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Abstract

' We prove, under suitable assumptions, the existence of such

utility functions u,s U, for players 1 and 2, respectively,
that player 1 prefers a simple two-person bargaining game
with the status quo a to that with the same outcome set and
the status quo b if and only if

ul(a) - ul(b) > uz(a) - u2(b) .

The utility functions are unique up to their zero points and
a common positive multiplier. We also extend this result to
an arbitrary set of players. The derivation of utility does

not involve any assumption concerning behaviour of individuals
under risk.
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1. Introduction

Probability is often visualized as a subjective concept.

It is therefore of interest to develop a utility theory in
which no concept of objective probability is assumed. SAVAGE
(1954) first derive utility on the basis of behaviour of a
person faced with games against nature. The main purpose of
this paper is to derive utility on the basis of simple two-
person bargaining games. To achieve such a result, we assume
that a person is able to express preferences not only bet-
ween every possible pair of alternatives but also between
every pair of bargaining games that have the same outcome
set but, maybe, differ in the status quo.

We prove, under suitable assumptions, the existence of such
utility functions Uy, U, for players 1 and 2, respectively,
that player 1 prefers a game with the status quo a to that

with the status quo b if and only if '

ul(a) - ul(b) > uz(a) - uz(b) .
Player 2's preferences are converse.

The utility functions are unique up to their zero points and
a common positive multiplier. We also extend this result to
an arbitrary set of players.

Since our derivation of utility is free of the notion of
probability, it should enable one to realize the ideas of
RAMSEY (1931) to derive probabilities on the basis of utili-
ties. '

As far as two-person case is concerned, our result is similar
to that of MYERSON (1977), although our construction and
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assumptions are different.

Some words concerning the presentation of assumptions are
appropriate. The main axioms are denoted by A1 - A3, B1 - B8,
S1 - S2. Instead of referring to these every time, we assume

that any of them, once stated, remains valid for the rest of
the paper.

2. Preliminary definitions and assumptions

A two-person bargaining game is characterized by the set
of outcomes and a distinguished outcome q = the status quo.
If no trade occurs, the outcome is g. A trade takes place

if and only if both players agree upon a unique outcome.

Let A denote the set of all possible outcomes in various bar-
gaining games. Given any two outcomes a, beA we use symbolism
a;b(b;a) to denote that player i prefers a to b or he is in-
dlffedent between them. We assume that the preference-in-
difference relation holds between any two outcomes, and it

is transitive. For any player i, we have thus the axioms:

Al. It holds aza for any acl.
i

A2. Given any two outcomes a,beA, either axzb or a<b holds.
i i

A3. Tor any a,b,ceA, if a >b and bsc, then asc.
i i I

Let Xi denote the set of equivalence classes of A under 2

i.e. xieX:.L if and only if there exists aeA such that 1

x; = {beA;bia and bia} .
1 1
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We will use letters Xs s Vi z; to denote elements of Xi‘
The set Xi can be ordered in the natural way. We denote this

order by >. It will not lead to misunderstanding as the ele-
ments of Xi have subscripts.

We will use the capital letters S; T, V to denote the outcome
sets of various bargaining games.

Definition 1. A two-person bargaining game is a triple
(S’ X4 Xz) where S is the outcome set and X4s X, are the
equivalence classes generated by the status quo.

We denote by B the set of all possible two-person bargaining
games. Given any two games (S, 21, X9), (8, Yqs YQ)SB, we use
the symbolism (S, Xq X2)+(S, Vg V2) to denote that the first
player prefers the first game to the second or he is indiffe-
rent between them. We will write (S, Xy X2)++(S, Vqs Yz) if.
(S, x4, %,) »(8, ¥, Y,) and (8, X4, X,)+ (S, ¥4, y,). Simi-
larly, (S, Xi, Ka) (S, Yy y2) means that (S, Xqs x2)+

(s, Yqs yiv but not (S, X4 x2) <« (S, Vs yz).

Note that preference~indifference relation > is defined only
for games which differ only in the status quo and have the

same outcome set,

It will be convenient to introduce the symbolism o _
(g5 X,) > (¥4 Y,) to denote the fact that Xy 2 yl, X, < yé
and, for at least one of them, the equality does not hold.

Some results concerning ordered groups will be necessary.
An additive group K is called ordered if K is a linear ordered

set under relation > and, for any Xx,y,zeK

X >y implies x+z > y+z .
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Given two ordered groups K and L, an injective mapping g:
K+L is said to be an o-embedding if

glx+y) = g(x) + g(y) for all x,yeK
and
x>y if and only if g(x)>g(y) .
A bijective o-embedding is said to be an o-isomorphism.

We denote by mx the sum x+x+...+x(m times).

An ordered group K with the neutral element e is said to be
Archimedean if, for arbitrary X,yek,

y>e implies my>x for a suitable integer m>1.

Theorem (HOLDER (1901)). An ordered group K is Archimedean
if and only if there exists an o-embedding from K to the

additive group of the real numbers with the natural ordering.

