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ABSTRACT

Guided by two Markov chains with tridiagonal transition
matrices of distinct structure, dynamic inequality charac-
teristics of an income propagation process are compared

with the static characteristics of the corresponding station-
ary distribution, i.e, the result of the process. The two
models reflect the concepts of proportionate effect and re-
gression towards the mean, respectively. Moreover the in=-
fluence of small process parameter changes (persevering

perturbations) on the stationary distribution is studie.
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List of svmbols

Generallz

Subscript/superscript letters are always lower case.Letters

in matrices are always lower case.Games of matrices are al-

ways upper case

cf p.7

o
"

A . . .
q 1-(p+q) p
q 1i-g
i
N— T ‘J
upper case all p,q: lower case

1 in formulas/symbols: always one {(no el)

0,0 in férmulas/symbols:always zero (no oh)

with one exception on p.17

Sometimes symbols are primed: P', (Ph)', X5

Sometimes they are barred: i, c

(e]
[N

I:

Ky K., K, subscripts: 1l(one), lower case k

t

9 =
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mn
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"D.3

g,(gl,...,gk),gi subscripts: 1{(one), lower case k,i

Vi
(h
13

o

subscripts: lower case 1i,j

superscript: lower case h in parentheses
p(h), p(0) in last parentheses: zero
P'p(h-1) first P: upper case with prime

¢, ) (upper case Greek sigma - sum sign)

D.U
i square root sign
#
A lower case Greek lambda
D.5
u lower case Greek m
e, []
p.b
” , | (pairwise only)
a lower case Greek alpha
/ fraction-stroke (slanting)
D,.7

¢ = p/q lower case letters

% fraction-stroke (horizontal)
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o lower case Greek sigma

p.13
;2 ; L2 . .
d+ superscript 1~ with superscript 2
. 2
d(l_l) analogously
p.16

A
d

p.17

€ lower case Greek epsilon

0(e?) first letter: upper case "oh"
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1. INTRODUCTION

Markovian Models (esp; finite Markov chains) are frequently
used instruments for the investigation of mobility phenomena.
Applications to income propagation go back to Champernowne.

He showed that in the case of transition probabilities which
only depend on the number of jumps upwards (or downwards) the
resulting stationary distribution is Pareto, provided that a
stability condition is fulfilled, Empirical and theoretical
defects of the simple Markov model in other application fields,
notably occupational mobility, led to the development of re-
fined models (for a summary see e.g. Stewman [6]), which sub-
sequently have been used to describe income distributions, too.
Shorrocks [5]  studied a second order Markov chain (with transi-
tion rates depending on the present income and on that of the
preceeding period), which also yields the Pareto as the station-

ary distribution. McCall [4] applies the mover-stayer model where

- the population is considered to fall into two subpopulations with

different mobility characteristics.

The core of those models is the simple Markov chain. In thisg
paper two processes of that type are studied., Both models have
the special feature that in a single time step there is only the
possibility to jump into a neighbour income class. In section 2
this type of process which can be interpreted as a random walk
with state-dependent transition rates is studied in detail. Model
1 which is a special case of Champernowne's model is discussed in
section 3. Characteristics of the stationary distribution (the
result of the process) are stated in terms of the parameters which
govern the process. Section 4 deals with model 2 where the chance
to decrease income is positively, the chance to increase income
negatively correlated with the size of income. This model can be
considered as a generalization of model 1. It yields stationary
distributions which are qualitatively different from the Pareto.
In section 5 the influence of small parameter éhanges on the stat-
ionary distribution is studied.
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2. INCOME DISTRIBUTION PROCESSES AS RANDOM WALKS

Markovian Models (esp. finite Markov Chains) are frequently
used instruments for the investigation of mobility phenomena.
However there are several assumptioms implied by the models
which are satisfied only approximately in reality. The dis-
cussion of those problems is beyond the scope of this paper
(see e.g. Bartholomew [1] ), thus the underlying assumptions

are only stated here explicitely.

(i) In each period h=0,1,2,... an income takes on one of k
dinstinct states Kl”" Kk’ the states are distributed
equiproportionally, i.e. K; = K. AT yith some A>1.
The case k— = is considered at the end of section 3. In
this case the stationary distribution as well as some in-
equality measures only exist if further conditions (e.g.

Champernowne's stability condition) are satisfied.

