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ABSTRACT

This paper is intended to describe a monetary pure exchange
economy in mathematical terms. Three main characteristics of the

approach presented are to be mentioned;

(i) analysis is carried out in a discrete time framework,

. .0 Tl .
(ii) a non-tatonnement process is assumed to represent the

dynamics of the economic system,

(iii) the problems of the existence and the economic properties
of equilibrium states are mainly focused on.

By this special choice of methods some results are obtained
which justify the application of fixed point algorithms for
the purpose of approximate calculation of particular non-

A o m e .
tatonnement equilibria.

Investigations start with a general model of a non-t&tonnement
economy for which the existence of an equiblibria can be proved.
In order to get economically interpretable results a special
non-titonnement model is constructed by transforming a set of
economic assumptions into mathematical relations. An auxiliary
system derived from this special model is then thoroughly
analyzed using classical fixed point theorems.

From the properties established for the auxiliary model
equilibrium theorems concerning the "underlying" economy are
obtained .
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0. Introduction.

Quite recently various attempts have been made to generalize
the well-known equilibrium and stability results obtained

for the classical Walrasian economy ([1] ,pp.107-128, 263-323)
in order to include economic systems which do not meet all.
the "Walrasian" conditions ([61, (7], 8] , [o], (121 ,[13],[2u]).
Among these the éo-called non-tatonnement case deserves
special interest([1] ,pp.324-346; 9 ,pp.207-227; 25 ,pp:339-
347). The economic systems which are considered in this paper
are economies of the non-t&tonnement type which means that in
addition to the price mechanism adjustment of quantities
through goods. transactions is assumed to take place. We confine
ourselves to the most simple case of pure exchange economies
with money being incorporated. Chapter 13 of the Arrow-Hahn
book ([1] ) may be taken as a starting point of the analytic
formulation and treatment, thdugh the important question of
stability of the adjustment process is not touched in what
follows. Investigations are exclusively concerned with the
problem of the existence of an equilibrium and with its
economic properties. The approach presented in the following
was mainly chosen for the purpose of enabling actual computation
of equilibria by use of recently developed fixed point
algorithms ([4], [51, [17] ) [18] 5 [23] ) » though computational
treatment of the models considered is left to further work.

The most important economic assumptions for our model can

be stated briefly as follows: As already mentioned the economy
to be considered is one of the pure exchange type which means
that production and consumption do not appear explicitly in
the model. A certain number of goods (m) is distributed

among a certain number 6f individuals (n). Individual demands
for those goods are supposed to be derived originally from

a Cobb-Douglas utility function, but several other types

of utility functions could be used too. The phenomenon which



is to be analyzed is a dynamic adjustment process taking
place within the "economy" and being determined by individual
and aggregate demands. This process consists of simultaneous
and independent adjustment of prices of goods - expressed

in money terms - and quantities which are goods endowments

of individuals - and will be described in a discrete-time
framework. During a "unit" time interval of adjustment (the

length of which will not be specified)

(i) commodity prices move according to a "law of supply and

"demand"

(ii) quantities (individual goods assets) change through
transactions which are thought to be carried out on

each of the single commodity markets.

The special good money is used as a numeraire and as an
exchfange medium. Of course certain transaction rules have

to be adhered to which will be discussed later on.

For an economic model constructed under these assumptions

the existence of a distinguished set of prices and goods
endowments can be shown, this state being at least a "trading
equilibrium" and at most a "ecomplete economic equilibrium”
(pp. 45, 51) of the economy. Given the paramenters of the
model this particular state can be determined approximately
by computation, whence its economic meaning is obtained

immediately.

Chapter 1 is preliminary in the sense that it provides
the mathematical tools of description. Regardless of
computational aspects a general form of the model is given

and an almost evident existence statement is formulated.

Chapter 2 is exclusively concerned with the translation

of certain economic assumptions into functional relations.
The functions are given in explicit analytic form in order
to render possible computability of a desired fixed point.
Because of mathematical reasons an auxiliary system is
considered using modified "demand" functions and a very

special transaction function.
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In Chapter 3 the existence of an equilibrium state of the
artificial system of Chapter 2 is proved. Then the consequences
of this result for the underlying "original" economy are
stated.

Chapter 4 contains another version of the non-t3tonnement

model including a trading correspondence instead of transaction
functions. It is shown that the results of the previous chapter
hold still in that case.

In Chapter 5 a general type of price adjustment is introduced
and a corresponding equilibrium result is proved. Finally some
hints are given how to perform the computation of the discussed
euqilibria by relatively simple fixed point algorithms.