Theorem (HION (1954)). Let K#0 and L be subgroups of the
additive group of real numbers, endowed with the natural or-
dering, and g an o-homomorphism (or o-isomorphism) from K
into L. Then there exists a real number «>0 such that

g(x) = ax for all xeK .
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3. Two-person bargaining games

In this section we shall restrict our attention to bargaining
games among two fixed players. We assume that class B of all
possible bargaining games and the preference-indifference
relation +~ of the first player satisfy the following axioms.

Bi. For any (S,xi,xz), (S,y1y2)€B, either (S,xi,x2)+(s,y1,y2)
or (S,yl,y2)+(8,x1,x2).

B2 (Rationality). If (xi,x2)+(y1,y2), then (S,xl,x2)+»
(S,yl,yz) for any (S,xl,xz),(s,yl,yz)eB.

B3 (Continuity). Let (S,xl,xz), (S,yl,yz)eB. If (T,zl,zz)»+
(T,yi,yz) for any (T,zl,zz), (T,yl,yz)eB where
(zi,zz)+(x1,x2), then (S,xi,x2)+(8,y1,y2).

B4, Let xi,yieleand‘yzexz. Then there exist (S,xl,xz),

(S,yi,yz)eB such that (S,xi,x2)+*(8,y1,y2).

B5., Let x1€X1.and Xo y2€X2§ Then there exist (S,xl,x2),v o
s : o
(S,yl,yz)eB such that (S,xi,x2)++(s,y1,y2).

Suppose now, it holds
(S,xi,x2)+(8,y1,y2) and (S',xi,xé)+(8',yi,yé)

for some bargaining games. If y1=xi, it is natural to assume
that there exists a "bigger" outcome set T such that

(T,x1,22)+(T,yi,zé),.
If the original two games satisfy the analogous condition

also with respect to the second player, we postulate the
existence of a set T such that the appropriate properties
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hold with respect to both players even when the second
player considers the original games in the replaced order.
Formally:

B6. Let (S,xl,xz),(S,yi,yQ),(T,yl,yz),(T,zl,zz) B. If
(S,xl,x2)+(s,y1,y2) and (T,yl,y2?+(T,zi,zz), then there
exist (V,xi,xz),(V,zi,zz)eB such that

(V,xl,xz)*(V,zl,zz) .

B7. Let (S,xi,yz),(s,yl,zz),(T,yi,xz),(T,zl,y2)eB. If
(S,xl,y2)+(s,y1,zz) and (T,yi,x2)+(T,zl,y2), then there
exist (V,xl,xz),(V,zi,zz)eB such that

(V,xi,x2)+(v,zl,22) .
Given (S,xi,xz), (S,yi,yz)eB, we will write
(S,xi,x2)3(8,y1,y2)

to denote that the second player prefers the first game
to the second or he is indifferent between them.

B8. Let (S,xl,xz),(s,yl,yz)éB. Then (S,x,,%,)>(S,y,,y,) if
and only if (S,yi,y2)§(3,x1,x2).

LEMMA 1., Let (S’x1’x2)’(s’y1’y2)’(T’Xi’XZ)’(T’Zl’ZZ)eB‘

Then
Y4324 if and only if'y2=z2 .

PROOF: Necessity. Suppose, Yp>2Zye According to B6, there
exist (V,yi,yz),(v,zi,zz)eB such that
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(VayisYZ)*(VszlsZZ> ]

. contradicting to B2.

Now, suppose, Y9>2,- According to B6, there exist

(V,zi,zz),(v,yl,yz)eB such that

(VsylayZ)*(Vszlszz) ’

which is again a contradiction to B2. Hence, we must
have Y9=2Zg-

We have thus shown the necessity. The proof of the
sufficiency is analogous, i.e., in both cases,
y4>2z4 and y4<2,we obtain a contradiction to B2. Q.E.D.

Given xi,yleX1 and xzexz, we denote
fz(xl,xz//y1)={y26X2}(S,xi,x2)++(s,y1,y2)
for some (S,xl,x2),(S,y1,y2)€B} .

According to B4, fz(xl,xz//yi)tﬂ for any xl,yiex1 and
x2€X2. By Lemma 1, f2(x1’x2//y1> contains only one
equivalence class. Hence, '

X

fz(xl,xz//yl):x1 x X, x X1 + X,

2
is a mapping which assigns an equivalence class to any
xl,yiexi and x2€X2 .

Analogously, fl(xl’x2//y2):xi X X2 X X2 > X1 is de-
fined as follows:
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£i(xq5%,/1y,) = {ylexi:(S,xi,x2)++(8,y1,y2)
for some (S,xl,xz),(s,yl,yQDQB}-.

