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Abstract

The issue of how to parametrise standard log-linear model
has been neglected to some extent in the literature. In
this paper general aspects of parametrisation are reviewed,
in close connection with linear models theory. Two main al-
ternative parametrisations, which were exclusively used by
different authors, are next discussed and compared with re-
ference to theory of multiplicative interactions in contin-
gency tables. Finally, some aspects of implementation of
different parametrisations are stressed, with regard to
estimation procedures and possible extensions of standard
log-linear model.
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1. Introduction

In the empirical sciences the cumulation of knowledge pro-
ceeds through confrontations of assumed theoretical postu-
lates and empirical evidence. Regardless of many philosophi~
cal and methodological issues defining the scenario of such
confrontation, data analysis plays in it quite special role.
Data analysis links assumptions with their consequences, both
in confirmatory manner, when theoretical postulates proceed
empirical check, and exploratory way,when data are supposed
to contain information which,when extracted, retains some
sort of theoretical relevance.

In the same time nondeterministic nature of many phenomena
requires the collection of multiple measurements to allow for
performing statistical analyses. Consequently, the role of
statistical data analysis is crucial, particularly in the
social sciences.

Until quite recently, data subject to rigorous statistical
methodology were constrained mostly to quantitative rather
than qualitative measurements, those latter arising when

variables of interest were classifications.

The advent of so-called log-linear models changed this state
of affairs quite dramatically. Log-linear models, similarly
to their relatives linear models, provide a rich framework in
which . _ ,
1) . structural hypotheses about probabilistic relations among
- variables can be formulated in a parametric way,
ii) the values of unknown structural parameters can be esti-
mated and ’
iii) the hypotheses can be tested by evaluation of goodness
of fit.



Log-linear models differ from earlier developments (of which
brief but excellent account is given in LEWIS (1962) and
MAXWELL (1961)) by their parametric character, with values

of structural parameters informing about the degree of
relation. In the other sense log-linear models are also para-
metric by including assumptions specifying the sample distri-

butions of observed frequencies.i)

This first aspect raises the issue of the choice concerning
alternative ways in which parametric character of a log-linear
model can be realised. In fact, the problem is quite general
and concerns the manner in which departures from a given

zero structural hypothesis can be formulated. The probabilis-
tic character of log-linear models requires actually conside-
ration of alternative ways in which departures from inde-

pendence or more general hypothesis can be expressed.

Consequently the details of this problem are comparable to
very similar issues arising in traditional methodology of
linear modelling, particularly in (so-called) analysis of

variance.

Given variety of quite general log-linear models, we princi-
pally restrict the discussion (without great loss of generality)
to what could be named a standard log-linear model. This

model 1s in fact discussed in most available monographs by
BISHOP, FIENBERG and HOLLAND (1975), FIENBERG (1977), PLACKETT
(1374) see also HABERMAN (1974%a), EVERITT (1977) and UPTON
(1978). Among variety of methods which can be used for esti-
mation of this model, maximum likelihood occupies the first
place. Alternative approaches to estimation, however, do not
interfer with our style of discussion as it pertains to the
model construction rather than to the estimation of the

values of given parameters.



A standard log-linear model arises when there are J classifi-
cations so the value cj of jth variable is from a finite set
éj, cjséj, cjst . Then, considering the joint cross-classi-
fication, we can define its value or category as

us<cey , Cgse++»Cs> », u belonging to a finite set ued .
Consequently, the value of joint variable can be indexed by

a positive integer weWw, wsW and a (discrete) density can be
defined on the set U of all U, This probabilistic assump-
tion is usually stated by saying that that joint density
pertaining to J variables is multinomial with probabilities -
Mysee+,m and fixed sample size N. It means that the random
variable N takes its values n with probabilitieés Te ¢ Strict-
ly speaking we do not deal with qualitative data, as n, are
quantities, but rather with categorical data containing in-
formation about categories u, and implicitely about relations

among J classifications.

In log-linear models the interdependencies among J variates

are dealt with by assuming that the unknown probabilities apre
certain functions of structural parameters, say P 3 which are
supposed to be interpreted in terms of degree of interdepen-
dencies among those variates. Further, probabilities are
assumed to be linear functions on a logarithmic scale.

Writing i =ln T, » Where In( ) denotes natural logarithm, we
can symbollse the model as

Usually the specification of F ( ) relies on intuitively

appealing way to decompose oy 1nto intercept term, say, px,
A

main effects P 1nteractlon pA? and so on. For illustrative

purposes let us take w=<i,j>, ig<?2, j<2 and write ¢y\as

%* A
(1.2) by = Py * Pig * p§x + p??x



Such decomposition naturally generalises to higher dimensions.

For J=3 and w=<1i,j,K> we get

% A B e AB BC AC  ABC
(1.3) ¢ijk'px+pix+p'jx+pkx+pijx+°jk‘x+pikx+°ijk'x

Two properties of such decomposition should be noted. It always
contains an intercept term and it is hierarchical in the

sense that if term T is in it, then every term T'€T is also
included. In other words, we can say that the decomposition
contains all marginal terms T' given T terms and that the

intercept term is marginal to every other.2>

(1.2) and (1.3) specify certain hypothesis about logarithms
of probabilities and consequently about probabilities.
Alternatively, we could consider the means of multinomial
density, E(Nw) = an and define a model with respect to their
logarithms, as FIENBERG (1977) and BFH (1975) do. Note,
however, that because the intercept term in decomposition,
the difference in specification is subsumed in redefining
only the intercept term.B) The hypothesis specified by

(1.2) or (1.3) are in a sense the most general ones. One can

entertain less general hypothesis by omitting certain terms
AB
ij
serving the hierarchical character of this less general hypo-

(f.e. set of parameters A in (1.2) and simultaneously pre-
thesis by retaining all necessary marginal terms. Thus, the

decomposition

I A AB
P Py T Py Y o0gay

is not hierarchical because the parameters p?x » j<J are not
included. Such nonhierarchical decompositions will not be

discussed.
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A given decomposition is usually called a model, which does
not distinguish between a model and a structural hypothesis.
In this paper, and for the reasons of convenience, the term
model means the most general decomposition of the type (1.2)
or (1.3), so these less general decompositions (hypothesis),
are thought as being generated from the model. Thus, it is
possible that same sets of structural hypothesis can be gene-
rated from two "different" models.

The linearity of hierarchical decomposition is in analogy to
linear ("ANOVA") models, where this kind of decomposition
appears with respect to the mean and where its advantages con-

cerning interpretation have been recognised.

