,
-0 Tg —Tf - -0
w1
Tk

Ltrptwn (1 1
k K,

For Oy, < CY is the left-hand-side in (85) positive and thus (85) holds for A > AF2. If,
on the other hand, Cy, > CY¥ then the left-hand-side in (85) is negative and there are two
possibilities for the right-hand-side: if it is non-negative then A\/7 is non-positive and thus

infeasible; if, on the other hand, the right-hand-side in (85) is non-positive then

_ . 1/
—Q8 + [Cop — wo — (w1 + w2)CY] [Hfi,jwl + (K%) q

AT < _ _ _ (/\P2)1/’Y
:gi:; (—Q) + Cor, — wg — (w1 + w2)01
. . . . . . 1+rf +w1 1 1/7
and it can be shown that the right-hand-side of the last inequality is below — (E)
which then contradicts the other feasibility assumption, namely C’P 2 > (Cy and 02b2 < C

177
that imply A > 1+rf7k+w1 + (%) !

If these conditions are not satisfied then the maximum will be reached at the border. Note
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in addition that

—0 - k 1\" .1
L-DEWEFa™) = |5 [”m((?) w)]
o (_Q)li’y ¥
= _71+Tf+w1 M) —1—rf —w] (86)

What remains to show is that feasible solutions at the border do not exceed the expected
utility at (C{2,al?), where (P2) obtains its local maximum for C_'?’Pl <01 < C_'?’PZ as well
as to analyze feasible solutions at the border for Cy < C’IU P1 The feasible solutions at the
border that come into consideration are: (i) Coy = Ca, (ii) Cop = Oy, (iil) Cop = Car, and (iv)
C, =C1.

Note that for C; = C_'{]’Pl, ie, Q =0, is C’fQ = C_’{]’Pl and of? = 0. As this is the
inflation point then the maximum in this case will be reached at the border.

Case (i). Cyy = Cy when

1

_ Q"‘(Tg_rf)a
1L+7r+uy

C
! L+rp+un

[(1 —i—’l”f)Yl +Y —wy — wgél + (7“9 — Tf)Oé] = 01 +

-0 Cag=Cs Cag=C>
and max {0, rgirf} <a< Ay —Ca, where Al —Ca,

is given by (54).

Note that condition o > rgf_%f follows from C; > C; and the upper bound on « follows

from Cy9, > Cyr,. It can be seen that

~ Q+ (rg —ry)a Q+ (rg —ry)a o 1—y 1—
_ LS B Vet (I T\Ng T _ 1 _ Yo l—7
(1—-~E (U <01 + T+r; +un ,Q [ A ( p)(rg — 1) a7 (87)

Let Q > 0, ie., C; < C{J’Pl. Then the potential maximum occurs either at « = 0 or

a = agzizg; or at the stationary point of the function given by (87) which can be easily

1

. _ 5 1 v .. .

derived and has the value « = & = EAY o ?r when A\ < (7”2—%1) and is infeasible
47wy —kAY 9]

!
for A > (ZE ) Thus, for A < (2452

~ Q+(T —?”f)@ B Q=7 1\
(1-7) < < 1 1+ T+ rf+w & 1+rf+w1( +ryt+wp v)
Q 1= _ Q
<(7) - <1—7>E(U(01+7,0))
L+ry+w 1+r+wr

Q+(rg—rys)a

therefore point (C’l =C1 + jEw—

,a) can not be a maximum of the main problem (6)

as its utility function is below the utility function of (C_'l + Wﬂﬂm’ 0) which is feasible for

(P1) and also corresponds to the case when o = 0.
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The end-point o = agzizg;, which gives Cy, = Oy, is dealt with in case (iii) where it

was shown that it can not be the point of the maxima. )
Let Q@ < 0, ie., 0! < €y < P2 Then ;=% < ag=(2 only if Cop < O, The

rg—Ty

. . . _ Cay=C . .
potential maximum occurs either at o = — ﬂf orat a =ag?_’ orat the stationary point
. -

1
EAY -Q
. L A
k)\wflfrff’wl g f

a=q=

dE (U (C*1 4 e a))

. 1+rf+w1
lim = +00
a—Tt - dOé
Tg*'l"f
then the maximum can not occur at a = Tg_ﬂf. Regarding the stationary point &, note that

¥
the value of the utility for A > (L,jwl) is

. Q4+ (rg—rpa _ (-t 1 g
1 - )E LI R Vi = Y (v 1y
( v) (U <01 + L7+ , T+ + ( gl Tf w1> (88)

It is easy to see that the utility at this stationary point is below the utility at (C¥2,af?), as
given by (86). It can be also verified that the objective function as given by (87) obtains its

local maximum at a = a. Finally, & is feasible if @ < ag? 2, which holds if

Y

U 1+r re—T
\ > 1L+7r+uy " Cor = Car + <1+rf+fw1 + rﬁ—r?) St _
= k cl — Oy Y

As )\5)2 < AP2 then for A > AP? > )\6)2 is a feasible and is the point of the maximum for (87)

which does not exceed the value of the objective function at (Cf?,af?).
Case (ii). Any feasible solution of this case is also a feasible solution of (P1).