The following properties follow immediately from the
definition and Lemma 1:

£,0xq,%,/7y5) ?_yir_if and only if f2(x1,x2//y1)=y2% (1)
fl(xl,x2//y2) =y, if and only if f2(y1,y2//x1)=x2; (2)

fi(xl,x2//y2) = yq4 if and only if/ fl(yl,yz//x2)=x1 . (3)

LEMMA 2: For any xlex and xz,yz,zzexz, it holds

f1<xl’x2//y2) = fl(fl(xl,x2//zz), 22//y2) .
PROOF: Let us denote yq = fl(xl’x2//y2)' We have

(S,xi,x2)++(8,y1,y2) (4)

for some (S,xl,xz),(s,yi,yz)eB .

Denote zi z fl(x1’X2//22) and zy = fi(zi,zz//yz).
We have

(T',x1x2)++(T',zi,zz) and (T",zi,zz)++(T",zi,y2) (5)
for some

(T',xi,xz),(T',zi,zz),(T",zi,zz), (T",zl,yz)eB
Suppose Z24>Yy According to B6, there exist
(T,xl,xz),(T,zl,yz)EB such that

(Tyxq5%))+(T,24,¥,) .
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PROOF:

(T 2Xq 52, Y«>(T',2

From (4) and B6, it follows that

(V,yi,y2)+(V,z )

1°¥7

for some (V,yl,yz),(v,zi,yz)eB, contradicting to B2.

On the other hand, suppose Zy<Yq e According to B6 and

(5), we obtain :
(T,xi,x )+(T,zi,y2)

for some (T, X4 5%, ), (T zl,yz)eB From (4) and BG, it
follows that
(V,yl,y2)+(v,zl,y2)

for some (V,yi,yz),(V,zi,yz)eB, which is again a contra-
diction to B2. Hence, Y1324 - Q.E.D.

LEMMA 3: For any xleX1 and x2,y2,22€X2, it holds

fl(xl,xz//yz) = fi(fi(x1’22//y2)’x2//zz)
Denote y; = f1(X1’X2//Y2>' We have

for some (S,xi,xz),(s,yl,y2)eB .

Denote zi = fi(xl’zz//YQ) and
z, = fi(fl(xl,z2//y2),x2//zz) = fl(zi’xz//ZQ) .
That means

1,y2) and (T",zi,x2)++(T",zl,zz) (7)

- for some

(T'sxiazz)a(T'azisy2)3(T“sziaX2);(ngzi;ZQ)@B
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Suppose Z,>yq- According to B7, there exist
(T’X1’x2)’ (T,zi,yz)eB such that

(T,xl,x2)+(T,zi,y2).
From (6) and B6, it follows that
(V3545750 (Vy24,y5)

for some (V,yi,yz),v,zl,yz)eB, which is a contradic-
tion to B2.

Suppose now, Z24<y4. From B7 and (7), we obtain
(T,Xl ,Xz )<—(T,21 ,y2>

for some (T,xl,xz),(T,zl,yQ)eB. From (6) and B6, it
follows that

cvaylsyZ)"‘(VazlaYQ)

for some (V,yl,yz),(v,zi,yz)ﬁB, a contradiction to B2.
Consequently, Y4324 Q.E.D.

Let us chcose afbitrary e1€X1 and e2€X2. We keep them

fixed throughout the further discussion.

Definition 2. Given any xl,ylexi, we define the sum
and the difference as follows:

X tyq = fi(xi,ez//fz(el,ez//yl)),

X4=Y4 fl(xl,fz(el,ez//yl)//ez) .



o

0

™

i}

- 11 -

PROOF: Commutativity. Given x

" THEOREM 1. The ordered set X, together with the addition +

'is an ordered Abelian group, and e, is the neutral element.

1,y1ex1, denote
x2=f2(e1,e2//x1) and y2=f2(e1,e2//y1).

By (1), we must have
x1=f1(¢1,e2//x2) and y1=f1(e1,e2//y2).

According to Lemma 2, it follows
xizfl(fi(el,ez//yz),y2//x2)=f1(y1,y2//x2).

Hence,

x1+y1=f1(x1,e2//f2(e1,e2//y1)) =
= f1(f1(y1’y2//xz)’e2//y2)
From Lemma 3, we obtain
X1+y1354 (ygse9/ /%)) =y 43y

We have thus proved the commutativity.
Associativity. Given xi,yl,zlﬁxl, denote

zz=f2(e1,e2//zl) and x2=f2(y1,e2//x1+y1)
By (1), we must have

x1+y1=f1(y1,e2//x2) . \ (8)
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By Lemma 3, we have
(x1+y1)+zl=f1(x1+y1,ez//zz)=
=f1(f1(x1+y1,x2//22),e2//x2). (9)
From (8) and Lemma 2, we obtain
fi(x1+y1,xz//22)=f1(f1(y1,e2//x2),x2//zz)=
=f1(y1,e2//zz)=y1+zl. (10)
On the other hand, by the commutativity,

x2=f2(y1,e2//x1+y1)=f2(y1,e2//y1+x1) .

But
y1+x1=f1(y1,ez//f2(e1,e2//x1)) .

Hence, by (1)
x2=f2(e1,e2//x1) .