(ii) The process describing the dynamic change of an income
is a finite homogeneous Markov chain, Thus it is necessary
to consider well-defined states (e.g., midpoints of income
classes) instead of aggregates of states (e.g. income

classes),

(iii) In a single time step there are only two possibilities:

to jump to a neighbour state (with nonzero probability!)

or to remain in the state. Therefore the matrix of transition

probabilities is tridiagonal with nonzero adjacent diagonals

(i.e. the chain is irreducible).

THEOREM 2.1. If the matrix of transition probabilities P of
a finite homogeneous Markov chain is tridiagonal with nonzero

diagonals and nonzero adjacent diagonals, then

(1) all states are ergodic (i.e. aperiodic persistent with

finite mean recurrence time)
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(ii) there is one and only one stationary distribution

g = (gi,...,gk), moreover, g.> 0 vi

(iii) the higher transition probabilities pé?) (entries of_Ph)

converge to gi irrespective of i

(iv) absolute distributions p(h) = P'p(h-1) converge to g

irrespective of the initial distribution p{(0)

Proof. It is easy to see that the matrices P are strictly
positive for h> k-2, Therefore no state can be periodic,. |
As the chain is irreducible, all states must be persistent non-
null states and thus ergodic. The remaining statements follow

from the'ergodic theorem,

The unique stationary distribution g is the eigenvector of P'
associated with the eigenvalue 1 and can thus be determined

by P'g=g, i.e. by the set of linear equations

g1 = P1181 * P18y

87 T P128q * P28y * P3983

&k  Px-1,k 8k-1 * Pxx 8k

The g; therefore can be computed recursively by

P p l..’... p'- :
5. = 12 <23 i-1,1 s 1<igk

1
Pog Pgg »vveer Pi g

k
where g, > O must be chosen so that Z g; = 1.
i=1
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The special shape of the matrix faciliates not only the .
evaluation of the dominating eigenvector, but also of other

characteristics. This is summarized in the sequel.

As the matrix P has positive adjacent diagonals, it is
similar to a symmetric tridiagonal matrix. This transformed
matrix has the same diagonal elements like P, the adjacent

i+1,1i P1,1+1 (cf.
Wilkinson [7] ,p.335). Thus all elgenvalues of P are realy

diagonal elements are replaced by Vp

moreover, they are all distinct (Wilkonson [7] , p.30o). If,
additionally, P has a dominating diagonal. i.e, D;;> z pij
for all i ( as it usually happens to be in the case 171 of
income mobility matrices), all eigenvalues are positive due
to Gershgorin's theorem. The leading principal minors of

P-aT

P11 "2 Pqo

Pp1 Ppp~X Pp3

D_(A) = det
r
pr-l,r

pr;r—l »#Prr—l

are of great importance for the investigation of the structure

of P. As one can proof by induction, the following recursion
formula holds

D (A) =1
o
Dl(k) = Pyq — A
D,(A) = (P —X)Dr-l(A)-pr,r-lpf-l,rDr-z

(x)
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Note that Dk(x) is the characteristic polynomial of P.

The functions DP(A) can be used to estimate the eigen-
values of P. Let the quantities Do(u),Dl(u),...Dk(u)be
evaluated for some ue[-1,1] . Then the number of agreements
in sign of consecutive members of this sequence is the
number of eigenvalues of P which are strictly greater than
p(if Dr(u)=0 for some r, then Dr(u) is taken to have the
opposite sign to that of Dr_l(u)). The eigensystems of P
and its transpose can also be determined using the Dr(k).
The components Xij of the (unnormalized)_eigenvector xj

of P associated with the eigenvalue Xj are given by the

formula

x1j =1
(it Pi-1Ps)

X54
Pq1g Pp3 +++ Pijoq.4
See e.g. Gantmacher and Krein [3] , P.80. There are j-1
changes in sign in the sequence of the components of X
To obtain the eigenvectors V3 of the transpose P', the
subscript of the factors in the denominator have to be

interchanged.