Thus the discussion starts with the most general formulation

- of the problem, then turns to a very special case in order to

obtain results of the desired "computable" form and finally
goes back towards increased generality by relieving some of
the restrictive assumptions of Chapter 2.
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1. GENERAL MODEL

The economic system to be investigated is a rather simple
one, but it turns out that the thorough mathematical
treatment of even such "primitive" economies tends to become

somewhat complex.

What we are to consider in what follows is a so-called
monetary exchange economy, that is a pure trading economy
without production and consumption of goods but with money
being existent. Using another interpretation an "exchange
economy" may be described as an economic system, where -
concerning aggregate amounts of goods - production and
éonsumption remain in a stationary state over time ([1],
pPP.337).

This extremely simplified model of an economy will
allow to focus on the analytic and numerical treatment
of the relations between demands for goods, price move-
ments and transaction activities. Of course it can only
be taken as a starting point for further investigations

of economic models being closer to reality.

The present chapter is concerned in its first part with
the mathematical formulation of a general model of the
monetary pure exchange economy including the general
functional form of the various adjustment processes.

A second part contains an almost evident existence theorem
for a certain kind of economicequilibrium of the non-

titonnement type.
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1.1, Definitions

Let the economy under consideration be constituted by

(m-1) non?monetary commodities (melN), one particular

good namely money and n trading individuals (nelN). The
good money is denoted by the integer 1, each non-monetary
good by an integer i (i=2,3,...,m), each of the individuals
let be denoted by an integer j (j=1,2,...,n).

The following definitions seem to be useful for a concise
description of the model in mathematical terms:

i) Scalars: _
For i = 1,2,...,m and j = 1,2,...,n let

xijeR+ -be j's endowment with good i ,

xijeR j's demand for i,

zijeR j's planned (long-term) excess:
demand for i (called "target excess
demand") ([1] , pp. 339),

aijeR j's active excess demand for i
([1), pp.3uo),

p;eR, the price of good i in money terms.

ii) Vectors: _
For each j (j=1,2,...,n) one may define the following vectors
of amounts and prices of non=morietary’ goeds. (for < 7 .
which the name commodities will be reserved):

- _ - . m-1

_)Sj - (x,j) € R+ 9
-1

25 = (X‘j) € !Rm 3
-1

E’j = (an) € ’Rm 5

e R

to
1"
~~
g
A
+



iii)

where (x.j) is to be understood as the (m~1) - vector

1
LI ] X : )
b} 3 mj 2

(X2j’ X33
Aggregate amounts:

For i = 1,2,...,m let 5 be given by

—

X
1

3

s
1 13

nesg o X|

and X:52;585 be defined analogously.

Because of the pure exchange property of the economy ii
has .a fixed value over the entire time range.

Finally let the (m-1) - vector Z be defined according to
= -
X = (x2 > Xg 5 eres xm) s

Using the above listed definitions one may try to describe
the dynamics of a monetary pure exchange economy in terms

of a discrete - time model establishing the dynamic relations
in first order difference equation form. Section 1.2. will
give the most general form of those difference equation
models derived from a set of assumptions about price dynamics
and trading behaviour of individuals. Specification based

on further assumptions is left to Chapter 2.

Price - Quantity Set C .

Dynamics of the model to be described will be understood

as adjustment of both commodity prices and assets according

to existing demands. An elementary step of dynamic movement

consists of a transformation of one combination of commodity
prices and goods assets at time t into another one at time

(t+1). Time points t and (t+1) may be taken e.g. as the
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beginnings of two consecutive time intervals of "unit length"

during which adjustement takes place.

Since good 1 (money) is to serve as a numeraire, its price

is assumed to remain constant over time (p1 () =1 for
t=1,2,...), and therefore the variable D4 is excluded from
the description of dynamics.

The space to be considered is Euclidean space X = Rm(n+1)—1’
the vectors X € X being subject to the following interpretation:

1
X = (Xg5XpseeesXn(nsg)-q)

(P29P33°'°Spm’xllsszzj_,---,;(-mn)' °

Thus ¥ is to be understood economically as the space of
cominations . of commodity prices and goods assets, briefly

called the price-quantity space. Dehoting time by the superscript

T the elementary step of adjustment may be described by a
transformation of a vector >_c_T e X into another vector 2(_34'15 X
according to transformation rules which have to be specified

later on.