It should be clear that the suitable specification of FW( )
is crucial in model construction, both for generation of
structural hypothesis, and interpretation of parameters.
Similarly as in linear models, it turns out to be less impor-
tant for estimation and hypothesis testing. Rather unfortuna-
tely, criteria for specifying Pw(’) and ways of specifying
parameters neither seem to be neither sufficiently dis-
dussed in theoretical literature nor sufficiently understood
in applied literature.

In the 2nd part the general aspects of identifying parameters
of log-linear model will be presented, in close analogy with
linear model theory. In the log~linear framework, however,
the choice among parameterisations depends to some extent on
the way in which theory of interactions in contingency tables
is formulated. In the 3rd part we present such a formulation
in terms of interaction components, which serves as a basis
for comparison of two main alternative parametrisations
appearing in the literature, discussed respectively in Parts
4 and 5. Conclusions and brief comments concerning extensions
are contained in Part 6.
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2. The problem of parametrisation

It is easy to notice that the hierarchical decomposition, of
which (1.2) and (1.3) are examples, contain parameters which
are not identified. Writing for example system of equations

(1.2) in a matrix form we obtain

(116101000

%41
| b1, 1011 Q 0100
(2.1) b0 T 1110012001 0fRx| 7 Bepy
P L1 01010001
vhere ol = (of ‘ A A AB AB AB AB ;
Pa = MP1x2P 1P 24P 15°P042P11%°P10%°P21%°P20%’ *

Columns of matrix Bx are linearly dependent, and its rank is
4. This means that although ¢ is uniquely defined as

9=R P yby
(3;1’ does not exist). Matrix R, can be described as being not

is not and in this sense px's are not identifiable

of full column rank; its rank is less then the number of
columns.

In general the unidentified model can be written as

(2.2) $ = Ro,

o (Wx1), BX(WXMX)’ px(MxX1) with rank of 5x)r(§x) = M, M<W
M<Mx.4A known matrix Bx can be called a regressor matrix or

a design matrix; this latter name, however, suggests a connec-

tion with the analysis of experimental data by linear models

and is thus slightly misleading.

Because it would be clearly desirable to work with identified
parameters, the general problem of parametrisation can be

stated as follows:



from unidentifical model (2,2) derive an identified model in
which certain parameters p can be uniquely expressed as func-
tions of ¢'s (under given structural hypothesis). The identi-
fied model should allow easy specification of structural hypo-
thesis and contain parameters having "reasonable"interpre-

tation.

There are several approaches to this problem in the context

of linear model, where ¢yis not a logarithm of probability

but amean. Concise presentation of those can be found in

SEBER (1966) or in BOCK (1975). One of approaches particularly
relevant in log-linear context, solves the problem of
parametrisation of ful rank model through reparametrisation
of unidentified model (2.2).

Let us consider M linear functions of unidentified parame-

ters Qx

(2.3) 0=Pp

~ -

such that g(Mxl),E(MxMx) . It is proved that equation (2.2)

can be solved with respect to p only if

t g

(2.u4) r =r(R_ ) = r»(P) = M
P X -

that is, when rows of P are linearly independent. In this

case Rx can be uniquely factored into

(2.5) = RP ,

A S

matrix (PP') is nonsingular and R is given by

~

(2.6) ¢ = R

RePsy = RPo, = Rp

x -
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Furthermore, knowing P allows to find R from

~

-1
3

~ - ~ o

(2.7) R = R _P'(PP')

and knowing R allows to find P from

-~

(2.8) P = (R'R)"lR'Rx i

-~ ~ ~ ~

Matrix P is called parametrisation matrix, and matrix R

a basis matrix. Algebraic details of this construction are
given in BOCK (1375).

From (2.1) we might expect that the knowledge of the type of
P matrix chosen in reparametrisation should be satisfactory
to specify the basis matrix. From (2.8) we would expect that
the knowledge of the type of R matrix will be satisfactory
to specify the parametrisation matrix. This is actually the
case, and BOCK (1975: 300 ) presents various types of
parametrisation matrices and corresponding basis matrices
used in linear models, see also FINN (197u),

The typical case when w denotes multiple indices pertaining
to variables requires, given particular type of (re)parame-
trisation, the construction of P and R matrices from "elemen-
tary" matrices by means of dlrect (Kronecker) products. Note,
that once the correspondence between type of parametric func-
tions and type of basis was established, the interest remains

only with construction of the basis matrix.

Let BC] be an elementary ba31s for-variable j having C
categories.,

. .= | 1. 1. ee. L.(C.-2 .
(2.9) | Bes [~j<x>~]<1> ey )]

consisting of Cj column vectors, each of dimension (ijl) .



If the same type of "parametrisation" is used for every va-
ria;le, then in direct products construction only vectors of
(2. ) will appear, and typical column vector of R matrix for

w = <c Cos veny CJ> will be

~

(2.10) r(cys0yseeesrey) = 91<cl>(:)§2<02)(:)...(g)chcJ)
giving required decomposition

T.
= L(

(2011) "
¢c102...CJ 01,02,...,CJ

r<°1’°2"'°’°J) .

To illustrate these rather abstract concepts, let us consider
a 2x2 case with the unidentifiable model (1.2). Assume that
we decided on certain grounds to use orthogonal polynomials
for both variables A and B and that, for technical reasons,
in the composite subscript <i,j> the last index changes fas-
test, so in our example elements of ¢ have the order like in
(2.1). The elementary orthogonal polynomial basis matrix is

in our case

2 11

11
(2.12) L, = [ ] = {1k<x>1k(1)J , k= A,B
~43 ~ ~

In a model for only one dichotomous variable we would have
R = L, . For two dichotomies the general formula (2.10)

specialises to

(2.13)

O
i

I I A B
{e, c:(lj_(:)lj)}A
i 5 - ~d -

180 @1° 1 {hoo @Bty @130

-+

{1A(1)@1B(1>}x

12001800 12001% 0] 1B 1A<1>1B<1)l
- . X . % - >h
+ + + e

1701800 1o pAaniBoo ERIRIER]
L -~ -~ -~ - -~ -
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- . r ] [
E
¢11 1 1 1 1 A
b 1 -1 1 -1 2B
12 1
A
AB
¢22 1 -1 -1 1 Alﬂ

Cre,%) (x,1)(1,%)(1,1) -

In (2.12) subscripts indexing columns of the elementary matrix
pertain to the cafegories of given variable, with categories
relabelled from 1,2,3,...Cj togl,Z,...,(C-l)j . Thus L%(x)
denotes the vector pertaining to the first category of variab-
le k.