_ _ Yo —-C L Tf—Th
Case (iii). C9p, = Cor, when C = Y] + 1+7,f2 i, @ and

1+ Tf)(Y1 — C_'l) +Y; — Cyyp, =0y

Cag=C4 (
sas = XCy=Cy1,

ACyy=Cop, =

=T
where agzzzg; is given by (54). Note that the lower bound on « is below its upper bound
only if C; < C’?’PQ.
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It can be seen that

Yy — C - N e - 1=
(1—7)E<U<Y1—|— 21 2L _ 1 Tba,a)):[Yl—Cl—i- 2 2L _ 1t Tba}
+ 7y 1+T‘f 1—|—T‘f 1—|—T‘f

1—|-T‘f-|-w1 Y, _ TF—Tph 1=y
op | ————Cyp, — — Y; — wyC —
+ p[ T+r; 2, — Wo w1<1+ . wol1 + | 1y Tb+1+?”fw1 Q

}/2 = 1+rf+w1 wl(rf—rb) 1=y
— A6(1 — Yi + —— ci-———Cyp — ——— 89
( p)[wo+w1<1+1+rf>+w2 1 T+ 2L ey o (89)

U,P1 Cog=C2 C1=Cy
Based on (89) we obtain for C; < C]""" and « € [0‘021, Cor OChp=Cay.

Yo—Cor 75 —Tp L Yo—Cop ri—1y Cp=iy |
1-E(U (1 — <|lvi-C — 9
4= < <1+ T N A e R

L+7p+w Yy ~ . c=c, |
+ (5]) [TCQL — Wo — W1 <Y1 + m - U)201 + Tg =75 + 1 + ,r.f w1 aC;b:éQL

}/2 = 1+rf+w1 wl(rf—rb) Ci1=C' 1=y
— A0(1 — Yi + —— Ci—————(Cyy — ——————— a4
( P) |:w0 + < 1+ 1 +Tf> + w2t L+ry 2L T+ry QCoy=Car,

_ 1— 1—
_ f Ty |:Q C1=Cy :| v
[(1 (g = 1) + wi(ry = rbﬂ g =rr)ac, ¢

1—v = —
+0p [Q + (rg = rf)agh CCIQL] = A3(1 = p) [wo + (w1 +ws)Cy — Cor]" (90)

and thus if the right-hand-side of (90) is below (1 —~)E (U (C{*, a"!)) then also

Ya—C =T Pl Pl ~ o~ AUPL Cag=C>  C1=C
E(U(Yi+¥%55 - 0, a) ) <E(U (CfYafh) for Cy < P a € |agze, ol

and for

TE—T 1=y C1=C 1—y
{((rg—rb>(1+£f>ﬁw1<rf—rb)) + 51)] 2+ (g — oG, |

6(1 = p) [wo + (w1 + w2)Cy — CZL] -

A >

_ Qli’y(l + Tf +wp + M)’Y _ /\Pl—PQ (91)
(5(1 —p)(l +ry+ wl) [’wo + (w1 + wg)él — CZL] 1=

Note that these are sufficient conditions for the expected utility of case (iii) not to exceed the
maximum of (P1). As we could not find an explicit solution (maximum) of (89) we tackled
it by imposing a lower bound on A, which is in line with our goal to deal with loss averse
households.

In a similar way it can be shown that for C’{]’Pl <C < C‘{]’PQ isE (U (Y + Y’iJrfJfL - rlf;ffb a, a)) <
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Cog=C =C
E (U (CF?,a?)) for all a € [ag=c? af-,, | when®?

re—r 1=y C1=C
[((rg_rb)(1+ff)ﬁw1(rf_rb)) +5P] [Q + (rg —r¢) c;b:clu

(1 —p) [(wo + (w1 + we)Cy — CQL)I_’Y — (Myf’y (_Q)l’Y:|

|
A > = \P2=P2 (92)

Tg—Tf

Case (iv). C7 = C; and thus
(1=E(U (C1,a)) = p[Q+ (rg—rp)a]' ™ = A6(1 —p) [-Q+ (r; —rp)a]' ™7 (93)