Mathematically the adjustment step will be glven by a function
£ mapplng a subset € C X% into X

(1) f: € —>X , gc_Tl——-ag_gtﬂv

?E’T'*'l = f(;}sf) "

where € has to be defined below.

Because of the economic meaning of the vector Zc_Ts ¥ mentioned
above the following assumptions are supposed to hold for every
t=1,2,...



Assumption 1:

‘Commodity prices PpsPgs«««sPy measured in terms of money

(p1=1).are normalized subject to

(2)

ne-13

2p§ ;i = ;1 (t = 1,2,04.)

1

guaranteeing equality between the total money value of
commodities and total money supply of the economy.

Assumption 2:

The total quantity of commodity - i - assets equals a constant

value Ei , namely the total amount of commodity 1 available

in the economy (i=1,2,...,m)
L —_
(3) » jzl xij = X::]‘- (l - 13230o-)mv' ;

T =1’2,..‘ )

These two assumptions together with the self-explaining
non-negativity of commodity assets lead to the following

definitions of subsets of X%

(4a) gyl

n
~~—

[P
™
K

m
) P:X; = Xq5p; >0, 1 = 2,3,...,m}

o)
"
™
m
¥

(ub) i 1,2,-0"n}

1 e
Iad
i
]
WV
(@]
(]
1]

where Ei is the given constant value of the

total quantity of good 1i.

(uc) t :ﬁ'ﬂm @’i

i=1

Assumptions 1 and 2 imply that the function f is a mapping of
the set € into itself.
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1.3. Functional Relationships

So far we have only pdstulated adjustment between two

successive time points to take place as a transformation
. . e +
of a price-quantity-vector ET “into a vector ET 1 by
T+1

X = f(zt) without saying anything about the nature

of the function f. For the purpose of further analysis
of the model it will be necessary to specify f in an
economically admissible way using a set of behavioural
assumptions.

First of all it may be of interest to give a short

verbal description of theeconomic behaviour the individuals

of the system are supposed to show. It seems to be unnecessary
to point out that the following statements reflect mere
assumptions about the type of economic activity to be analyzed.

The starting point of dynamic movement in the systém_is a
given set-up of commodity prices and goods assets held by
the individuals represented by a vector x e X . In a first
step each individual j may be supposed to express demand

for good'i (i=1,2,...,m) x;. subject to an individual budget

3]
constraint which takes into account the total money value

of j's assets of commodities and his money holdings.Demand

Xij may be obtained by maximization of an individual utility
funetion of j under that budget constraint. Target excess:
demand Z.. = X.. = X..
ij ij ij
a function of prices and commodity assets.

for i by j is consequently given as

In ordér: to keep the model simple the rdle of money is
restricted to serving as an exchange medium.. The crucial
assumption that every'transaction has to take place as an
exchange of a commodity for money - bartering of commodity
for commodity being impossible - gives rise to a so-called
financial constraint for each individual. This means that
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individual j's (j=1,2,...,n) purchases are limited by his
actual holding of money. Owing to this additional condition
target excess demand zij is transformed into so-called active
excess demand aij giving the extent of transactions of i

in which j could engage willingly if he faced only his own
individual constraints. Active excess demands are assumed

to be identical with the demands expressed by the individuals
in the market. Therefore active excess demands determine both
goods transactions and price movements. How one could think
of the nature of this determination will be demonstrated in
Chapter 2. The behavioural rules outlined so far can easily
be written in mathematical terms by use of some auxiliary

functions.

A thorough discussion of the assumptions sketched above can
be found in [1] , pp.337-346 , where also the terminology

is taken from.
1.3.1. Functions Constituting the Adjustment Process.

For the construction of the desired function which describes

T T+1 . .
the movement from x to x we need some auxiliary functions

which map certain subsets of X% into R . The following functional
relations are based on the economic arguments of the foregoing

section:

(5a) z35 ¢ — R (€ ¢ X

X Zij(i)

zij determines target excess demand for good

i by individual j as a function of x e €,

yroo=

I

(Xl’x2""’xm(n+1)-1

(PysPgsersPpj Xqq3 x21,...,§ﬁn)'

with € being the set of feasible price-
quantitiy-vectors defined by (4c).
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(5b) a;.: 9 — R (9eX)

13

& € X is the set of all feasible price-

target excess demand-vectors.

D - {xlx = (52,53,...,§ﬁ; zil(g),zzi(g),.oo,zmn(f))';

g e €},

Thus alj represents active excess demand for
i by j as a function of X € 9 .