The algebraic 1logic of basis construction implicitely speci-

fies the assignment of parameters to columns of R. Here "x"

indicates the "independence" of a column (and hence the
respective parameter) from particular variable. First column
pertains to a parameter "independent" of both A and B, i.e.
to the "intercept" parameter A* . Second column pertains to
a parameter '"dependent" on the first category of B and "in-
dependent" of the first variable; this parameter is denoted
by AE. Last column pertains to a parameter "dependent" on
first category of A and first category of B, i.e. to inter-
action effect A?? . The generations of basis matrices by
means of direct products received a very general treatment
by HABERMAN| (1974a. Rather unfortunately, his very technical
presentation has restricted availability and, being con-
strained to generation of basis matrix, did not show very
close analogies between problem of parametrisation in log-
linear and linear context. With the exception of BOCK (1975)
other authors considered neither the problem of generating
an R matrix by direct products technique, nor the construc-
tion of the (chosen) R matrix in this way.
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Does this consitute an important gap in the theory and for
practice of log-linear modelling?

Three aspects should be taken into account in giving answer

to this question.

First of all, by continuing the analogy with the linear model,
it should be stressed that pParametrisation problem in a
standard model is equivalent to the problem of parametrisation
for a case with one observation per cell w. This fact consi-
derably reduces complexity of the issue, making "usual"
parametrisation in linear case an obvious choice. The most
"usual" parametrisation discussed for the 'balanced' linear
model with one observation per cell states that in two res-
ponse cases

(2.14) d.s = AT 4 Aé + A8 + AA?

ij i 3 1]

where parameters are constrained to be

z AA = Zk? = ZAAB = ZAAB =0 .

i i ity 51

The extension for higher number of responses is obvious; for

three response cases we get

- 1% .A B ,C .AB .AC .BC .ABRC
(2.15) ¢ijk = A +Ai+xj+Ak+xij+xik+xjk+xijk
with constraints
A AB AB ABC ABC ABC
IA: = L. .=IALLSIALS=, . =Rt .., SZAV. T2 0
;1 i 13 3 1] N ijk 5 1jk K 1jk

In general polytomous case this parametrisation seem to be
first employed by BIRCH (1963) and subsequently appears in
a long series of papers by GOODMAN (see, f.e. 1970, 1971).
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It has been exclusively used in monographs by BISHOP,
FIENBERG and HOLLAND (1975),FIENBERG (1876), EVERITT (1977)
and UPTON (1978).

In (2.15) X 's represent in a certain manner the degree of
various interdependencies among A,B,C. By analogy with ANOVA
models, K? can be called a main effect, or O0-th order inter-

action effect. A?? can be called a (first order) interaction
ABC

effect, and A, 13k an second order interaction effect. It does
not seem to be appriopriate to interprete AA? ="as two factor

interaction”. In (2.15), contrary to ANOVA model, A and B

are responses and not factors on which the distribution

characterised by . 7 is conditioned on. In these sense, all in-

teractions in standard log-linear model are response inter-
actions.

Another main' alternative choice of parametrisation gives
in two response cases

% A B AB

. . A _ B _ AB _ : . :
with constraints vy, = ygy = y_ = 0, for certain arbitrarily

fixed a,b,ael, beJ . Again the extension to higher number of
responses is obvious and for three response cases we get

x AL B C AB AC,_ BC, ABC
(2.17) ¢ jk7Y FYity 3 ij ity Jk+ ijk

with constraints

A _ AB ; ABC
¥g Tt TYapT e TV ahe

=0

for certain fixed a,b,c,aei, bej, cek . Typically a,b,c can
be taken to be respectively I,J,K, so parameter's subscripts
way over i<I, j<J, k<K .
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This parametrisation was first employed for general polytomous
case by MANTEL (1966) who noted that (2.17) was "stimulated

by correspondence with GOODMAN". It was subsequently and exclu-
sively used in a monograph by PLACKETT (1974%), THEIL (1970)

and in a series of papers by KULLBACK and his assoeiates, see
f.e. KU and KULLBACK (1974). Analogously to A's,y parameters
are called (response) interaction effects of given order.

Two separate lists of references where either y's or \'s
appear suggest that the lack of discussion concerning selec-
tion of parametrisations might have been based on continuation
of non-overlapping traditions. Such a dominance of historical
aspect in evaluation of model construction is clearly un-
desirable.

Secondly, given the choice from "usual" ANOVA parametrisa-
tion in balanced case, is any of (2.15) or (2.17) preferable
on grounds of parsimony? There is no definite answer to this
question, unless one considers the issue of

(i) estimation of parameters

(ii) testing structural hypothesis and

(iii) interpretation of parameters.

The most general identified hypothesis (model) specifies
(2.18) ¢ = Rp

with r(R) = M = W and establishes one-to-one correspondence
between p's and ¢' s(thls is called a saturated model). In a
less general hierarchical hypothesis certain terms (f.e.

ié? in 1.12) are omitted, which reduces the dimensions of

o and R and consequently also r(R). An identified parametri-
;ation~of saturated model is thus important, allowing obvious

generation of structural hypothesis.
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Contrary, however, to linear model situation where vector

¢ is unconstrained, probabilities T, Must sum to 1 and the
consistency of summations. to marginal probabilities should
be preserved. This suggests that the evaluation of a given
parametrisation requires its comparison with established
ways of formulating hypothesis about relationships in con-
tingency tables, i.e. with theories of interactions. Theory
of interactions was traditionally formulated directly

in terms of probabilities, but not explicit functions of
them. For our purposes it needs to be reformulated in a
parametric way to provide a basis for comparison between A
and y parametrisation. We present such reformulation before

discussing comparisons with respect to (i),(ii) and (iii).
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3. Multiplicative interaction components

4 — P .
In one-way table);?w? ; {nl,...,nI}, 1sT, we can define a
ratio of n. to m. .
i i

i "i
(3.1) W I —— .

1 T

1

This ratio can be interpreted as ratio of odds of occurence
of Ai with respect to Ai' . Withog? any loss of generality
it can be assumed that i £i' as wi, = 1 . 0dds ratios (3.1)
and all other odds-ratios we are going to consider, could be

5)

named relative ©&dds”™’, because in example (3.1) they are de-

fined to relate probability of one category to probability
of another. For Izi there are I(I-1) such ratios and they
will be named O-th order (relative) interaction components.
For I=3 we have '

1 _ 1 _
wy = 1r1/1r2 wy = wl/w3
2 _ 2 _
wy o= "2/“2 Wy = wz/w3
3 _ . : 3 _
wy = 1r3/1r1 Wy = n3/n2 .