According to (10), this means that (9) can be re-
written in the form

(x1+y1)+zl=f1(y1+zl,ez//fz(el,ez//xi))='
By the commutativity, it follows

(x1+y1)+zl=x1+(y1+21) .

Thus,we have proved the associativity.
Our definition of the difference is correct, since,

by Lemma 3.
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(xl-y1)+y1=f1(f1(x1,fz(el,ezl/yl)//ez),ez//fz(ei,ezl/yi)) =
=f1(x1,e2//e2)
and, by the rationality axiom,
fi(xl,ez//e2)=x1 .
On the other hand, if zlex1 and
zi+y1=f1(zl,ez//fz(ei,ez//yi))=x1=f1(x1-y1,e2//f2(e1,e2//y1))
then, from (3), it follows Z43X4"Yq - |

To prove the theorem, it remains to show that, for any
x13y1521€xl 3

xlsyilf'implies Xq*z sy ¥z,
It is sufficient to show that
Xq8X4+y, if and only if yq2eq -

Denote y2=f2(e1,e2//y1) . (11)

" Let XEX 4ty That means,
xigfl(xl,ez//yz).

According to B2, we must have yzzez,and, from (11) and

B2, it follows, yi2ey -

b
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Suppose now that y42e4. By (11) and B2, it follows
y22e2 and

xg2 8 (g8, y9)=x 4y, .

Note that, by (1), it immediately follows that eq is

the neutral element of the group X Q.E.D.

1.
We define the sum for X2 analogously.

Definition 3. For any xz,yzexz, we define the sum and
the difference as follows::

x2+y2=f2(e1,x2//f1(e1,e2//y2)),
x2-y2=f2(f1(e1,e2//y2),xz//el) .
Since our definitions and the axioms which we have used

are completely symmetric with respect to the players,
the following corollary is obvious.

COROLLARY: The ordered set X, together with the above

defined addition is an ordered Abelian group, and e,

is the neutral element.
Let us define a mapping h:X2+X1 in the following way:

h(x2)=f1(el,e2//x2). (12)
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LEMMA 4: The mapping h:Xz—*X1 is an o-isomorphism.

PROOF: According to B4 and (1), the mapping h is bijective.

We shall prove that
h(x2+y2)=h(x2)+h(y2)v.
By Lemma 3, we must have
h(x2+y2)=f1S?1}82{{§2+y%?ﬁf1(flﬁei?xz[/x2+y2),ez//xz).
Denote y1=f1(e1,x2//x2+y2).

Since
x2+y2=f2(e1,x2//f1(e1,e2//y2)),

it follows from (1) that
y1=f1(e1,e2//y2)=h(y2).

Hence,
h(x2+y2)=f1(h(y2),e2//x2).

From (1) and (12), we must have
x2=f2(e1,e2//h(x2)) .

Hence,

h(X2+y2)=f1(h<y2)’eQJ(fZ(e1éeZ//h€X2))thﬁyz)fh(kz)

and, by the commutativity, -

h(x2+y2)=h(x2)+h(y2).

On the other hand, by (1), we have

h(ez)=e1
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It remains to prove that, for arbitrary XpsYpeXs,

X,3Y, 1if and only if h{xph(y,) (13)
By the definition of h and fi’ there must exist
(S,el,ez),(S,h(xz),xz),(T,ei,ez),(T,h(yz),yz)eB
such that
(S,el,ez}«a(s,h(x25,x2) and (T,ei,e2)++(T,h(y2),y2).
According to B6, there must exist (V',h(x2),x2},
(V’,h(yz),y2),(V",h(x2),xz),(V",h(yz),yQ)eB

such that

(V',h(xz),x2)+(V',h(yz),yz) and (V",h(xz),x2)+(V",h(y2),yz)

Thus,(13) follows from B2. Q.E.D.

LEMMA 5: For any xl,yleX1 and x2,y26X2,

x1=f1(y1,y2//x2) if and only if xl-y1=h(x2)-h(y2)

PROOF: We have

h(x2)-h(y2)=f1(h(x2),fz(el,ez//h(yz)V/ez) .
According to (1) and (12),we must have
fz(ei,ez//h(yz))=y2

Hence, by Lemma 2,

h(xz)—h(y2)=f1(h(x2),y2//e2)=
=f1(f1(h(x2),yz//fz(el,ez//yl)),fz(el,ezl/yl)//ez) (14)
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According to Lemma 3,
fi(h(xz),y2//f2(e1,e2/(y1))=

=f1(f1(h(x2),x2//f2(e1,e2//y1)),y2//x2) (15)

By Lemma 2,
fi(h(xz),x2//f2(e1,e2//y1)) =
=f1(f1(h(x2),x2//e2),e2//f2(e1,e2//y1)) . (186)
Since h(x2)=f1(e1,e2//x2), we must have from (3)
fl(h(xz),xz//e2)=e2 .

Combining this with (1), we can rewrite (16) in the
form

fl(h(xz),x2//f2(e1,e2//y1))=

=f,(eq,e,//E(eq e,/ 1y, )) =y, (17)
Combining (14), (15) and (17), we obtain
h(xz)-h(y2)=f1(f1(y1,yz//xz),fz(el,ez//yl)//e2)=

The statement of the lemma follows immediately. Q.E.D.