Let Q@ > 0, ie., C; < C’{]’Pl. Then the set of feasible solutions is: —2%— < a <

B TE—Ty —
(1+7’f)(Y1 —C1)+Y2—CQL
TF—T}

also for (P1) while the right end point a =

. The left end point o = Tfszrb follows from Cyq, = C5 and is thus feasible

(14rp)(Y1—=C1)+Ya—Car
Tf—Ty
and thus was tackled in case (iii). What remains to investigate is the stationary point
1/~ et/
LA WK(i € _ for A < &= so @ > 0. It can be shown that @ is the point of max-
1-AYY R T Ky

ima only when A > I% which contradicts the feasibility. Thus, & can not be the point of local

is implied by Cy, = Coyr,

a =

maxima.
Let Q <0, i.e., C‘IU’Pl <C; < C’{]’PQ. Then the set of feasible solutions is: —rg&f <a<
(ry )(er‘fl)”?‘C?L . The following can be easily shown
£
dE (U (C4, o
a—st-—2 do
Tg*'l"f

and

for

and \ > K% As

kY (— Q)1

(1-VE(U(Cra)) =~y =

177

A5 ( ! ) ! (95)
o Za— _
K’Y

“2Note that for C; < C’{J’PQ is the denominator in (92) strictly positive. Note in addition that the right-hand-

side of (90) being below — 1(-192-1&-:1 k7 X is sufficient for E (U (Y1 + Yﬁ:_fju — Tlf_‘_;;b a, a)) <E(U(CP?a"?)).

o6



/477
then based on this and (86) it can be shown that for A > [Hrf% + (L) }

(1-7)E (U (C1,a)) < (1-E (U (C? o)

Note that the maximum can not be reached at o = ﬁ, see (94).

Note that for C; = C,”""? there is the only feasible solution for (P2), namely

A AUP2  o=Cy C1=C; _ _C1=C4 ; it —
(01 =Ch =04 s a=ac o) as ag o = 04029:6—,2. Note in addition that Cy, =

Cy = wo + (w1 + wz)@U’PZ, Cyp = Cor, and

(1-7)E (U (CIU’P2> ag;b::éclu)) = —Ad(1-p) [wo + (wy +w) G, — C2L] o
= A1)y ) (a8 ,) T )
Note that this point is feasible also for (P4)—(P8).
Summary for (P2):
e For () < C_'?’Pl and A > AP1=P2 problem (P1) exceeds (P2).

e For C’{]’Pl < C < C’{]’PQ and A > max{)\PZ,)\PQ*PQ} is the maximum given by
(C1 = CF?,a = al?), see (36) and (37).

e For ) = C’{] 2 there is the only feasible solution for (P2), namely
_U,P =C
(Cl = Cl 27 &= ag;bzccl'gL)'

PEU)
da?

Problem (P4). Let C; < C_'{]’m. As
which implies that the maximum will occur at the border. The cases under consideration are:
(1) Coy = Ca, (ii) Oy = Cs, (iii) Cop = Cor, and (iv) C; = C;. Note that the point implied by
case (i) is feasible for (P2) and the point implied by case (ii) is feasible for (P1).

TP o o Yo—C! Tf—Th
Case (iii): Co, = Cor, when Cy = Y7 + 21+rf2L — o and

> 0 then there is no local interior maximum,

Cog=Cs ~L,P4A _ A ~U,P2
0<a< aCzZ:Cu for Cj <(C; <0 (97)

where ozgzzzgjL is given by (54). It can be then seen that

Yy — C - . Yh-C - 1=
(1_7)E<U<Yl+ 21 L TbOz,Oz))z[Yi—C&—i- 2 2L Tba}
+ry 147y 147y 147y

Ya S S | rr—Tp 1=
— X i+ —— Ci— ————=Cy, — —
p[wo+w1<1+1+rf>+w2 1 , 2L (Tg Tb+1+wa1 «
1+7p+wy w1(7“f—7“b)
170%—7
+ 7y 1+?“f

Y; _ 1=
— Ao(1—p) [wo + wq <Y1 + +—2> + wo Cy — a] (98)

1+ry



and thus

Yo—C TE—T
dE(U<Y1+ 21+7’f2L_1f+7’fb’a>> Y; C’_|_YQ—C2L re—ry | =1
= - - — a
dor S Ty 1ty L+ry
Yy o 1+Tf+w1 Tf—"Tp -
Y Y1+ —— Cy—— 1 — _
+ p[w0+w1<1+1+rf>+w2 1 Ttr; oL — | Tg Tb+1+wa1 e
’I”f—?”b
x[rg—frb—i- 1+rfw1]
Y5 ~ 1 _ -y _
+ (1 —p) [w0+w1 <Y1+—2>+w201— +rptw ,  wi(ry—mp) ] wi(ry — 1)
1+ry L+ry T+ry T+ry
(99)
1—v B _
TF— ™ C1=C Cog=C2 \ 7
z _<1+?”f> (acéb:éﬂ_acmi CQL)
< Y2~ Cor A T wi(ry — 1)
) Vi-C + =2 Cr—Cyp| LT 100
+ [wo+w1< 1 1+ [ + (w1 + w2)Cy oL e (100)

which is positive and thus the objective function (98) is increasing, for

.
_ \P4

(101)

1 w0+w1< Cl-l- 1+$2L>+(w1+w2)01—02L1+rf
A> _
w1 0 oCr= C1 _ Cag=Ch )
CQb C2L CQb:CQL

Cog=Ch

This implies that the maximum of (98) is reached at o /_~ which is feasible for (P2) as

well and thus is not the maximum of the main problem (6).