It is important to note that components w;, satisfy restric-
tion

(3.2) on-wr, = 1
iiv t

(For I=3 we easily check that wiw wiw

In a two-way table ﬁ?? we can define stratified o-th order

interaction” components by fixing a category of one variable,



. . i i . .
say J, to obtain Wiy o Wi')’ . The interaction components

of the 1st order can be defined as

(3.3) W:J].:' , j£5!

Toe .M. .
e I e

TapaMesy
131 13
Similarly to (3.2) wi%, satisfy restrictions

(3.4) o wi?., = ID i = 1

13 jj'w irge
Generalising this construction to higher dimensions does not
present difficulties. In three dimensions for example, we
- define the 2nd order interaction component to be a ratio of
two stratified interaction components of the 1st order, say

iik 15, 45
13k T Vi5K/ Wi e

(3.5) W

_ TigKTitgKTA g k!
TirikT43 kT ik iy k!

Consequently wi??,k, satisfy restrictions

(3.6) Hn,w%]k

- ijk
1211 = NI w
ii 1k

550 ity = II  1jk

KK'wi'j Tt

Above components can be defined for any choice of stratifi-
cation variable; the definition (3.3) is equivalent to
i?j,s wi%,/wfg, and the definition (3.5) to that obtained
using any of the other two possibilities to choose two

w

variables and stratify with respect to the third. This pro-
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perty, sometimes called symmetry, could be described as

stratification invariance and is highly desirable for logical

reasons, see SIMPSON (1951) for detailed presentation is
2x2x2 case.

Because of the constraints on interaction components, it is
reasonable to find such a subset of O—th; i1st and 2nd order
components (or functions of them) which, being satisfactory
for formulation of various hypothesis about relationships,
allow to represent respectively probabilities from one-way,
two-way, three-way distributions in a uhique way and are

further eventually unconstrained.

Let us consider for heuristic reasons restriction (3.2)

I(N wr,) = 0 (Iwy,) = 1
iirt ivit

and note that we can either set here i'#i and fix 1 or set i

free .. for fixed i'. Writing in the first case wi, = mz and
in the second case wi} = f;, ari (3.2) becomes

m(nm}) = n(nf ) = 1

ia ai

Considering wi, jointly for i,i' we can call the set ﬁ; mixed

reference category components (because a varies given i) and

the set ?; fixed reference category components, (because a is

fixed). Not¢that only in the second expression the product
of the term in parenthesis does not depend on i, which suggest
that we might be able to dispense with constraint using fixed

(reference) components, but not mixed components.

From (3.1), (3.3), (3.5) we now have, given a, I-1 fixed 0O-th
order components f , (I-1)(J-1) fixed 1st order components

f;g and (I-1)(J- 1)(K 1) 2nd order components flgt . Those



components are satisfactory to express

(1) hypothesis of homogeneity in one way table by
(F1) =1

(ii) hypothesis of independence (no 1st order interaction)
in two way table by
Fii .
(F2) fab = 1
(iii) hypothesis of no 2nd order interaction in a three way
table by
Fijk _
(F3) fabc 1
In fact, the lack of 2nd order interaction has been defined

"nonparametrically" in terms of probabilities by (F3), see
original paper by ROY and KASTENBAUM (1956).

Reconsidering (3.1) in terms of mixed components, we obtain
for fixed i (I-1) components m; with restrlctlonllm. =1,

Hypothesis of homogeneity can now be expressed by
(Mia) mro= 1

Note that this is equivalent to (F1) because multiplying ml
by ﬂa/W. we get f = 1 and changing indices finally gives
the equivalence. Furthermore, (Mla) will hold for every i,

so (Mla) is equivalent to
(M1b) mi=1 ., all i.

Hypothesis of independence can be expressed by

=i _
(M2a) m_p = 1
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which is equivalent to (F2) which we notice by taking recipro-
cal and changing indices. Consequently, it will hold for

every i,j, which causes the equivalence of (M2a) to

(M2b) 5;1]3 = 1 all-i, j-

Analogous reasoning shows the equivalence of (F3) to

(M3a) miik o 4
abe

and final equivalence of (M3a) to

(M3b) TR all i, 3, k.

Finally we come to the conclusiop that (M%?, (M2) and (M3)

are equivalent respectively to Wi, = 1, Wi?j': 1, Wi??,k, = 1.
This last formulation of independence and no 2nd order inter-
action was used by DARROCH (1962), who noted its equivalence
to original definition by ROY and KASTENBAUM. DARROCH noted
also the functional dependence of mixed components, but did
not give explicit parametric treatment specifying the type

of this functional dependence.

We conclude that whereas using fixed - components implicitely
satisfies constraints on probabilities, the use of mixed
components requires retention of constraints and consequently

leads to "redundant" decomposition.

Above presentation generalises an approach by DAVIS (1974)
whose presentation of multiplicative components in terms
of odds ratios did not distinguish between fixed and mixed
components.

This was quite understandable, as DAVIS approach was essen-
tially constrained to multiple dichotomies.Properties of



multiplicative interaction components are presented in more
details in KUTYLOWSKI (1979), see also DARROCH (1962, 197u)

who discusses other approaches than multiplicative one.

We have shown that formulation of basic hypothesis in con-
tingency tables can be equivalently done by considering two
types of functions of probabilities: fixed and mixed inter-
action components. In the next two parts we compare i and
Y parametrisations by interpreting A's and y's in terms of

fixed and mixed components.
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4. Mixed Reference Parametrisation

We will consider three-way model (2.14), which is satisfac-
tory for our purposes. (2.14) defines a system of IJK linear

equations in A's. Solution of this system gives

(4.1) Ax F bptt o

A? = 9 igp Third e
Aﬁ? ) (¢ij+f-¢'+];*) = Gty = "?j - Ai‘,...,
Ali&."ll'alg = (O 5xT0 gk apn o) T (0igaTopgum e pe o)
= A??k - A??
‘A* turns out to be a general mean of log-probabilities, A?

an 0-th order interaction effect, x??

action effect. In (4.1) A?j
effect (for Bj), A??k defines stratified 1st order effect

(for Ck). More detailed interpretation of A effects is given

a first order inter-

defines stratified O-th order

in many texts treating linear model, see SCHEFFEE (1959) or
SEARLE (1971) and will not be presented here.