THEOREM 2: There exists an o-isomorphism h:Xz-oX1 such that,

for any (S,xi,xz),(s,yl,yz)eB, (S,xi,xz)ﬁ(S,yi,yz) if
and only if xl—ylzh(XQ)-h(yz).

PROOF: Let h:Xzﬂxi be defined by (12). Necessity. According

to B5, there exist (T’zl’xz)’(T’yi’YQ)EB such that

(T,zi,xz)e»(T,yi,yz) .
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By BE and B2, it follows z,g¢X,.

On the other hand, by Lemma 5,
zl-y1=h(x2)—h(y2) .
Hence,
Xi'y13h(x2)'h(y2)

If we take into account Lemma 4, then the necessity
has been proved.

Sufficiency. If (S,yl,yz)#(s,xi,xz), then, by B1l, it
follows immediately

(S,xi,x2)+(8,y1,y2) .
Suppose now that
(S’Y13y2)*(ssxlsx2) .

Let (T,zi,xz), (T,yl,yz) be as in the proof of the
necessity. From Lemma 5, we have

According to B6, there exist (V,xi,x2),(V,zi,x2)€B
such that

(V,xl,x2)+(v,zl,x2)
From B2 and (18), it follows x1=zl,i.e.,
(T,xl,x2)++(T,y1y2)

Suppose that, for some (T',yl,yz),(T',zi,zé)eB, it
holds

(T'aylsyZ)*(T'quszé)
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and (zi,zé)+(x1,x2). By B6, there exis;
(V',xi,xz),(V’,zi,ZQ)eB such that .

(V',xl,x2)+(V',zi,zé),

contradicting to B2. Hence, (T',zi,zé)++(T',y1,y2)
for any (T‘,zi,zé),(T',yl,YQ)eB if (zi,zé)+(x1,x2).
It follows from B3 that

(S,xi,xz)+(s,y1,y2) ° QQE'D'
By B8, we immediately obtain the following corollary:

COROLLARY. Let (S,xl,xz),(S,yi,yz)GB and h be as in
Theorem 2. Then

(S’Xl’XZ)E(S’yl’yz) if and only if Xi‘Ylsh(Xz)'h(Yg) .

REMARK. We have used axioms B1 and B3 only in the
proof of the sufficiency of Theorem 2. If they are
dropped out, then the weaker statement holds:

if (S,xl,x2)+(8,y1,y2), then xl-ylgh(xz)fh(yz),

Definition 4. A finite sequence of bargaining games
(Sl,xi,xz),(Sl,xi+1,y2)€B, i=1,...,m is called a

Player 1's saving sequence if ¥9>X, and, for any i,

i i i _i+1
(s ,xi,x2)+(8 s Xy ,y2) .

A saving sequence can be interpreted in the following

way. Suppose players are involved into the game
(Sl,xi,xz) . As the game (Sl,xi+;,y2) is prefered by
plgyer 2, player 1 can expect to gain in the game
(Sl,xi,x2) at least x;+1 . It they start from the game
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(Sl,xi,xz), then, after m stages, player 1 can expect

to gain at least XT+1 since the status quo ‘in any
stage is at least as good as the gain in the previous
stage. On the other hand, player 2 loses the whole
gain before the next stage starts.

A saving sequence for player 2 is defined analogously.

Definition 5. A sequence of bargaining games

(Sl,xi,x% ), (Sl,yi,x;+1)eB, i=1,...,m, is called a
Player 2's saving sequence if X4<y4 and, for any i,
i+1)

i i i
(s 3X13X2>*‘(S ayl3X2

Definition 6. Player 1 is called thrifty if, for any
xl,yieX1 and xz,y2eX2 Whe?e X,<¥,, there exists

. . 1 .1 1 _i+1 .
his saving sequence (S ’Xi’x2)’(s X3 ,yz),1=1,...,m,
such that

x%gxl and x’f+1>y1 .

Analogously, player 2 is called thrifty if, for any
xl,yleX1 such that xiﬁy1 and for any xz,yzexz,'there
. . . i i i i+1
exists his saving sequence (S ,xl,xz),(S 3Yq %5 ),

i=1,...,m, such that
1 m+1
Xp€ X, and Xo >¥y o
In other words, if a player is thrifty, then it is
possible that, after time long enough, he achieves
a gain as good as he wants, even if the other player

gains "very small amount" at each stage.



0

™

- 21 -

LEMMA 6. Let (S X4 5%2), (8 vl,yz) (T, xl,x ) (T,yl,yz)eB and
1,x1 . If

(S,xl,xz)*(S,yl,yz) and (T,xi,x2)+<T,yi,y2), then

PROOF: According to BS5, there exist (S’,xi,x2),(s',21,y2),
(T! ,xi,x ), (T! ,zi,yz)eB such that

(S',xl,x2)++(8',21,y2) and (T',xi,x2)++(T',zi,y2) . (19)
Combining B6 and B2, we obtain
V424 and y 3z . (20)

On the other hand, according to Theorem 2, (19) means
that

x1-z1=h(x2)-h(y2) and '—zizh(x2)-h(y2) .