*e

(5¢) tigr F —R (E cx

€ ¢ X is defined as the set of all feasible
price-active excess demand-vectors.

Ered

€sixlx =-<’1§2,53,...,p s a8y (X),..00a (D)1
X ey . |

Thus tij determines the quantity tij of good i
transacted by individual j as a function of

prices and active excess demands.

The functions defined by (5a-5c) shall be given for i=1,2,...,m ;
j=1,2,...,n . Excess supply of a commodity is written as negative
excess demand, and of course purchases (sales) of goods are
represented by positive (negative) transaction quantities.
Definitions (5a-5c¢) imply the assumption that target excess
demand Zij’ active excess demand aij’ and transaction quantity
tij are functions - not correspondences - of the respective
variables. For the case of transaction quantities'tij a
generalization using a trading correspondence will be carried

out in one of the following chapters.
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For i=2,3,...,m we define

(5d) dp.: € —K (£ ¢ %)

L

where the change of the price of commodity
i dpi(§) shall be determined as a function
of current prices and actual active excess
demands. The well-known "law of supply

and demand" can be taken as an example

for such a relationship.

Resonable conditions to be fulfilled by the given functions
and an example of specifying their exact form will be
discussed later on.

1.3.2. Composition of the Adjustment Function f .

Using Definitions (5a-5d) new functions can be constructed,

each of them mapping a subset of 3 into a subset of X .

A vector x € X = Rm(n+1)-1 is again written x = (xl,xz,...,xm(n+1)-ﬂ'
Then the following functions are well-defined:

(6a)
A ﬁ-——’)i

x — Z(x) (x ¢ €)

if 1<¢k<m
if mék$m(n+1)-1
iz k=-jm+l

From (5a) and (5b) it is readily seen that
ey = 9D,



-

~13=
(6b) A: &P — x
x 9 Alx) (x e )
Xy | if 1¢k<m
A (x) =
aij(i) if mf¢kémén+1)-1

js1 as described
above

From (5b) and (5c) we get A(D) = £ .

(6c) D: E — X
x > D(x) (x ¢ £)
dpk+1(§) C1f 1¢k<m
Dk(ﬁ)
t..(x) if m<k$mén+1)-1

1]
j,1 as described
above

The economic meaning of the functions (6a) - (6c¢) is
evident: Z e.g. associates with every feasible price-
assets-vector x ¢ € a vector of (unaltered) prices and
target excess demands Z(x) in a unique way. The mappings
A and D may be interpreted analogously.

From the foregoing remarks it is clear that the functions

Z,A and D permit composition in the following way yielding
a new function

(7) ’ DN : E—X

/N =DoAozZ
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Recalling the economic meaning of the various functions
and assuming that all changes of economic variables
considered so far are éhanges from a value at time 1 to

a new value at time (t+1) the function /\ is seen to
represent the difference between the price-quantity vector
§T+1 and its predecessor x' . Starting with a vector X e &

adjustment of prices and quantities can be achieved by the

mapping

(7a) F: & —X

x — F(x) = x + Ax) ,

where time superscripts are omitted.

(The difference equation form of the model is now given
by

o xhe ATTho

It can be shown that under certain additional assumptions about
the functions defined above F becomes an adjustment function
for the special case of a monetary pure exchange economy.
Thenit will be called f according to (1) .

1.4, Existence of a Fixed Point of f.

Because of the pure exchange property of the economy
considered transaction functions tij of Definition (5c) are

assumed to be subject to the linear relations

ne-113

3
Further let us assume the price change functions dp; of
Definition (5d) to fulfil

dp, X, = 0

[T e =}

i
which ensures that the new prices are subject to the

normalizing conditions of Assumption 1.
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The economic assumptions can be written in terms of the
function /N of Definition (7) as

Assumption 3:

For every x ¢ € and for every i=1,2,...,m

n-1
X=0 A (m~1)+i+km(2c-) =0

Assumption U4:

For every x ¢ € .
m=-1
] X DN (x) =0
Ly Tkt ‘X

Assumption 5:

For every X ¢ E and for every k=1,2,...,m(n+1)-1
>

From (4a) - (4c¢) and (7), (Ta) it follows that with Assumptions.3,u
and 5 being valid the function F maps the set € into itself.
Hence with the three assumptions F is seen to be a dynamic
adjustment function of a monetary pure exchange model as

described in Section (1.2.) and therefore it will be written

£ .