UP2 .. C1=C1 Cag=C
For C; = C’ Is oy oy, = Qo —Cy;

can be written as

and thus the first derivative, as given by (100),

Y>—C: Tf—=Tp _
a8 (U (Vi + %58 - 0 o)) TN
do - L+ ACpy=Cyp, —
I—y _
T'f — Ty C=C 0l
+ Adp <r9 — Tt 1+ T wl) (Oéc;b Cl'2L o Oé)
1—y C1=Cy - _ _
Tr — T (Tg_rb)(1+rf) Ao, =C Ci=C gl
AO(1 — 26=C2L ( 1=C1 _ )
CQb Car
which is positive and thus the objective function is increasing for
1 1
A> =X — = AMa)
_ 1— _ C =C4
[Lmolemn) oy |7 (1= py [(erf)(rfb WSSt
Cgp=Cop, ~ &

0, af1=%

As A(«) is an increasing function in « then for a € [ Cope

o8

Cn} is Aa) <A (ag;b::%%> and



thus it is sufficient for the objective function (98) with C; = C’{] P2

C1=C :
A> A (ozcéb:é%» i.e., when

to be increasing when

A

1 TF—T = C1=C P2—P4
S L =2 (a8=% ) = 102
op [(1 +rp)(rg —rp) +wi(ry — Tb)] (0‘021,:02) (102)

Thus, for C; = C’{] P2 and A > AP2-P4 the maximum of the objective function (98) is reached
for a = ag;b::%u which is of the same value as the objective function of (P2) at its maximum,
see (96).

Case (iv): C1 = Cy. Note that

Co—Coy=(14rr+w)C1— (rg—rf)a—(1+71,)Y1 — Yo+ wy +weCh = —Q— (rg—rp)a >0

—Q < (1+r)(Y1—C1)+Y2—Cop,
g—Tf — rF—Tp :

This inequality can not be satisfied for 2 > 0. When €2 = 0 then the only feasible solution
is (C’{]’Pl,0> which is feasible also for (P1). Let C; > C’{]’Pl, i.e., Q <0, and note that the

objective function in this case is

fora < - for which is also Cy—Co, nonnegative and Cyp, > Coy, for a

(1=EWU) = =Adp [-Q = (rg = rp)a] ™" = A6(1 =p) [-Q + (rf —m)a]' " (103)

where
0<a< — _ o=

= =
- _ Coy=C
'rg rf 2g 2

It can be seen that for C7 > C_'?’Pl and E(r) > ry is the objective function (103) increasing

in «, so the maximum occurs at (C’l, aclicl ) Note that point (C’l, ol icl ) is feasible for
Cog=Ch Cog=Ch

(P2). Thus, the only relevant case (in terms of comparisons to other potential candidates for
maxima) in (P4) is case (iii).

Summary for (P4):

e For C_'f’P4 <Ci < C_'{]’m and A > A\ is (P4) exceeded by (P1) or (P2).

e For ) = C’{]’P2 and A > AP27P4 the maximum of (P4) coincides with the maximum of

(P2) as given by (96).

Problem (P5). Let C; < C_'{]’PQ. Note that Co, > Co implies that C; < Cy + Wgﬂul

It is easy to show that for any fixed C‘l such that Cqp < C’l < min {C‘l, Cy + Mf%} is the
expected utility of (P5) concave and its maximum is achieved at
1
) 1- K] L
= : [+ (L7 +wn)(C - Oy (104)
rp =1+ Ko (rg —rg)
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Note that (Ci,@&) is feasible for (P5). Thus, the candidates for the maximum of (P5) are
(C1,&) with Cyp, < € < min{C’l,C'l + Wﬂﬂm} and & given by (104). By plugging this

point into the expected utility of (P5) we obtain (after some derivations)

_ - \1-7 Q _ 1l
1-yEU)=-XC1-C MNP — O - C
(L-NEU)=-A(C1-Cr) "+ T e OO
where
L) -]
ko |1+ K7 E\1+ (+
\PL-P5 _ ! _ (K”
1+ry 4w T+ry+w

It can be seen (after some derivations) that for Cyp < Oy < C_’{]’Pl and any C, € [ClL,C_'l]
is the expected utility of (P5) given by (105) exceeded by the expected utility of (P1) at its
maximum given by (70) for A > AP1=F5 namely

Q

_ ~ \ 1l—7v
Y . AP17P5 s
(Gr-c1) T+ R

_ ~ 1—y _ N 1=
+Cy - C’l} < - (G -Gr)