X1
By the hypothesis of the lemma, it follows zi'az1
Combining this and (20), we obtain yl,y1 .

LEMMA 7. The ordered group X1 as well as X2 is Archimedean

if and only if at least one player is thrifty.

PROOF: Since both X1 and X2 are isomorphic, we need to con-
sider only one of them, say Xy

Sufficiency. Without loss of generality, we can assume
that the first player is thrifty. That means, given
y1&X1 and xz,yzexz, if y2>x2, then we can find a player

l,xz),(S § X i+l

1's saving sequence (Sl,x1 1 ,yz),l-l,...,m,

such that

m+l,

1
X;se, and Xy Vq
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On the other hand, given such a sequence, according
to BS, we can construct another saving sequence

(Tl,zi,x2),(Tl,zi+1,y2),i=1,...,m, such that

i+l 1
1 ,y2) and zj=ey .

(Tl,zi,x2)++(Tl,z
By Lemma 6, we have zi ;xi for all i. Hence,

zT*1> ¥y (21)

From Lemma 5, we have

i+1

23" =i(h(y,)=h(x,)).

Denote zl=h(y2)-(x2)>e1. By (21), it follows
m z,>y, . (22)

Since h is an isomorphism, we can find appropriate

Xy sYn for any 21€.X1 if z >y . In other words, given
arbitrary y1,21€X1,21>e1, the existence of a saving
sequence insures us that

m Zy>y4

where m is the amount of stages in the sequence.
Necessity. Let X1 be Archimedean. That means, given
arbitrary yl,zleXi,zi>e1, it holds

m 242Y4

for a positive integer m large enough; Hence, given

Xl’ylexi_and x2,y2€X2, if Y,>X,, Wwe must have

m(h(y2)-h(x2))>y1-x1



"

m

™
Lo

[

(}"W

- 23 -

for some m. According to BS, we can construct a player

1's saving sequence (S ,xi,x ), (st ;+1 2)1-1,...,m
such that 5 1+1
:L-rl i

and Xi=x1 By Lemma 5, x1 _=(h632)-h(x2)

+1__
Hence, x? =x1+m(h(y2)—h(x2))>y1 .

i.e., the first player is thrifty.

Q.E.D.

THEOREM 3. If at least one of players is thrifty, then there
‘exist such a utility function Uy AR as well as a utility fune-
tion U, AR that, for any (S,xi,xz),(s,yi,yz)eB,

(S,xl,x2)+(8,y1,y2) if and only if ui(a)-ul(b)auz(a)-uz(b)

where a is the status quo of the first game and b is that of
the second.

The proof follows immediately from Lemma 7, HSlder's theorem
and Theorem 2.

Suppose that in Theorem 3 we have
ul(a)-ul(b) = uz(a)—uQ(b)
and b is a Pareto optimal outcome of the set S. That means

that players are indifferent between both games. Hence, b is

a natural solution for the game with the outcome set S and the
status quo b.
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4, Linear with bargaining utility functions

Let i,J be two players. We denote by Bij the set of all two-
person bargaining games where i is the first player and j

is the second.
Given any two games (S,xi,xj),(S,yi,yj)eBij, we write

to denote that player i prefers the first game to the second
or he is indifferent between them.

Definition 7. A set I of players is called a society if it
includes at least two different players and, for any two
of them, the set of all two-person bargaining games between

them satisfies the axioms B1 - BS.

S1(Transitivity of players). Let i,j,keI, i#j,j#k and i#k.
Let (S,xi,xj),(S,yi‘,yj)GBij and (T,xjxk?,(T,yj,yk)ijk. If
(S,xi,xj) E (S,yi,yj) and (T,xj,xk) 3 (T,yj,yk), then there

exist (V,xi,xk),(V,yi,yk)eBik such that
(V,xi,xk)+(v,yi,yk) .

Let us fix eiexi for any player i¢I. Given any two players
i,j€I, we can define the addition according to Definition 2.
Denote this addition by +j and the resulting group by
(Xi,+j).

LEMMA 8. It holds (X;,*;)=(X;,,) for any i,j,k I, i#j,itk.

PROOF: The statement of the lemma is obvious for k=3j.
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Let k#j. According to Lemma 4, there exists an order

preserving isomorphism
: +
hijo(Xj,+i)+(Xi3 j) 3

Moreover, according to Lemma 5,

A i : i -yv.zh..(x.)-h..{(y.
(S,xi,xj) E (S,yi,yj) if and only if X7V hij(xj) hlj(yj).

In particular
(S,xi,xj)*f'(s,ei,ej) if and only if X; = h..(xj) .