At the end of this section, assume an arbitrary distribution
p(o) over the k income states. In h periods this distribution
is transformed by the process to p(h) = (Ph)'p(o) which
converges to the stationary distribution g. In fact the
transition probabilities alter with time, too. Now the
equilibrium concept;of a unique stationary distribution only
makes sense if the change of the parameters which govern the
process is slow in comparison with the dynamics of the process
itself. The stationary state will be approximated adequately
only if the convergence p(h)-»g is sufficiently fast to make
the assumption of a constant transition matrix P (and with
that a constant equilibrium g) plausible.1 What determines

the speed of this convergence p(h)—>g?
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THEOREM 2.2, Let AZ

modulus of P, Then for almost all p(0) the speed of convergence

be an eigenvalue of second largest

is asymptotically the same like that of a geometric series

with quotient ]le i.e. for large h it holds that

Iph+ty = g =~ |- o) - g

where ﬂ.ﬂ denotes an arbitrary norm.

Proocf. For simplicity assume A, to be the only eigenvalue
of second largest modulus. Denote by Ve T 8sYpseesYy the eigen-
vectors of P' (associated with the eigenvalues‘A1=1>Ix2]>72.alkkl),

then p(0) can be represented by a linear combination Zaiyi , and-

hy, S Kn Xn
p(h) = (P )tZaiyi =‘Zkiuiyi = 048y +.Zkiaiyi
i=1 z i=2
As p(h)—g, @y must be equal 1. Then
la, v, + % (X /AP vl
| ph+1)-g | GO 272 423 172 L
| pCh) = g | ~ 270 X

] h

If «,#0, the right hand side tends to~|k2 . If o,

is even higher, but the initial distributions distinguished by

=0 the speed
a2=O form a subspace of measure zero.

An important measure in this context is the half-life of the
process, the time necessary to half the distance between actual
and stationary distribution. As can be seen from theorem 2.2.,

the half-life is asymptotically equal logO.S/log]Azl.

For the matrix given at the end of section 4 A2=.783. In this
case the half-life of the process is 2.82 periocds of 3 years

éach, i.e. 8.5 years.
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3. MODEL 1: PROPORTIONATE EFFECT
The "law of proportionate effect" states'that the probability
distribution of proportional income changes is independent

of current income. Together with the equiproportionally

increasing income states under consideration one would expect

that the chances of upward or downward income changes do not
depend on the present state. Therefore the matrix of transition

probabilities is of the form

1-p j2
q 1-(p+q) p

with p> 0, > 0, ptq& 1, Let c=p/q be the ratio

chance of moving up

chance of movind down

If c=1, the stationary distribution is rectangular: gi=% Vi
If c#1, it is a geometric distribution

_ 1=c i=-1 X
g; = =7 ¢ 1¢1¢k .
1-c
. Because of Ki = Kl 4&1-1 this means

log g; = (log c/log A) log K; + const

If ¢<1 this is the same form as the Pareto, but there is a
maximal income Kk. Note that g does not depend on the absolute
values of the probabilities of upward or downward mobility but

on their ratio ¢ only. Median and mean of the stationary
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distribution are monotone increasing with c. If ¢ is altered,
the corresponding Lorenz curves do not alter monotonely., This
can be conclﬁded by the fact that the slope of the Lorenz
curve at x=0 is

Y1 _ (1= 80)(1-5)

X1 (1-(ae)N-e)

the slope at x=1 is

Vee1 L (1-Ma-ae) k-1 !

1=-%p 4 (1—Q$c)%(1—c) *q

If now ¢ is altered by a small amount Ac, the slopes at the
two endpoints of the curve alter in the same direction. Thus
the curves corresponding to ¢ and ¢ + Ac intersect at least
once in some interior point. The shape of g nevertheless
suggest that concentration measures like variance or Gini
coefficient are monotone increasing for c <1 and monotone de=-
creasing for ¢ >1, but generally this is only true for

sufficiently small or large c,
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Measures of the Model 1

Table 1

statidnary distribution

k
in 120 ?
Median ‘T
ln ¢
TCa ot
Mean . H K1 -
) ¢
| Teafal /a2
. 2 2
Variance o K1 -
I c* I ct
2 i i !
Coefficient g Z(A c) Zc _
of Variation u (3¢ Ac)i)2
X . E:E;
Lorenz curve . - 1-c
(vertices) .
: 1-(Ac)*
Y3 — X
1-(AC)

Ginl coefficient

(1-c)(1-Aac)

(1= (1-(ae)®)

k=1 k-1 I . 5
T oetTical- ah)
i=0 j=1i

a

or the following integer

If not stated explizcitely, sum indices range from O to k-1,
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Lét now Pk be the Modell-matrix with k rows (columns) and

Az(k) the eigenvalue of second largest modulus of P Due

; k*

to theorem 2.2 the speed of convergence of an absolute
distribution p(h) essentially depends on AQ(k). Assume
xz(k)> 0 which is evidently true if P has a dominating

diagonal (cf. section 2).