Recalling ‘the fact that f describes the elementary step

of a dynamic process one might be interested in finding

the stationary states or equilibria of the system investigated.
A vector g will be called a dynamic equlibrium of the:adjustment -
process f if

(8) ET =

%>

=3 x™ : fxM =3 (r e N)



-16=-

or equivalently

(9) £(x) =

1=>

If a time path of irs reaches g, it will stick to that value
for the whole future of development. From (9) it is clear
that for x € € the property of being an equlibrium point

of adjustment is equivalent to being a fixed point of the
single-valued function f. Thus the gquestion of the existence
of a stationary state of the adjustment process reduces to
the problem of the existence of a fixed-point of the function
£.

One gets the main result:

Theorem 1:

Assume that for the functions defined above

a) Assumptions 3,4 and 5 hold ,
b) the functions of

target excess demand Z; .

J
active excess demand ajs for 1¢i€m,
transaction tij 1¢j4¢n
price change dp,

defined according to (5a-d) are continuous on their
respective domains.

Then there exists a fixed point 2 of the adjustment function
f yielding

A

f(x) =

I%>

Proof:

To prove this assertion Brouwer's Fixed Point Theorem ([Qﬁl,
pp.303-308) is to be used. Therefore one has to show the
following three facts:
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_ : @) f maps the set € into itself )
B) E ¢ X is a bounded, closed, convex set ,

y) +the function f is continuous on & .,

c _ ,
a) From the Assumptions 3 and 4 we have for x ¢ ot
mil _ -
X o £, (x) = x 5
k=1 k+1 k*= 1 -
- and
n-1 _ < s
kzo fim-1)+ivkm X = %3 (1sism)
€ _ .
and because of Assumption 5
f(x) > 0 .
Hence
c
f(x)e «Q’, f(x)e @i for i=z1,2,...,m
and consequently (see (4a=-c))
e f(_)_g)ee,ifgt_ee.

B) Let x be e point of € . Then the coordinates of x
are subject to the (m+1) linear constraints

m=1
X. = X x. £i¢
WL Xps1 * X Xy (xl> 0 for 1\_1 m)

n-1

[

Y Xooayas = X, (1¢i¢m)
xeg (m=1)+i+km i

with x 2 0 .

Therefore each coordinate Xy ( 1€k $m(n+1)-1) of the points of
‘€ has to be bounded and € is a bounded subset of
X - giint+l)-1

L
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Definitions (4a-c) show immediately that A and Ggi
(1€i¢m) are closed in * and such is ¥ . Finally the
intersection € of the convex sets & ) @1 (1<€1<¢m)

is convex.

From the Definitions (6a-c) and from Assumption b) the functions
Z, A and D are seen to be continuous on their respective
domains. Hence their composition /\ = DoAoZ is a continuous
function on € and likewise f=I+/\ (where I denotes the

identity function on ¥ ) is continuous on e .

Brouwer's Theorem then ensures the existence of a fixed point
A
X of £ with

f(x) = g O

Summary

A short review of the foregoing chapter might be useful to

determine the stage of development of the present investigation.

First of all it was intended to provide for the mathematical
framework in which a simple pure exchange economy could be
described. Then this decription was performed in two steps:

first giving the discrete time model of economic dynamics in its
general difference equation form, second focusing on the elementary
adjustment step which was written as a function mapping Euclidian
space of appropriate dimension into itself. Within the given
model this adjustment function was constructed in its most
general form reflecting the effect of demands on changes in
prices and goods assets. Imposing the pure exchange conditions
explicitly upon the system and assaming continuity of the
constituting economic functions theexistence of a dynamic

equilibrium of the economic adjustment process wWas shown.
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2, EXCESS DEMAND, TRANSACTIONS AND PRICE ADJUSTMENT.

In Chapter 1 the model of a monetary pure exchange economy
was given in fairly general terms without specifying the
precise functional form of the various relationships.

Now a concise definition of the analytic form of the functions
used will be given based on a detailed explanation of economic
behaviour in this context. Thus an example of a dynamic
economic system shall be constructed which both reflects
plausible behavioural conditions and allows the application

of Theorem 1 in order to prove the existence of an equilibrium
state of the economy being analyzed.

Bearing in mind the convenience of notation the general economic
system treated so far may be denoted as

(1) € =€, n

the ordered pair of the price-quantity-set € and the adjustment

. function f£. € will briefly be called an economy.