It is not obvious how do A parameters relate to the inter-
action components. GOODMAN (1970, 1971) and BISHOP, FIENBERG
and HOLLAND (1975) express A's for particularly simple models
in terms of odds ratios but it seems that general expressions
are not available. This prohibits more meaningful interpre-
tation of A effects, particularly in polytomous cases, making
efforts to establish rules of interpretation lacking in gene-
rality and constrained to simplest situations (see f.e. PAGE,
1977).



Moreover, showing correspondence between A's and interaction
components would give a firm basis for comparison between

A and ¥ parametrisations.

According to our theorem, proved in Appendix for three-way
table, A's relate to mixed reference components and A para-
metrisation is consequently termed mixed reference parametri-
sation. The theorem states that A's can be expressed in terms

of odds ratios as follows

. A -l _1 1 -1 io
= z =
(4.2) (1) Ay o= (ITK) {a§§1n wajk} (IJK) “EEIn(miik),...,
.. AB -1 13 -1 iy
A = LI J = T 1]
(ii) .. (IJK) {abkln Wabk} (IJK) kln(m..k),...,
.. ABC _ -1 i3k, _ -1 i3k
(iii) Xijk = (IJK) {égéln wabc}- (IJXK) “1n(mv3.)

A effects are rather complicated functions of odds-ratios.
Every A depends on mixed interaction components of the same
order as the order of given A. Note that by suitable multipli-
cation we can make each A effect proportional to the natural
logarithm of the geometric mean of respective odds-ratios.

F.e. multiplying and dividing A? by (I-1)JK we obtain

i
(4.3) A L (Qnome.)/(I-1)JK
+ IJK /  (I-1)JK

1n ml.. o (I-1)0K
(I-1)JK IJK

I-1 1n(m>__)-
I XXX

n

By analogous reasoning
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AB _ (I-1)(J-1), . ij ,

Xij IJ XXX

ABC _ (I-1)(J=-1)(K-1) isk
A = - ln(mXXX)

i3k

Incidentally, results (4.3) were derived for some simple

tables and conjectured for more complex tables by DAVIS
(1972).

Regardless of the compléxity of A's functions of odds ratios,
the derivation of expressions (4.2) or (4.3) might be possibly
helpful in interpreting the magnitudes of effects under

given structural hypothesis which specifies the absence of
certain terms (f.e. that T??g = 0). More detailed interpre-

tation of parameters, however, will not be discussed here.

From a practical point of view it is important to know how to
obtain mixed reference parametrisation for given model. Accor-
ding to (2.10) and (2.11) the knowledge of elementary basis
matrix is satisfactory for this purpose. The. identified )
parameters will pretain to respective columns of constructed
regressor matrix L, and thus are related to sets of categories
Ej,
matrix we introduce a general notation for subscripting identi-
fied parameters. Similarly as before (see 2.13) let us de-

note the first category of j=th variable by "xj", the second
category by "2j",..., the last category by (Cj-l)j . Gene-
rally, then every effect depends on CireeesC

cjan, jgJ. Before discussing construction of regressor

J
A(ci,...,cJ) .

From the algebraic logic of basis construction it follows
that
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(1) if cj=x then A effect does not depend on variable j.

(ii) if ¢ #% then A effect pertains, not necessary exclusive-
ly, to c.-l—th category of j-th variable. Hence
* AB . .
A(xl,xz)zx ,...,A(ll,ll)z)\11 as in simple case des-
cribed in (2.13).
The elementary basis for j-th variable is of dimension(%jxcj)

and consists of Cj vectors

= ¢l. L)L, <)oo 1. (CL-
gcj {h3<xl);j(11) ;¢ 1}

such, that

if c.=% then all elements of l.(c.) are ocnes.
cj¢x then cj-th element of _j(c.) = 1
Cj-th element of'ij(cj) =-1
all other elements equal O

Mixed reference elementary basis can thus be written as

[
I

(4.3) L = ’

where I is (cj—1)x(cj-1) identity matrix. A vector 1(cys...,c;)
of the basis matrix is generated from (4.3) by (2.10). The
basis itself is generated by (2.11).

For illustrative purposes we generate mixed reference basis

for 2x3 table. Here we have

1,0, = (1,1,1)! 1, (%) = (1,1)"
1,(1,) = (1,0,-1)" (1) = (1,-1)"
1,(2,) = (0,1,-1)"



N
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From (2.10) and rules for subscripting parameters given above
we obtain columns of L matrix (of dimension 6x1) and para-

meters pertaining to them.

Llx,,%,) = (1,1,1,1,1,1)" | A X
1( = ' | B
1(%;,1,) = (1,0,-1,1,0,1) A
1(x,,2,) = (0,1,-1,0,1,-1)" A B
1’2 b ] b B ] 2
101, .50 = (1,1,1,-1,-1,-1) " A2
V9% slads ) ) ‘ 1
1(14,1,) = (1,0,-1,-1,0,1)" S
AB

1(1,,2,) = €0,1,-1,0,-1,1)" Ays

FIENBERG and MASON (1977) derive mixed parametrisation for a
particular table with polytomous variables by noting how

some vectors in regressor matrix Rx of unidentified model are
linearly dependent. They obtain required results by suitable
manipulation of dependent vectors and also recognition of the
character of dependencies. Such approach implicitely uses

the parametrization matrix which defines A's as given Functions

of p_'s and thus defines vectors of L matrix as functions of

%
vectors of R, matrix. In other words, particular version of
relation (2.7) is utilised in this approach, but only impli- -
citely. The construction by direct product seems to be not

only more general but also simpler and more elegant.






5. Fixed Reference Parametrisation

One of the ways to obtain identified parametrisation from
unidentified hierarchical decomposition like (1.2) or (1.3)
which are linearly

*

is to omitt those columns of the matrix R
dependent on the previous ones, while stérting with intercept
column. This leads to ¥ parametrisation, which is easy to

obtain in a 2x2 case by omitting from R_ in (2.1) columns

. A B AB -~X . Ny
corresponding to, say, Pog> Pogd Ppo » This procedure is
typically done when introducing dummy variables in regression
model. Omitted categories are sometimes called reference cate-
gories, see NIE et al. (1975:374). The choice of reference
category is arbitrary and thus can be made on the grounds of
convenience in interpretability. Corresponding to the popu-
larity of this parametrisation in usual regression analysis
is its usefulness in linear "ANOVA" models for unbalanced
data, see BURKE and SCHUESSLER (1974). Its computational
implementation is straightforward, and resulting system of
model equations, like (2.16) in a three-way case, is particu-
larly easy to solve,

*

(5.1) Y& o= ¢abc
A-— -
L cbl,bc ¢a‘bc""’
AB _ _ - -
Yij (¢1jc ¢ajc) (¢ibc ¢ Dseens

From properties of logarithms we can immediately express the

parameters in terms of odds ratios



(5.2) *ozinom
Yé = 1n wibc Z 1n fibc
T3 = Im wgles In £
Ttk T Inwibe TImfnl

Whereas A effects are complex functions of mixed components,
Y effects are particularly simple functions of fixed compo-
nents. ¥'s are just logarithms of appriopriate fixed compo=-

nents of the order equal to the order of given effect.