THEOREM 3.1. If k, < Ky, then Az(k1)< A,y (ky)
Proof. The proof is shown for ky=k, ky=k+1, A: o= Ao (k).
Pk'- XI has leading principal minors DO(X) R Dl(i),... Dk(X)=O‘
As there is only one eigenvalue strictly greater than X, there

is exactly one agreement in sign of consecutive members of

DO(X), oo Dk_l(X). Pk+1 - XI has leading principal minors

Do(X)yuvn D (X)), E (D), E ., (0),

E, (%) (1-(p+q)-X)D, 4 (X)-pq Dy (1)

-p D4 (%) + (1-q-X)D, _; (X)=-pg D, _,(X)

=p D_; (0 + D (D) = -p D__ (D)

k-1
Because of D, (X) = 0 it holds that Dy_q1 (X)#0, thus E, (X) has
the opposite sign of Dk_l(i)

(%)

Ei g (X) = (1-q=X)(-p.Dy, 4 (X))-pq D 4

= =p(1-%) Dy _ (D) = (1-DIE (D)

Ek+1(i) has the same sign like Ek(X), therefore there are

exactly two agreements in sign in the sequence DO(X),...D (),

k-1
Ek(f), Ek+1(k), i.e. there are exactly two eigenvalues of Pk+1

which are strictly greater than .

Calculating Az(k) for k=2,3,4,5 yields the following corollavry.
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COROLLARY,
k=2z:x,=1- (p+q)
k = 3 A, =1 - (p+q) + \pq’
k = 4 : Ay = 1 - (p+q) VE’qu
- .y = - 5
k=5 :4,=1- (p+q) _.2._\55

+
+U3
+

+5
+V5

(p+q‘) —T—m 5

k >°5 :[le > 1

If pxq it holds that [A,] >1-0.39 p for k> 5. If e.g. there
are equal chances of upwards and downward change and staying,
resp., then the speed of convergence is not faster than pro-

h

portional to 0.87°, the half-life of the process is at least

5 periods,

Model 1 cah be modified by considering infinetly many states of
type Ki = Ky Al—l

only if ¢ <1 (Champernowne's stability condition). To guarantee

., Of course, the stationary distribution exists

the existence of the measure of this distributions, further
conditions have to be satisfied. They are stated in table 2,
As opposed to the finite case, the Lorenz curve alters mono-
tonely with c¢. Fix the index i of a vertex and consider this
vertex to be a function of c: (xi(c), yi(c)). If ¢ goes from
0 to 1/4 (xigc), yi(c)) moves along a straight line from
(1,1) to (1—1AA1,O). Take now some fixed ¢ and a corresponding
Lorenz curve L(E); Because of the convexity of L(c), the line
(x;(e), y.(e)) lies below L(Z) if ¢>3&. As this holds for all
indices i, the Lorenz curve L(c) lies wholly inside the Lorenz

curve corresponding to some ¢ >c,
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Table 2

Measures of the Model 1 stationary distribution

(infinitely many income states)

Median m 1n 2 a
-Tnc
Mean ; K i-c if Ac <1
H N T=AC ' »
Variance a2 K12 [1257- - ( i=c 2 if A?c <1
- 1=-4&¢ 1=-4c
. . 2 ' )

Coefficient % (1 Ac)2 1 if A2C ¢ 1
of Variation (1=-c)(1=-4"¢c) :

i
Lorenz curve X5 1-c
(vertices) 5
Gini a c(A-=-1) if Ae <1
coefficient 1- Ac
a

or the following integer
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4, MODEL 2: REGRESSION TOWARDS THE MEAN

Main assumption: The higher the state, the lower the chance
of further increase and the higher the chance of fall., In
Model 2 the chances of moving upward are assumed to decrease
geometrically with factor d<1, the chances of moving down-

ward increase with factor 1/d.