2.1. Demand Functions.

With respect to the application of Theorem 1 to a specified
model it will be necessary to determine the definite form of
the functions zij’ aij
economic significance.

s tijf and dpi under the condition of

Let us start with Z; - the function of individual target excess

J
demand.-

Denoting demand for good i by individual j as xij target excess
demand takes on the form

(2) Zij = xij - ij
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Therefore one has to obtain xij as a function of x, that is
of prices and current goods assets. The present section will
be concerned with this problem. First of all two crucial
assumptions about the rdle of money - already mentioned in
the previous chapter - are to be restated. Though reflecting
rather primitive monetary theory they seem to be acceptable

in our case.

Assumption 1:

Money (good 1) is referred to as a "numeraire" the price of
which is held constant over time at the value p1=1 and with
respect to which relative prices of commodities are calculated.

Total money supply El is also a constant.

Assumption 2:

Money serves as a medium of exchange such that every transaction
is performed as an exchange of a certain quantity of a commodity
for an "equivalent" amount of money equivalence being determined

with respeet to current prices.

Except these two properties of the good money there shall be
no other properties from which the owner of money could derive

utility directly.

2.1.1. Demand for Money.

As a basic rule of behaviour it is assumed that each individual
intends to reach a "better" commodity endowment - in terms of
individual utility - in the future by means of transactions.
Hence for the purpose of being able to improve their endowments
individuals are induced to hold a certain minimum amount of
money. Following a simple microeconomic concept ([15] ,p.17W)
desired money stock 1s assumed to be a fixed proportion of

individual "commodity wealth" evaluated at the current price
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system:
= . X. . <
(3) X135 = @43 {p > 3_(_3} O<°‘13 1
(3 =1,2,...,n) ,

where % 3 is ameasure of j's inclination to hold money.

2.1.2, Demand for Commodities.

In order to obtain xijii) - j's demand for good i (2€1i¢€m)
as a function of current prices and commodity assets - the
following assumptions seem to make sense:

Let us think of individual commodity demand as being derived
from a Cobb-Douglas-utility function

m %ij v ?
(8) U, = O X.. 3 &..2%0, .. = 1
3. 320 1] i3 izg 13

(uj being j's individual utility)
by maximization under the well-known budget constraint

(5) <2’§-j> TR <R’zj> +3'<"1j .

This procedure leads to the demand function

[¢ 2R
1

where a.. characterizes the intensity of demand for i
by j. (i}3],pp 19).

The fact that xij(i) tends to infinity if “ij> 0, Elj >0
and pi-—éo causes severe difficulties for the analytic
treatment of equilibrium properties of the model. Therefore
xij(i) as defined in (6) will be replaced by an auxiliary
"demand" function xl](x) which is well-behaved but does
not satisfy all postulates theodretically claimed for a
demand function. Justification and consequences of this

apparently unavoidable modification of demand will be
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discussed later on.

Finally one assumption has to be made which cannot be

discard 1in the present context:

Assumption 3:

None of the trading individuals will spend all his money

in purchasing commodities; j will carry out transactions only
15 will not fall
below an individual lower bound ej> O being dose to zero .

to such an extent that his money stock X

Hence money holdings iij are supposed to meet the condition

(7) szlj >,gj>o (3j=1,2,...,n) .
Obviously (7) brings about a slight variation of the domain
of the demand functions. Regarding Assumption 3 as the domain

of demand functions we have to consider now

* * *x

(8) € - €& ) € c X ,

Ch
where ={§a'3~€'|ka>,€ 1<$k4n}

k b

with E:k > 0 being given constants close to O,
Since confusion is unlikely the desired auxiliary "demand"
function x§j<5) will be called demand function although

it does not represent demand in the strict sense of demand
theory ([22], pp.32-56; [2]).

A possible form of x?j(i) may be the following one:



)
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For 2€i¢m and 1< j¢n

fa) © , if a.. =

[o SPI
(x) =¢ b) [(1-a;5) <_E’ X2 o+ x:1 =2, if p;»hys(ps,%s)

=
X3

37 Py
and “ij> 0
L) K.X; » if p; < hy4(pss
and aij> 0 5
m
where a; g 0, ‘2 ajy = 1.(321,2,...,0) ,
1=2
K > 1,
2; ¢ ( PgosPgsec-sPi 1 Pi+1s°“spm)' ’
b (0. F.) = [1-0502; P Ky * ’Flj]'“ij
13720087 T TR T (dha ) IR

b3
and X ¢ C .