Y? is the logarithm of 0O-th order odds of Ai with respect to

Aa in the stratum Ab’Ac' Y?? is logarithm of 1st order odds
. . ABC .
of Ai’Bj with respect to Aa, Bb in the stratum Cc‘ Yiik 1s

the logarithm of 2nd order odds of Ai’ Bj,Ck
Aa’Bch . Exponentiating (2.17) we obtaln'ﬁjk expressed as

with respect to

multiplicative functions of, say, ¢Zln ¢,z being respective

odds ratios.

We will not discuss the interpretation of ¥ or r parameters.

It seems, however, that under variety of structural hypothesis,
fixed reference parameters will have simpler and more useful
interpretation than mixed reference parameters. On the

grounds of parameters' interpretability, the fixed parametri-

sation seems to be preferred to the mixed one.

Elementary basis matrix of fixed parametrisation

= (% )gs(1.)...g.(C.-1)
gcj {gj(xj)gJ(lj) g5(Cy 1



of dimension ijCj has the following structure

if

cj= then all elements of gj(cj) are 1
cj# then cj—th element of gj(cj) equals 1

all other elements equal O.

Hence the elementary basis matrix can be written as

@

1]
[N RN
IO\ (L]

where I is (Cj—l)x(Cj—l) identity matrix.

For illustrative purposes we will construct basis matrix G for a

2x3 table. From "elementary" vectors

gy(#,) = (1, 1, 1)°
g,(1,) = (1, 0, 0)°
g,(2,) = (0, 1, 0)°

we obtain columns of G

(1, 1)°
(1, 0)°

24 (%)
5%(11)

- by using (2.10) and specify correspon-

ding parameters by rules given in Part 4.

g(*ig*z) = (1,1,1,1,1,1)‘
g(%,,1,) = (1,0,0,1,0,0)"
g(¥,5,2,) = (0,1,0,0,1,0)"
g(1,,%,) = (1,1,1,0,0,0)°
5(11,12) = (1,0,0,0,0,0)
g(11,22) = (0,1,0,0,0,0)

AB
Y11

AB
Y12

It should be noted that elementary basis of fixed parametrisation

is not included in repertoire of most popular basis matrices for

linear models,

see Bock (1975:300).
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6. Conclusions and extensions

In Parts 4 and 5 two main parametrisations were presented and
characterised with respect to how they involve interaction
components. A comparison of fixed and mixed parametrisations
should also take into account issues of specifying structural
hypotheses and estimating parameters.

7)

In the context of standard linear model the maximum likelihood
method is usually used for estimation. Its use is justified not
only on theoretical grounds of optimality properties of esti-
mators but also on practical grounds as many easily available
and efficient computational algorithms give maximum likelihood
estimates.(So called)Iterative Proportional Fitting Algorithm
(IPF) is probably simplest and most popular among those algo-
rithms. It is extensively discussed in most texts (f.e. Bishop

et al.,1975).

In case of A or ¥ parametrisations there is a very close connec-
tion between maximum likelihood estimation and generation of
structural hypotheses, because every hierarchical hypothesis

can be equivalently discribed either by a set of terms present
or a set of estimated (sub)margins of the table equal to em-

pirical (sub)margins.

This equivalence is based on the fact that every structural hy-
pothesis which is hierarchical has specific probabilistic in-
terpretation (for example mutual independence when margins A,B,
C are fitted), which can be expressed either by A functions of
mixed components or Y'functions of fixed components.

In Part 3 it was shown that fixed and mixed components are equi-
valent with respect to hypotheses of homogeneity, independence
and 2-nd order interaction. Similar results hold for more com-
plicated hypotheses in more dimensions. We will not show that,
in fact,probabilistic interpretations of structural hypotheses
are the same whether one uses A or 1 parametrisation. This more
general result. is, however, intuitive in the light of equivalen-
cies noted in Part 3.



The explicit treatment of hypotheses for three-dimensional
case can be found in Bishop et al.(1975) for A parameters and
in Plackett(1974) for § parameters. In three dimensions there
is 8 different classes of hypotheses, containing typically
the following fitted margins: AB,BC,AC; AC,AB;AB,C;AB;A,B,C;
A,B, N. Note that there are f.e. three hypotheses of the se-
cond kind, but only one hypothesis of the first kind.

The 7 classes of hypotheses have thus the same probabilistic
interpretation regardless of the use of A% orl{"s. If a hypothe-

. . c o s . Y ABC

sis contins ABC as a fitted margin (thus, if it contalns.ﬂ..k
?ABC 1]

ijk

nal case, which corresponds to a saturated model.

or ) a perfect fit will be obtained in a three-dimensio-

The invariance of hypothesis interpretation with respect to
the choice between ¥'s or A's comes from the fact that, as
long as hierarchical hypothesis are concerned for fixed or
mixed parametrisation, it is satisfactory and necessary to
specify them in terms of fitted margins in maximum likelihood
estimation. This fact is consequently displayed when using
Iterative Proportional Fitting procedure, as well as when

more general algorithms are used, see f.e. NELDER's discussion
of Iterative Weighted Least Squares, (NELDER, 197.4).

It should be noted that first estimated $'s are obtained
from IPF and then estimated parameters § can be calculated

from

(6.1) R 1§ .

10>

For R = L or R = G estimated ¢'s will implicitely satisfy
the conditions specifying given hypothesis in parametric

way,i.e. that certain terms are zero.
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Concerning the comparison of fixed and mixed parametrisations
we conclude that the interpretation of parameters is the only
criterion which matters, and that according to this criterion
the fixed parametrisation will often be preferred on the
grounds of simplicity. It would be desirable that existing
computer programs performing IPF algorithm gave the user the

opportunity to choose between these two parametrisations.

It should be also noted that because of the correspondence bet-
ween fixing terms at O and fitting the margins fixed and mixed

parametrisations are in a sense '"natural".