1-p p
dk_zq 1—dp-dk-2q dp
P = &3q  1-ap=d*"3q a%p
dk-2p
‘q 1-q

with p> 0, q¢ >0, p+qg ¢1. Here c=P/q is the ratio chance of

' moving up from lowest state/chance of moving down from highest

state., Model 1 in the limiting case d> 1. For the stationary

distribution we have

€i+1 2i-k
g

e

1 .2

k . . . .
(‘—EST—)l a* we obtain
d

thus with S

n
1we—114

i=0

i-1 d(i-1)2

Because of the equiproportionally chosen income states this

means
k-1
log g, = log c/d log K; + log d , (log Ki)z + const
logA (logd)

The continuous analogue o6f this has
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_ dllog g) _ log a*1/e , 2 log 1/d log K
d(log K) log & (10643)2

As d was assumed to be smaller than one the frequency tends
faster to zero than the Pareto which would have the right
hand side constant.

k

For small values of ¢ (c ¢d ) the frequenCLes g; are mono-

tonically decreasing, for large values (gyd 2

increasing. For moderate values a®m2 ¢ e’k ¢

<) thej are
which obviously
holds if p=xq, i.e., if cx1) the frequencies firstly are {
monotonically increasing, and, after passing a single maximal

value (in limit cases two adjacent maximal values), the g5

are monotonically decreasing. The mode is the state No

[%(k+2—ln c/1ln d)] , this index is increasing in ¢ (d fixed),
with decreasing 4 (¢ fixed) it tends to the central state

ﬁ?+1] The mode corresponds exactly to that income state which

is dlstlngulshed by the sﬁallest difference between the chances
of moving upward and moving downward.

Because of gj.:'_l/gj_:c:.dzi-k the stationary distribution con-
centrates at the central state with decreasing 4 (¢ fixed).
Thus in the case of ¢ fixed,c=1, the author conjectures

that concentration measures like Gini's coefficient are mono-
tonely increasing functions of d (though the corresponding

Lorenz curves may intersect, as can be seen from examples).

The results of Model 2 differ qualitatively from those of
Model 1, One may wonder if Model 2 can be generalized e.g.
by introducing different change rates d1 (change of upward
mobility chances) and d, (change of downward mebility chances).
Qualitatively this concept yields the same stationary
distribution, because now

. g i-1

i+l | ¢ ;_-C(.\{d /4, )<~ Wd 2"k
g - k=1-1

il d2

But this stationary distribution may be derived by a Model 2

process with & = ¢ (Ud /d )‘< 2, d = d,d,
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Table 3

Measures of the Model 2 stationary distribution

K

Mean 1' caA (i i
O e e SR
S d
. 2 . .2 . .2
. 211 c AT 1.1 1 c A \1.,1°.271
2 =7 - (=
Variance ] Kl [S z (d—kq) d (S 2 (:jm) d )]
. .2 2 . .2 '
ATyi L1
(] (p=p)ta™ 2 S=pT ™)
Coefficient g a* at -1
R 4 hd > U »
of Jarlatlgn (Z( C¢A)i dl )2
' EE:T
i=1 2
X, é b« KS )3 g’
o j=0 d
Lorenz curve
. i=
(vertices) ys 5o« Cjﬁ)] a3
3=0 d
k-1 .
! ]
I (=7 «
jz0 <"t
k=1 k-z-l r )l+3di2+32( Al Al
Gini ccefficient G 1 1i=0 j=i d
3
kii (CAi d12
iz0 ak-1

If not stated explicitely, sum indices range from 0 to k-1.
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_Shorrocks [5] presents 3 empirical transition matrices, (from

a sample of male employees), one of them is shown below.

1966
— —- N Sample
1 2 3 4 5 ‘ size
(1 0.64 0.239 0.04 0.03 0.00 76
2 0.14 0.56 0.26 0.03 0.01 212
1963 1 3 0.02 0.22 0.54 0,21 0.01 256
4  0.01 0.04 0.27 0.54 0.1k 164
& 0.00 0.01 0.05 0.27 0.67 92

The stationary distribution is given by
g, = 0.12 g, =0.25 g, =0.30 g, =0.22 g =0.11