The'function xiﬁ(i) is seen to be identical with the

original demand function of (6) in case b). Only for

a very low price p; of good i demand x§j for i is
artificially bounded from above by the constant K.Ei
according to (9c). Obviously the higher the constant
K is chosen the "larger" is the set of xvectors for
which x?j(i) = xij(i) . Straightforward calculations
show that the demand function X§j(§) is uniformly
bounded on the set fi* with the least upper bound

being given by K,xi if aij> o .
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2.1.3. Target Excess Demand.

Taking into account his present wealth both of commodities
and of money and disregarding real transaction conditions
individual j may express his so-called target excess demand
([1] ,pp.339 ) for good i in the form

(10)
* - R )
max [xij(i) s Ej] xij , if i=1
x -
* — .
x5 (x) = X, if 2€1i¢m
1] = 1]

®
for x ¢ tf s 1<€3¢n .

Money target excess demand zij(z) (1£3j¢n) is constructed
in this special manner with respect to the "non-bankruptcy-
condition" (7).

Recalling Definition (1.6a) by (lo) an example of specifying
the function Z(x) is provided. The special function obtained
by combining the individual target excess demands z?. in the
obvious way will be denoted Zx(i) . The image of e* Under zZ*
is written z2%(e¥*) = &% |

2.1.4. Active Excess Demand .

The notion of target excess demand used in the previous
section can be interpreted as individual j's long term plan
for buying and selling goods which is based on his present
total wealth evaluated at current prices. It reflects merely
the private interests of the individual without regarding real
transaction possibilities.

Since in our economy only one type of transaction is possible,

namely that of exchanging commodity for money, a trader has to
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determine his intended purchases in accordance with his
present money stock. Therefore positive excess demand
quantities have to be imposed a "financing constraint"
upon. Thus we are led to define so-called active excess
demands ([1] ,pp.3%0) aX.

13
are actually working in the market. These demands will be

as those demands for goods which

subject to the financing constraints

x ¢ _ X
p; ajy & max ( zy

>0

(11) .5 0) (1€35¢n)

Z J
ar.

13
with the right hand side of (11) representing the amount
of money being available for individual j for the purpose

of purchases.,

One possibilitiy- of designing active excess demands is

given by
(12)
* . ¢ 3
a) aijci) = zij (1<3¢n)
b) for 2¢i¢m
x ° x
r 233 , if zlj RS
*
aij(;_g) = { gj(;_c_) . kj(x) . 213 s 1f p_]zg,
if z2%.%0
% e ¥+ 1]
L kj(i) . zij s if BJ= 0,
(1€3¢n)

where x ¢ Q* s X = (xl’XZ""’xm(n+1)-1)' is written

. *
alternatively x = (pz,ps,...,pm,zil, 221,.,=,z:n)' s

+
. = (p P eeosPr )' with
BJ ki’ k29 $ kr

{kyskyyeeosk } sk e N|2¢kém , 2%, 5 0}
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depending on a given X € @x

max(-zij , E5/2)

gj(i) = min 1,
%
Pr2Kj

*
ij> 0]

x
max(.-—zij , 0)

kj(ﬁ) min 1,

£./2
;|

The elaborate terms in case b) are obtained through reducing
j's target excess demand for each of the commodities 1i=2,
3,...,m in the same proportion. The use of kj(i) is to yield

continuity of aﬁj(i) as will be demonstrated soon.

By means of (12) a specified form A*(é) of the function A(X)
defined in (1.6b) is determined with X € D*. The image of
D* under A* is written AX (&%) = 6* in analogy to (1.6b).

2.2. Transactionsof Goods.

Concerning actual transactionsof goods the main condition

lies in the pure exchange property of the economy. Since the
economic system considered is closed in the sense that neither
production nor consumption do exist, for each good i transactions
must sum up to zero:

(13) t§.=o (1$1i€m)

1 13

J

ne-13

To derive transaction functions one may argue as follows:

For a fixed commodity i(2 ¢i ¢m) the set of individuals
j={1,2,...,n} can be partitioned into two subsets corresponding
to the position each individual occupies relative to aggregate
ecxess demand a? for i. Thus the short side of excess demand
for i is defined by
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(14a) a$* = 7 x
1 1e8.%i1
i
F] X
where éi = {1 e JJailai < 0}
n
* *
ar = ] a%. 3
17529 7]

1x x _ _sx _ *x
(14b) aj” = aj - a;j = 121 ayy
e
L; =3\ 8§,

As a further principle of transactions it will be assumed
that individuals at the short side of demand or supply (which
is covered by the special case of negative demand) are fully
satisfied, whereas individuals at the long side can only

.transact a fraction of the intended quantities (expressed

by active excess demands). One simple way of performing this
long side reduction is a proportional reduction of long
side active excess demands. |

Money - because of its particular rdle as an exchange
medium-is not transacted in a separate money market, but

its transaction quantities result from the various commodity
transactions involving money.