1—
_I_)\Plfpf) Q K
1 + T‘f + w1

Q = P1—P5\1/717
<1—|—7“f—|—w1> [1+()\ ) ]

= (1-yE (U (C{a™))

Let C_'?’Pl <0 < C_’lU’PZ. As

_ ¥
E 1 c;-C
im B g gor as ari-rs | LE 0@ Z ) | e
C1—Cy,  dCy wo (C{]’PS — 01>
and
dE
_lim (~U):—oo<0
014)01+1+'rf¢+wl dCl

then for A > A\ is the maximum reached at the stationary point

_ AL/ o)
P5  _ .
i = O A/ — ()\Pl—P5)1/w X L+7f 4w

MY (L4 7p)Y7 + Yo — wg — waCi| — AP (1 41 4+ w01)Cy
[)\1/«, _ ()\PI—PS)l/'y] (1 + 7+ wl)
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Note that A5 > AP1=P5_ After plugging the stationary point C{ into (104) we obtain

P 1— Il(/é/w - ()\PI—PSZl/'y . (=) (105)
rp—ry+ Ky (g —ry) AT = (APIEPOA
Thus the maximum of (P5) for A > AP® is reached at (C{, o) with
-0 1=y g
(=B Ea™) = (g M- o (106)

It can be shown that for CV""! < €} < min {C’{]’P2, C’{]’%} is the maximum of (P5) below

the maximum of (P2), i.e.,

o) 1—y ) - ~
(=B (C%a") = ~(Fgmr) PV -anr]
—_O)1-
< o MO -1-7s )
= (1-YE (U (C{? ")) (107)

see (86), when mf%m < 1 as inequality (107) boils down to

AV 1> __ Kk ()\1/7 + 1)

1+7r+w
Thus, for Hrfﬁ = 1 both objective functions have the same value and for 1+rfi+w1 > 1
(P5) at its maximum exceeds (P2) at its maximum. Note finally that Wkﬂm < 1 when
1—
5 < 1 g —Tf ] ! _ §P2-P5
L—p | (A+rs+wi)(rg—1)

k _ _ sP2—P5 k P2—-P5

m—lWhené—(s andm>1When(5>5 .

Note that for C; = C‘{]’PQ is the maximum of (P5) as given by (106) for A > A® below
the maximum of (P2), which is the value of its objective function at its only feasible solution

when

e = () -

_ 1—v
< —A8(1—p) [wo + (w4 wy) PP — CQL}

= (1-E(U (V" e87%,)) (108)

_ /417
This holds for any A\ > A5 and § < §FP2-F5 [1 — (A”g P"’) ”] = (NP5 .. On the
1=04
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other hand, the maximum of (P5) exceeds the maximum of (P2) when ¢ > 5()\)2272 > po-
1=

Summary for (P5):
e For C1; < Oy < C’{]’Pl (P1) exceeds (P5) for A > A\P1=F3,

e The following holds for for C’{]’Pl < (1 < min {C’{]’P2, C’{]’%} and A > max {)\PQ, \P2=P2 )\P5}:

— (P2) at its maximum exceeds (P5) at its maximum when ¢ < §727F5
— (P5) at its maximum coincides with (P2) at its maximum when § = 67275 and

— (P5) at its maximum exceeds (P2) at its maximum when § > §72=F5,

e The following holds for C; = CVF2 < G5 and A > AP3:

— (P2) at its maximum exceeds (P5) at its maximum when § < 5()\)22_53192,
1=
— (P2) at its maximum coincides with (P5) at its maximum when § = §(A\)E2~ 25
Cq :Cl ’
and
P2-P5

— (P2) at its maximum is below (P5) at its maximum when § > 5()\)0 cupe-
1=

Problem (P6). Let C; < C’{] P2 We show at first that there is no interior local maximum
or minimum for (P6) which implies that the maximum will occur at the border of the set of

feasible solutions for (P6). Then we check all potential feasible solutions at the border.

The first order conditions are

dichllj) = )\(01—01)77 —op [Q—(1+rf+w1)(01 —C‘l)—l-(?”g—rf)oz]i'y (1474 w)
“A(L—p) [T +7f4+w)(Cr—C1) = Q4 (rf —rp)a] (L4 71y 4w +wy)
=0 (109)
d]%(aU) = op [Q —(1+7ry+w)(Cr — Cy) + (rg — rf)a] 7 (rg —ry)
—)\(5(1 —p) [(1 + ’I”f + wl)(Cl — 01) - Q + (Tf — ’I”b)Oé] - (Tf — Tb) =0 }

dggj) = 0 from (109) implies the expression for a given by (79). Note that « is feasible only

for Q < 0 where for £ = 0 there is only one feasible solution, namely (C1,0) which is feasible
also for (P1). Thus, assume that Q < 0 and let’s plug (79) into the C; part of the FOC in