Analogously,

(T,xj,xk) §+(T,ej,ek) if and only if xj=hjk(x ).

k
If both xj=hjk(xk) and xi=hij(xj) hold, according to
S1, we can find (V',xi,xk),W',ei,ek),(V",xixk),
(V",ei,ek)éBik such that

(V',xi,xk) E*(V',ei,ek) and(V",xi,xk) ¥ (V",ei,e ) .

k

That means

where hik:(Xk,Ti)+(Xi,+k) 1s the isomorphism mentioned
in Lemma 4 and 5.

., -1 -1 . . .
Hence, the composition hiko hjk e} hij 1s o-1isomorphism
from (Xi,fj) to (X;,t,) which maps x; to itself, i.e.,
the groups (Xi,+j) and (Xi,tk) are in fact the
same group. Q.E.D.
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In accordance with Lemma 8, we can drop out the

subscripts in the notation of the sum in Xi‘

Let us fix an arbitrary re¢l and denote Xr by U.

Let hi:Xi+U, i#r, be the o-isomorphisms mentioned in
Theorem 2 and hr:Xr+U the identical mapping. Let K be
an arbitrary ordered group.

Definition 8. A family of functions gi:Xi+K,ieI is

called to be linear with bargaining if it holds
(S,xi,xj) ; (S,yi,yj) if and only if gi(xi)-gi(yi)zgj(xj)-gj(yj)

for any (S,xi,xj),(s,yi,yj) B

3 and for any i,jel,i#j.

LEMMA 9: The family of isomorphisms hi:Xi+U,i&I is linear with

Bargaining.

PROOF: The statement of the lemma follows immediately from
Theorem 2 if i=r or j=r.

Let i#r and j#r. According to B5, there exist
(T,xi,xr),(T,yi,er)eBir such that

(T,xi,xr)f;-(T,yi,er) . v (23)
We must have

hi(xi)—hi(yi)=xr
AnalbgOUS;y, there exist (V,xr,zj),(V,er,yj)éBr such

]
that
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Hence,
From S1, we obtain
(S',x;,25) 3 (S',y5,¥5)

' 1 <
for some (S ,xi,zj)JS ,yi,yj)eBij

Suppose (S,xi,xj) E (S,yi,yj). By B6 and B2, it
follows zjzxj. From (25), we obtain

hi(xi)-hi(yi):hj(xj)-hj(yj) .
On the other hand, suppose that

If (S,yi,yj)-A S,xi,xj), then, by Bi, it follows

(S,xl,x2)+(8,y1,y2)

Let (S,yi,yj)+(S,xi,xj) . By 81, (23) and (24), there
exist (S",xi,zj),(S",yi,yj)EBij such that

"
(s ’Xi’zj) 1? (S"’yi’yj)'

By B6 and B2, it must hold zjsxj. From (25) and (26),

~ we have zj=xj,i.e.,

(S",xi,xj) ? (S",yi,yj) .

Let

(T? ’yi’yj) ’j’: (T! 9231_3233)

for some (T',yi,yj),(T',zi,zé)EBij and (zi,zé)+(xi,xj).
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Accopding to B6, there exist (V',xi,xj),,(V’,zi,zj')eBiJ

such that

(V’,xi,xj) ? (V',zi,zé),

contradicting to B2. Hence, (T',zi,z§)++(T',yi,yj) for

1. 1 1) 1 : ! t
any (T ,zi,zj),(T ,yi,yj)eBij if (zi,zj)+(xi,xj).
It follows from B3 that
(S,xi,xj)+(s,yi,yj) | Q.E.D.

Definition 9. We say that gi:Xi+K is a quasi utility
function if, for any xi,yiexi,

gi(xi);gi(yi) if and only if X:2Ys

LEMMA 10. Let ieI,i#r. Let g;:X;»K and g,:U+K be such quasi
utility functions that, for any (S’xi’xr)’(s’yi’yr>€Bir

s
(S,xi,xr) ; (S,yi,yr) if and only if gi(xi)—gi(yi)>gr(xr)-gr(yf).
Let éi:Xi+K be defined as follows

éi(xi) = gi(xi)—gi(ei).

Then éi is an o-embedding.

PROOF: From the definitions, it is clear that éi is injective
and gi(ei)=er .

Let XssYs eXi. According to the definition of the sum,
there exist (S,ei,er),(S,yi,yr),(T,xi,er),

(T’xi+yi’yr)€Bir such that

(S,ei,er)*£+(8,yi,yr) and (T,xi,er)ff-(T,xi+yi,yr) .
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According to the hypothesis of the lemma, we must have
gi(xi+yi)-gi(xi)=gr(yr)—gr(er)=gi(yi)-gi(ei)

Hence,

gi(xi+yi)=gi(xi)+gi(yi) . Q.E.D.

LEMMA 11. A family of quasi utility functions gi:Xi+K,ieI, is
linear with bargaining if and only if there exist
constants kiEK,iGI, and an o-embedding h:U+K such
that, for any ieI,

gi(xi)=h(hi(xi))+ki for all X, €X,
PROOF: The sufficiency is obvious. To prove the necessity, de-
note kj=gj(ej)' Let i€I, i#r. By Lemma 10, the compo-
sition h=gio h;lis an o-embedding and it holds

gi(xi)=h(hi(xi))+ki .