The "reverse" way of obtaining parameter estimates does not

prohibit wide choice of alternative "non-natural" parametri-

sations, both for saturated and unsaturated models. IPF proce-

dure gives the possibility first to specify the hypothesis,
obtain ¢'s and then solve (6.1) for appropriate parameters
given choice of parametrisation. However, it seems that it is
not necessary that certain other functions than * or vy will

equal O under given structural hypothesis. F.e. in a 2x2 case
AB

117058117 09979107091 = 05 DUL 2044%45570497 ¢y = 0 only if
by +0,,=

appear in R matrix, it is necessary to omitt certain terms

12-¢21 = -¢11 . Then, if such "non-natural"” functions

from R in (6.1) which reduces its dimensionality and makes
R automatically noninvertible.Thus, (6.1) would apply only to
saturated model.

Fortunately the possibility of parametrisation choice can be
discussed in slightly more general way.

From (2.2) we know, that ¢=Rxpx and from (2.8) that
-1,1 I~ -

P = (B'B) R Rx , so finally

p = (R'R) "R R_p

"
—
-



The inverse (13'8_)_1 always exist because every R is of full
column rank. Consequently, for given ¢, there existsa vector
of parameters estimates p, which can be calculated on the
basis of (6.2) from 9 obtained by IPF under a structural
hypothesis. Thus, after estimation of ¢, the choice of para-
metrisation can be made and o can be obtained. It is not
necessary that Ms=W, because ?6.2) holds for any MgW giving
T(MxW). The rank of R must be, however, equal to the rank of
structural hypothesis. Moreover, T matrix should be obtained
from regressor matrix properly constructed according to prin-

8)

ciples presented in Part 2.

Any of the typical parametrisations used in linear model con-
text can be potentially useful in expressing hierarchical
structural hypothesis. Elementary basis matrices for typical
parametrisations are presented and discussed, for example,

in BOCK (1975, Ch. 5) or FINN (1974).

It should be noted, that it is possible to consider separate
"parametrisations" for different terms or subsets of terms
of the model which would lead in a two-way case to, say,

A parametrisation of main effects of A,y parametrisation of
main effects of B and "mixed" parametrisation of 1st order

interaction effects.

There is, however, not much evidence concerning exploration
of possibilities alternative parametrisations offer, both in
the theoretical and applied literature. One of the reasons
could be a relative lack of attention given to the interpre-
tation of parameters, even in case of two "natural" parame-
trisations discussed above. Moreover, the unavailability of
closed-form expressions for other parameters in terms of
meaningful components (like interaction components) adds to
difficulties in interpreting parameters or justifying "non-

natural" parametrisations.
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Within standard log-linear model more general maximum likeli-
hood estimation procedures allow any parametrisation which
leads to hypothesis specified by a regressor matrix of full
rank. In special case nonhierarchical hypothesis can be
considered, however, they present particular difficulties in
interpretation (HABERMAN, 1974a).

Hierarchical hypothesis based on orthogonal (unnormalized)

or orthonormal (normalized) polynomial parametrisation can be
considered as another special case.g) Orthogonal polynomials
parametrisation seems to be particularly suitable when cate-
gories of variables are ordered and it is meaningful to assign
to them integer values assuming usually equal (or possibly
nonequal) spacing. This topic has been treated in some detail
by HABERMAN (1974b), see also GOODMAN (1978).

More general procedures allow also ML estimation ‘under finer
constraints on parameters, when the dimension of regressor
matrix is not reduced. KULLBACK and FISHER (1973) give inte-

resting illustration of such constraints.

A trade-off should be noted between the simplicity of struc-
tural hypothesis and complexity of a parametrisation. With
IPF the choice of parametrisation is constrained to a set

of hypothesis having definite probabilistic interpretations.
In this case the choice of parametrisation pertains to re-
presentation of given hypothesis, f.e. to representation of
1st order interaction. With more general procedures the choice
of parametrisation is not constrained to such well defined
hypothesis (like in case of nonhierarchical hypothesis) and
interpretation of parameters becomes more difficult but also
more important. It seems that traditional techniques of dis~
playing results of estimation for linear (ANOVA) models can
be helpful here, see their brief review in FINN(1974) and an
example of application to a log-linear model by LITTLE (1978).



There is a great variety of models which could be described

as non-standard log-linear models in the sense of

i) specifying more complex functions ¢ of log-probabilities
(or log-means) of multivariate distributions

ii) considering disjoint variables, with some (usually one)
of them being responses conditional on values of certain
factors

iii) specifying more complex regressor matrices than Rx'

The issues of basis matrix construction and comparison bet-
ween fixed and mixed parametrisations discussed in this paper
in some detail are also fundamental in more complex context
of various non-standard models. For example analysing factori-
al structures of the type (2.1) for ¢'s being more complex
functions of probabilities also leads to the choice of para-
metrisation. Consequently the interpretation of X or y para-
meters of an non-standard model will be only a modification
of results derived with respect to ¢=1n 7 . In many cases the
construction of regressor matrix from elementary basis matri-
ces is required, see f.e. LANDIS et al. (1976), which makes
the details of such construction of practical value to the

analyst.

Some expecially important references to (i) models are

LANDIS et al. (1976) and to (Gi) and (iii) models BOCK (1975)

and NERLOVE and PRESS (1976)%’.

%) The recent volume of Sociological Methodology 1979 (San
Francisco: Jossey-Bass) contains two references relevant
to the topic of this paper (by FIENBERG, EVERS and NAMBOO-
DIRI). I have been made aware of their existence after
completion of this paper.
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NOTES:

1 There seem to be some confusion concerning this second as-

pect. Davis, for example, stressing the importance of paramet-

“ric character in the first sense, praises log-linear models for

being "new lines in nonparametric methodology" (DAVIS,1972:37).

"Term" is understood to be a set of parameters with common
configuration of variables, f.e. _h i€1I, or,AAB ,1€ 1,
j€J. Such sets are denoted respectlvely by)qAé and .5?? .
Thus the term A is marginal to AA? because conflguratlon
A 1s a subset of configuration AB. Detailed explanation of
configurations appear in BISHOP et al. (1975) and of margina-
lity in NELDER (1974). i

To make this statement more explicit note that for, say,
w={ 1,3 ) we can write

* ¥ ¥

(Pij-P* + Fw(ﬁx)

where elements of chontaln all other parameters than inter-
cept f . Taking logarlthm of Nﬂ’ we get

= ln Nﬂ'ij

= 1n N +;Pij .

=ln N +p, + Fw(ff)
which does not affect any parameter from (1.2) except the
intercept.

The set of probabilities '11? s 1€I is denoted by 'ﬁf% ,Where
superscipt A over i indicates that i index varies. This nota-

tion is applied to more general situations in an obvious way.