(109). After some simplifications we obtain
1 _ _
A7 (47 +wi)(C1 — Ch) — Q] = (C1 — C1)M(N)
which gives

(110)

Q
ﬂ_)‘)—l—l—I—rf—I—un

1
A

Cf':C&-I-
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In addition, after plugging C;~ from (110) into (79) we obtain

1
a"": k [<L>’Y +)\%
Tg—Tf Ky

Next we show that the expected utility function is indifferent at (CF, a™), namely, we show

2 2 2 2 2
that at (C]",a™) are dfong) <0, and D3 = VZE(U(C4,Cy)) = ddECE?) d;EOEQU) - (‘fig:l(gj) < 0.
Note that

—Q
M) + A7 (1 + 7+ wi)

1
7 —Q - 1\
Ch—Co = k i g~ T (—)7 (111)
M)+ A7 (147 +w;)Te — 7 \Eo
Co—Ch = k L To 7T \5 112
2b

M()\)—i—)\% Q+rp+w)e ="

and thus Cy — (C5) = (Ko)\)% ((C;;) — (). Using (109), (111) and (112) we obtain the
following

11—
1d2E(U)| [ 0 v
g2 efet) T T
v dc? (Gfeh) )+ 2 s+ o

- 2 1 —
% )\_% X 1 +T‘f + wq Tg—Tf )\_% B Kau (113)
k Tg—Th g —TF
1—
1 d2E(U) (Tf _ Tb)2 —— 2 _Q . . %
_ch'+ a+) s k 1 . )\ 1 _K’y
T (Utry+w) \rg =70 ) | M)+ AT (1417 + wn)
(114)

2 2 —1—x )
LLE() g = (g =Ty -0 EER—
Y dCrda € = T ; K
y 1ax Tg—Tp M()‘)+)"Y(1+7ﬂf+w1)
Note that (114) and A > 7 implies that “2¢| e . < 0. In addition,

2(14) , 1

o — R P (Tg_rf> (Ai _MK(f)]
VLM + A (L +rp +wp) ko \ry—mp pa—

— )2 _ 2 1
« (Tf Tb) (’I”g ’I”f> |:A'1Y _ K»?:|
k(l—i-rf—i-wl) Tg—Tph

2 4 N 2
_(Tr T i )\7%—1—1(;
k Tg—Th 0
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2 2 2
where D = V2E(U (C1,C3)) gt o) = g Cs — (fl;@l(da) |+ ey Ths,
2(14+ _1
il -0 R N P
1
VM) + A1+ 7+ wr) rg—Ty) \ry—mp 147y +w
1
“ANTTED <0
2
for A > & which gives that D = V?E(U(Cy,Cy)) = T CEE) (ﬂ%’) < 0. From
1
114) it follows that & ]E(QU) + 4+ >0for A < & and thus (C;",a]") can not be a point of
da? 1(CT ,aT) K, 1:%1

local maxima for any A > 1 and thus the maximum will occur at the border.

The feasible solutions at the border for (P6) that come into consideration are given by:
(1) Cog = Ca, (ii) Cop = Cy, (iii) Cop = Cay, (iv) C1 = Cy and (v) Cy = Cp.

Case (i): Cyy = Co when

1 _ Q4 (rg—rf)
Cr=————[(1+7)Y1 +Ya — wy —wsCy + (ry —rp)a] = Cy + — 2L
I (L4 7p)Y1 + Y2 —wo —waCi + (rg = rp)a) = Cy L+7rp+w
and 0O
C1=C : C1=C - C2g=C
maX{O,aC;gzclj}SaSmm{ cl 012:?”9—777 sz C22L}

Note that this case can occur only for < 0, i.e., for C; > C_'U’P1 43 where in the case of
Q) = 0 the only feasible solutions is (C7,0). Thus, in the following we assume that C’UP1 <

Cy < C’{]’m. It can be seen that

(1-7E <U <01+ w’a>> o, [—Q_ (T-g_rf)a]l—'y

T+rs+w Ltrp+un
AS(L = p)(ry — o) Tl

is a convex function in « and thus its maximum is reached either at &« = 0, when C;; <

gl :CC{L, when C; + m <Oy <Cy,orata= 1= ! or at

C’l—l—m,oratoz—a CageCh

gzz g2 Thus, the potential candidates for the maximum in this case are

(a) (CIZCI—FHT;}m’a:O) when CILSC&—FHTJ:%M or

(b) <01 =Cip,a= a%gi%ﬁ) when C; + Wﬂ‘i’wl < Cip < C; and C‘{]’PE) <0 < C’{]’PG or

~ C1=C ~U,P1 ~ ~U,P2
(c) <01 =Cl,a= aC;g:é,2> when C <C <0 or

Co 02 _
= Qt(rg—r)ac’_c Cay=C: ~U,P2 ~ ~U,P6
_ 26=C21 _ 29 2 ) ,
(d) (C’l =C1+ R a=ac) o when C] <C <0

$Note that a =C2 > 0 when C; > CEP4 and condition (63 guarantees that Ciy, > ckr4,
Cgb Car, 1 1
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Note that the point in case (a) is feasible also for (P5), when C; < min {C_'f]’m, C_'{]’P5} and
is also the only feasible solution for case (ii).