Let jeI,j#i, and xjexj. According to B5, we can find
xieXi such that

(S,ei,ej)+f-(8,xi,xj)

for some (s,ei,ej),(S,xi,xj)EBij. Hence, by Lemma 9,
hi(xi)=hj(xj) .

By the hypothesis of the lemma,
gi(xi)=gi(xi)~gi(ei)=gj(xj)—gj(ej)

| -1
That means xi'hi (hj(xj))
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and
- _1 -
. .J)J)=g.(h, (h. . =g, g (x.)=-g, .
h(hj(x])) gl( 3 ( ](xj))) gl(xl) gj(xj) g](ej)
In other words,
gj(xj)=h(hj(xj))+kj . Q.E.D.

We introduce now a more simple definition of a bar-
gaining game.

Definition 10. A two-person bargaining game is a pair
(S,a) where S is the outcome set and a is the status
quo. .
Definition 11. A family of functions vi:A+K, i7Iis
called to be linear with bargaining if, for any
(S,a),(S,b)éB:.Lj where i,j&I, i#3,,

(S,a)?(S,b) if and only if v.(a)-v.(b)zv.(a)-v.(b) .,
2 »-l 1 ] ]

Let ui:A*U,i I, be the following family of functions:

where xiGXi is the equivalence class under 2 gene-
' i
rated by a.

The following two theorems follow immediately from

Lemmss 9 and 11.

Theorem 4. The family of functions ui:A+U,i€I is linear

with bargaining.
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Theorem 5. A family of quasiutility functions

vi:A K,i€Il, is linear with bargaining if and 6nly

if there exist constants kieK,ieI, and an o-embedding
h:U-K such that, for any player ieI,

v.(a)=h(u.(a))+k. for all acA .
i i i

We introduce now our last assumption,
S2. Given any society I, we can find two players i,jel
such that palyer i is thrifty with respect to j.

THEOREM 6. Let I be a society. There exists a linear
with bargaining family of utility functions ui:A*R, iel.
Moreover, a family of utility functions vi:A»R, iel is
linear with bargaining if and only if, we can find
numbers o O,ai,ieI, such that, for any

iel, vi(a)=°‘OUi(a)+°‘i for all a A.

The existence follows from Theorems 3 and 4., Part two
follows from Theorems 3, 5 and from Hions' theorem.
It should be noted, that axiom $2 can be strengthened
to the following form:

S2'., Given any society I, we can find an individual
i€I, whose preferences can be represented by a sur-
jective utility function gi:AeR.

The assumption that preferences of individuals can be
represented by a surjective utility function is made
in MYERSON (1977).

Note that, from S2', it follows immediately the

existence of a bijective utility function from Xi to R.
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If S2 is replaced by S2', then we can use the follow-
ing statement instead of Theorem 3 in the proof of

Theorem 6:

" LEMMA 12. Let X be an ordered group. If there exists an

order preserving bijective mapping g:XsR from X to the

additive  group R of real numbers, then X.is o-isomorphic to

»R.

PROOF: First, X is Archimedean. If not, then, for some

X,y€X,x>0, it holds

mx <y

for any inter m. Hence, g(mx)<g(y) for any m.

Let
a=sup{g(mx)} .

Since g(mx)¢g(y) and g is surjective, there exists
m_ such that

o]
g(mox)=a
But
(mo+1)x>mox .
Hence,

g((mo+1)x)>g(mox)=ﬂ,

contradicting the definition of a.

So, X is Archimedean and, according to H8lder's theo-
rem, there exists an o~isomorphism h from X to a sub-
group 6 C R, endowed with the natural ordering. It

follows that the composition §=g'h-1 is an order-pre-

serving bijective mapping from G to R .
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Let g&<R. Define
A=fo€Gia<B} and Bi{aéG}dSB} .

Since é(A)Ué(B)=R, both of them are nonvoid and there
exists +vyeG such that

v<¢a for any x €A and yzd for any aeB.

There are two possibilities: either y¢8 or Bgy
We will consider only the first case. The other can be
considered analogously. .

We have
y<B<a for any acA (27)

If v€A, then y=8, i.e., B¢G. If y¢ A, then we can con-
struct a sequence ekeG,sk>O, k=1,2,... in the follow-

‘ing way.

Choose an arbitrary o, €A and set el=a1-7>0.

1
Define
- é(y+ek)+é(y)

é =g ( )
k+1 9

and

ek+1=min(ak-ak+1,ak+1-y) .

It is obvious that y<ak+1<dk. Hence, akeA for any
k=1,2,... and O<e, <2 " M(azy) . It follows from (27)
that

y<B<y+e for any e>0 .
Consequently, 8=y, i.e., B8€G. Since Be¢R has been

choosen arbitrarily, we have proved that G=R. Hence,

X is o-isomorphic to R. Q.E.D.
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