This is DARROCH § terminology, see DARROCH(1962).



6 A set of relations will be symbolised by using set operator
"oy thus‘5§'= 1 means<w? = 1 for all i. We also accept a
convention that an arithmetic mean over a subscript is deno-
ted by "+" and a geometric mean by "x". Further, a sum is
concisely symbolised by " 0" and a product by ".".

7 Model discussed with reference to Iterative Proportional
Fitting assumes that<?w= in Nﬂ% which, as we shown before,

does not affect interpretation of any parameters except inter-
cept.

ECTA, one of the most popular programs for standard log-
linear modelling, allows some reparametrizations based on
(6.2). According to program description, see Goodman and
Fay(1973), a situation analysed by ECTA (card 52) occurs

when elementary basis matrix for variable jsJ, say Bj has
nrthogonal columns. Each column of Bj:(gl’EZ""’EM)'
is further divided by its squared norm (length) Eézm ; in
this sense Ej is normalized. It follows from column - wise
orthogonality that the typical element of (Bégj) is 0 for
off-diagonal elements and zégm for diagonal elements.

Thus (B'jgj) is a diagonal matrix, its inverse is also dia-
gonal with typical element (1/£%£m) .

- . ! 1

Let jS be diagonal {1/2131,..., /Eﬁﬁm} , and note thf?

dividing columns of R. by r'rm is equivalent to R.D.
= Im= -

- ~ ~ =3 °
thus (Bngl) = leggs Ré , where R. denotes normalized
matrix. Consequently (_133._13].)-1 z 251 and we notice that due

to column-wise orthogonality assumption ECTA avoids compu-
ting the inverse of nondiagonal <§5Ej) matrix. However, this
feature prohibits the input of elementary basis matrices

for fixed parametrisation. To demonstrate this we consider
simplest situation with one trichotomous variable so re-

gressor matrix R reduces to elementary basis matrix, say,

§3=(51’52’53)

@

"
(B
OO
oo
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We immediately note that columns g8, and gq> g5 are not
orthogonal. ECTA does not check the orthogonality of co-

lumns which can lead to obtaining results not expected by
the user. When §3 was inputed, program generated T matrix

equal to

1/3 1/3 1/3}
1 0 0]
0 1 0

which is different from the correct T matrix (equal to the

inverse of §3 because our model is saturated)

0] 0 1
1 0 -1
0] 1 -1 .

Thus, given that model T matrix is correctly generated from
"elementary" Ej matrices, it should be still possible to
obtain fixed parametrisation. Unfortunately, ECTA .does not
allow the input of full'zj matrix but only the input of Ij
with first row omitted (card 51). Noting different rows in
two matrices above we see that in one-variable case only the
interpretation of intercept term would be affected. If con-
struction of T matrix has to give correct results, and thus
equivalent to construction through elementary basis matri-
ces described in this paper, we would expect that in multi-
variable case incorrect first rows of Ij will as well affect
the interpretation of other parameters. Regardless of those
limitations, reparametrisation options of ECTA allow ortho-
gonal and orthonormal polynomials with equal and non-equal
spacing.

Orthogonal polynomials parametrisation can of course be em-
ployed to some extent also with IPF and using (6.2). IPF
demands, however, that for Cj category variable all (Cj-i)
polynomial effects have to be included. In three category
case the hypothesis of no quadratic (main) effect can not be
directly formulated, which is possible with more general

procedures like Iterative Weighted Least Squares.
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Appendix: Proof of theorem from § 4

. . L |
Proof is very easy and based on a simple fact that w%, s, a
i

ratio of two identical probabilities, is equal to 1. Con-
sider first (i): from (4.1) we have

A— -
Air' ¢i++ Phss
1

-(IJK) "~ %00

(xJ)~

1
%00
1

1

- I(IJK) ¢OO

¢ioo-(IJK)

(1JK) ™Y

6500 %000}

(1JK) "1

I
$i00" (T D81007 (4 00* I 400’}

1 r=2

Index r is such that r # a.,1gI-1 so we can successively
eliminate aZi until the "last" index ar which equals i and thus

*1007%a 00 * O~

. i :
Denoting ¢iOO_¢aOO by ¢aOO we finally get

A 1.4 i i i
Xz (I e P . +0 +é }
1 aloo aZOO aI_loo aIOO

(17"t {zzze
ajk

i
ajk}

1

(IJK) agjz}gln Wéjk"‘ln Taik

(oK)t

i
g%ﬁln wafk

1 IZ 1n T wl,
3 a

(IJK) ajk

1

HH

- i
(IJK) %ﬁ 1n m-jk



It is easier to consider (ii) by using the equation

AAB _ a4 a4

i] iy i
Consequently
AAB .

ij

d>i.
"ajo

A%B =
1]

H

(ii) that AAB

>\ABC -

-1 i
z . -z .
(13~ {og 6250 = LI ¢ajo}
-1 i
(IJK) {z¢ o+ (- 1>z¢ -(Z¢
3 ajo ajo "a
ablo
Similarly as before let index s be s#bj jgJ-1
vely eliminate bj#j until the "last" giving
1 5
abjo - %ajo ° ©
i
1 i
(130~ [2{cels, ¢ab10)+(¢a30 ¢
_ i _ i
(130 & E£49a35078an0
-1 i i -
s -
(IJK) ag(ln L lnbvab')
_1 ij
(IJK) éﬁ ln(wab0)
(1IK)  1n(m?d.)
ABC_,AB AB
Finally, we will use Ehe equatlon Xl]k Al]k Aij'
‘(IJ ) ZE¢abk SO
L TEZ¢t]
(kggol], - trgeld )

= (IJK)—1[§g¢i

-

—1

We know by now that Aij

= (x0T zgd (o] -¢

= (IJK)

-1

ZEc%k(¢abk'¢

Y+(o
1

ij
abc)

i

ib
ajk

A

1]

"abc

(T K)~

)+

5’

zz¢

asO

1 1
§ﬁ¢ajk

)}

SO we successi-

)
ab,0

(e

+.o.

J - - , 1]
Bit (K 1)zg(babk §%¢abc ¥ §B§¢abt]

ib
ajk

-

i3
abc

We know from

K-1

)]
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f'""‘\

S

™

...[+5 -

-1 ij ij
IIX -
(IJK) abc(ln Wik 1n wabc)
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Again, t#ck, k<K-1 and the "last" expression is eliminated
because ¢, = k. The generalization of theorem to arbitrary
n-way tables could be done by induction and would not involve

any new ideas.
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