Based on Lemma 1-(vi), case (b) is relevant, i.e., ag;g:fclj > 0, only for C’{J,Ps <@ <
C’{] 76 which we do not consider here. The point in case (c) is a feasible solution for (P2).

Case (d) holds only for C_'{] P20 < C_’{] 6 Which is not considered here.

Case (iii). Cy, = Cor, when C) = Y; 4+ 2=C2L _ LiZTo o for

1+7’f 1+7‘f
C1=C C1=C1
ACo=Cor, sas A Cy=Car, (115)

C1=C1 _ (+rp)(¥1—C1)+Y2—Cyp,
where a¢, —5 = =y

Yy — C - _ Yy — C - 1=
(1—7)E<U<Y1+ : 2L 1 Tboz,a))z—)\[Cl—Yl— 2—CoL | Tf ”’a]
+ry 14wy L+ry 147y

L+rp4+w Y ~ i o
[ )t (s )
¥ !
Ltrptw ,  wilry—m)
T+r, P 14y

C1=C1, _ (+rp))(Y1-CiL)+Y2—Cyp
P . Then

Yy - o
— )\5(1 — p) |:w0 =+ w1 (Yl + —) + weCq — Oz:| (116)

147y

Note that

2 Yo —-C rg—r
ld E(U <Y1 + 21+T;L _ 1erbe a, a)) \ [ v Yo—Cor  rf—rp a}l'y (Tf—?”b>2

=\C, —
! do TR Y L+ry
1+7ry+w Y, _ — —1—~
— 0p|————Cy, — — Y] — woC _
p[ 1+ 77 2L, — Wo w1<1+1+rf woly + | 1y rb+1+’l”fw1 a
2
Tf—?“b
X —
(Tg Tb+1—|—7“f w1>
Y = 1+7rs+w wr (re — 1 1=y sy
b 200 = p) [uptun (4 2} ey - LI g, il m ) ()T (g
1+Tf ].+Tf 1—|—fr’f ]-+Tf
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~ Yo—Cor  1p—7h ci—cy | (T’
> A C’ _Y _ 1 1L
= [ B 147y

1+7ry+w Yo ~ TE—Tp =04 —1=
- op [Tcﬂ—wo—wl (H—Fm —woCr + (g —1p + 11r; w1 | gy, —Cy;

2
T‘f—T‘b
x(rg Tb—i_l—l—rfwl)
+ A6(1—p) |wo + Yy + Ya + wy C
— w w u— w —
b 0 1 1 1—|—rf 201
T =Ty 2
X
<1+?”fw1>

2 2
_ A~y [TF— T} 0 —1—y T — T}
= MG —-Ci) 7 (—L Tf) —&p [Q + (ry — rf)ag;,fclu] <?"g —ryt w1>

147+ w; wi(ry — 1) o=y 1=
Car ACy=C.
T+ry T+ry W2k

2
~ 1~ [T —T
+AI(L — p) [wo + (wy +w2)Cy — Cor] ™7 (fTbe w1> (117)

It is sufficient for the objective function (116) to be convex if the right-hand-side of the last

expression is positive which is guaranteed for

2
(l+rf)(rgf'rb)
517(7,7,% +w1)

[Q+(7’g —rf)aclzél ] e

A Cop=CaL
- _ 1 + §(1—p)w?
(Cl*clL)l—P\/ [w0+(wl+11)2)élfch]1+,\/
(rg—rp)(1477) 2 _ 1 _ )
B op [ : TF—Tp + wl} " (Cl — ClL) o [wo + (w1 + we)C — CQL] +r
- A 1+y 2 (A 1+y ~ 1+~
[Q + (rg — Tf)o‘géb_:cclu} §(1=p)w? (C1 = Ci) 7 + [wo + (w1 +w2)Ch — Car]

Thus the maximum occurs at one of the end points a = ozg;b::éclu or a = ozg;b::%;. Note

c,=C; : C1=Cir - . .
that a = ag; —¢  is feasible for (P2) and a = ag, —4F is tackled in case (v) where it is

shown that it is exceeded by another point which is feasible for (P5).
For C; = C_'{] P2 is the first derivative of the objective function (116) given by