Form g. ,./g. = c.d we obtain the identy €i+2 &4 2
l+1 1 —7_——" - d .
g .
°i+l
. . A . .
This formula allows an estimate d = 0.8, In connection with
the assumption c=1 this estimated value corresponds to a

hypothetical stationary distribution

g, = 0.12 4, =0.23 gy =0.30 g, =0.23 g, =0.12

which very well fits the stationary distribution given above.
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5. PERTURBATION THEORY

One may wonder how the stationary distribution alters

if some transition probabilities are changed, e.g. by
reinforcement or by reduction of mobility barriers or

by creation of favoured transitions. If those Qariations

are relatively small (perturbations), the effects tan be
estimated satisfactory by first order approximations. As

in our case the unperturbed matrix P' (tridiagonal,

positive adjacent diagonals) has k distinct real eigen-
valuelkl=1,kz,...kk corresponding to eigenvectors gsYgsee Yy

the resulting formulas are quite simple.

Assume now that the matrix P is replaced by a perturbed
matrix P + ¢B, |B] = |P|] . Of course, B must have row
sums O and € must be so small that P + ¢€B is a stochastic

matrix.

THEOREM 5.1, Denote the eigenvalues of P with

-1,A2,...kk, the corresponding eigenvectors with Xq3XnseeaXy,

the corresponding eigenvectors of P' with BsYpses Yo Then
the matrix P + ¢B defines a Markov chain with a stationary

distribution g(e) which satisfies

7
X5 Bg ' A 0(e?)

- 1
(1 xi)xi Y

gle) = g + ¢
i

"e~1.x"

2

Remark. The first order approximation

X xi'Bg .
g=g+c T Y
iz2 (37rIxi vy
is a probability distribution, i.e. g, 20, N g;=1.
iz1

Proof. See Wilkinson [7] » P.69.
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If ¢ is sufficiently small, gi 2 0

is satisfied (remember g;> 0!). Denote the components of '

With yq54ees¥is. AS xi'yjzo if i#j (eigenvectors of P and

P' which are associated

gonal), we have xfyi=0

k
} y::=0 Vi > 1 and we
2107

to different eigenvalues are ortho-
vi > 1. But x1=(1,1,...,1)', thus

obtain the result

ko k k k xi'Bg
I 8 = les+cl ! yy; = 1
j=1 j=1 j=1 0 12 (1-adxg'ys
mymartimer? o —— -
=1 .
K . 'Bg K
L o !

Unfortunately this formula requires the calculation of the

complete eigensystem of

arbitrary perturbations

perturbation only concerns one single origin state, a simpler

formula can be derived,

THEOREM 5.2, If for

are replaced by Pisia1 +
2

resp., the stationary di

P and P', but it is wvalid for

B (provided row sums 0)., If the

some i (1¢i<k) p;

€1> P33 T €1 T €55 P is1 v F

stribution g is altered to

(=]

23

a.gq
= aagi_l
Dinil Lo - Piitt o .

i,i-1 * Pii» Pi i+1
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In first approximation the factors a,b are given by

. € X €
1. 2
a =1+ ,Z,gj—_—--_z. gj
R pi,i-l Jj=1+1 Pi,i+1
i-1 € 1 €
1 2
b=1--1 &5 +.z €3
1L TPy s 3R TPy g4

Proof: by straightforward computation.
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TOOTNOTE

1 Generally in equilibrium models a small change of the

parameters not necessarily results in a small change of
the corresponding equilibrium (cf. the literature on
Catastrophe theory). In our situation, however, this

is true, as can be seen from theorem 5.1 in section 5.



)

D

P

(”"‘.

[

1.

2.

-21=-

REFERENCES

D.J.Bartholomew, "Stochastic Models for Social Processes,"
2nd ed., Wiley, London 1973.

D.G.Champernowne, A Model of Income Distribution,
Econ.J. 63 (1953), 318-351,

F.R.Gantmacher, M.G.Krein, "Oszillationsmatrizen, Oszi-
llationskerne und kleine Schwingungen mechanischer
Systeme," Akademie-Verlag, Berlin (East) 196o0.

J.J.McCall, A Markovian Model of Income Dynamics,

A,F.Shorrocks, Income Mobility and the Markov Assumption,
- Econ.J. 86 (1978), 566-578, .

S.Stewman, Markov Models of Occupational Mobility,
Theoretical Development and Empirical Support,

J.H.Wilkinson, "The Algebraic Eigenvalue Problem",
Clarendon Press, Oxford 1865,