Y2—C ri—r
dE (U <Y1 S TS a)) rp =) =0 77
= A —— (a - aCQb:CQL)
do Lty

1—v _ _
'rf —Tp c=C i
+ op (rg — 7y + L+ w1> (a — aC;b:C{%)

r
1—v C1=Cq - ~ _
TE— T} re —1p) (147 Qe o _ Y
+ /\5(1 —p)w1 ( 1f > ( g )( f) ch :25 —wy (a . O‘g;b:%%)
r T a—ag, ey,
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d]E(U(Y +2-CoL Tlf[fb,a))
while using Lemma 1 (iv). Sufficient conditions for doc ! < 0 and thus

for the objective function being decreasing are

1 — 1—y
A> 1 £ 1 ( - Tf)(rg Tb) + wq — \P2- Pg‘ .
s~ 8P2-PG TF—Tph C1=c?
and
v
1 P— -
P2—P6 __ 9 b 1t
0= - (I-pur <C{“’2 — L AChy=Car, ~ wl) (119)

Thus, for C; = CU P2 , 8 < 6P27P6 and X > )\22_10_32 po the maximum of the objective function
-1
(116) is reached for o = aglb %2L which is of the same value as the objective function of (P2)
at its maximum, see (96).
In case (iv) any feasible solution is also feasible for (P2) and thus this case can occur only
for C_'l < C_'{] ’P2

Case (v). Ch = C, for ag ClL <a< a %L see (56), (60) and Lemma 1-(vi). Then

(1 =7E (U (Cir, @) = =A(C1 = Cip)'
+5p [(1 + Tf)(}/l - ClL) + Y2 — Wy — wlClL - wgc_'l + (T‘ - T‘f)oz] 1=y
—A6(1 —p) [wo—i-wlC'lL—i-wgC_’l —(1+7“f)(Y1 Ci) — +(Tf—Tb) ]1_7

U,P2

It can be shown that for C; < C}""* and A > KLW is the objective function of case (v)

decreasing and thus the maximum is reached at o = O‘g;;%; which is feasible also for (P5).

The value of the expected utility function at this point is as follows

(1 =7E (U (Cre. 0y ) ) = MO = Cio) ™ +-p [“‘f Ty (1P 01)} 7 a20)

’I”f—’f'b

Summary for (P6): Let A > K . Then the following holds.

e For C1; < 01 < C’{]’m and A > AP2=P6 (P2) exceeds (P6).

e For ) = CUP2 § < 6P2=P6 and X > )\PZ gS p2 (P2) exceeds (P6).
C1=Cy

Note that the above mentioned conditions are sufficient, not necessary.

Problem (P8). Let C_’{]’Pl <G < C’ij’m. As the utility function of (P8) is convex a

maximum will occur at the border of the set of feasible solutions. The feasible solutions

at the border that come into consideration are: (i) Coy = Co, (ii) Cop = Co = Cyy, (iii)
ng = CQL = Cgb, (iV) Cgb = CQL, (V) Cl = 01 and (Vi) Cl = ClL~
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Case (i) is feasible for (P6) and was already dealt with in the proof of (P6) in case (i) and
thus C; < C_'{]’Pq The only feasible solution in case (ii) is (01 = C’1 =C + a=al® = O)
which is also feasible (and thus dealt with) for (P5) and (P6).

The only feasible solution in case (iii) when Cyy = Cor, = Cyyp is (01 =Y + Y21 Jff” o= 0)
which is feasible only for C; > Y; + YQ;C;L

. . o C. 7‘f Ty
Case (iv): Co, = Cor, when C; =Y + 1+r?L — i, and

1+rf+w ’

C1=C1 s CQQ_CQ C1=C11
max {O A Cy,= CQL} S o< min {aCQb Cor> ¥Cop=Coy,

=C, _ (4rp))(V1—C1)+Ya—Coy,

Cag=C4 C1=C1;, _ (I+ry)(Y1—C11)+Y2—Cyt
where a,’_ . is given by (54), ozc% Oy = BETED and oy o = = .
i Cog=C
Note that for C; < CU P25 091=C 5 089 and thus case (iv) has no feasible solu-
Cop=Ch1, ACp=Cor U.P2
tion. Note in addition that the only feasible solution for C; = C is a = ag;b %2L as

01 C1  _ Cag=Ch

Al —Cyy = QCy—c,, Which coincides with the value of (P2) at its maximum, see (96).

If C1 = C, case (v), then any feasible solution will be feasible also for (P4). For more

details in the proof see case (iv) of (P4).
If C; = Ci1, case (vi), then

(1 — ’y)E(U(ClL, a)) = — )\(C_'l — ClL)li'y — )\5]) [—Q - (1 + T‘f + wl)(C_'l — ClL) — (T‘g — rf)a] 1=
— M1 =p) [~ = (1 +r;+w)(C1— Crp) + (rf —rp)a] (121)

for

: C1=C1p , C1=C1L
O<ac< mln{ C =0y aCQb:C2L}

where aglgflg is given by (59) and a _0012LL is given by (56). Based on Lemma 1-(vi) is
g; CIL < 0 and thus (121) is infeasible.
9
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