One may summarize the whole situation as follows: For each
non-monetary good i (2 ¢i ¢m) there exists a market where
each individual announces his active excess demand for that
good representing his planned transaction quantity. The
amounts of commodity i to be. actually transacted are then
determined by the relationship. between the short side

and the long side of demand.
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A simple mathematical expression of these assumptions about

transaction behaviour can be found in the following way:

(15a) * o
ajs if j e Si
* - sk
ts(x) =ilag| | a¥, if 5 e d;
‘ 1= ]
a.
i
for i=2,3,...,m3 J=1,2,...,n 3
* *x * *
x e & sy X Z (pz,ps,...,pm,all,a21,...,amn)'
x T *
15D 7. ( = - T, 1 ¢4 ¢
( ) 13 x) kzz Pr i3 (1<¢3¢n)

It can be seen readilythat the transactions (15a,b) meet
Condition (13) and that they do not offend the principle

of "voluntary exchange'.

2.3. Price Adjustment.

In the previous section active excess demands were assumed
to be the main determinants of quantity movements, since
those demands are expressed officially and therefore they
are effective in the market. By the same reasoning active
excess demands may be considered as the working forces of

price dynamics.

Price changes taking place within one time period are
supposed to obey the following two laws:

(i) Money price p4 remains constant over time at the level

p1=1.
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(ii) The changes of commodity prices p; are exclusively
determined by aggregate active excess demands a?
according to the following price mechanism: In general
aggregate active excess demand aﬁa.o (aggregate active
excess supply a§<‘0)for (of) commodity i increases
(decreases) the price p; of that good. The price change
dp; is influenced additionally by spill over effects
from other markets.

A reasonable mathematical form of this well-known
mechanism of price adjustment could be provided by (7] ,pp.11)

it
o

(16a) -0 dpi(x)

p; *+ GEmax(O,aiﬂ

(16b) dp§(§) - P;

T *
1+ 8 ) Yy (max(0,a;))
k=2

where 0<¢§ <1

Yk'

JE]

[

x

x % *
€E s X = (P29P3"-'aPm35-1193-213-'°3a )’

mn

1%

The positive factor & is an apppropriately chosen damping
constant of the price movement. Through different choices
of § different degrees of "price rigidity" can be introduced.

Recalling Definition (1.6c) the function D* : ﬁx—eas
can be constructed yielding the changes in prices and
goods assets between two successive time points.

In a last step the various special functions discussed in
this chapter can be composed in the ohvious way to form the
function
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* * x
(7 N B —X ) A (x) = ¢0* o a* o z%) (x)

according to Definition (1.7).

2.4. Summary.

From a set of assumptions about pure exchange activities

- based on classical utility theory - an explicit analytic
form of the functions constituting economic dynamics 1in

our model was derived as an example of specifying the general
model of Chapter 1.

The system just obtained will be denoted

* x % . x .
(18) = (€, f ) with £% given by

* * £ . . . . x
7 =17 + A (I” being the identity on <,

x
€ will be called an economy too keeping in mind that its

performance does not fully agree with the basic axioms of
demand theory because of the use of the auxiliary demand
functions X?j . In spite of this the discussion of the
auxiliary model turns out to be useful, for the results
obtained for éx will throw some light on the properties

of the underlying economic model € .
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3. EQUILIBRIUM ANALYSIS.

The aim of the present chapter will be a detailed description
of equilibrium properties of the special pure exchange model
62 designed in Chapter 2. The main results will be afforded
by the application of Theorem 1 to the adjustment function
£* specified in (2.18).

For technical reasons let us restate the definitions contained
in (1.8) and (1.9) formally:

Definition 1:

A vector g et e*) is called a dynamic equilibrium of the
economy €& ( €*) if _?_c_ is a fixed point of the adjustment function
£ (£%).

€, Cx, £, fx, € and E€* are defined according to (1.u4c), (2.8),
(1.7a), (2.18), (2.1) and (2.18). ’

Later on it will become clear that the notion of a dynamic

equilibrium of an economy in the above sense does not coincide

with the conventional concept of a competifive economic equlibrium

of models of the tatonnement type ([3], pp.74-89). In one of

the following sections the relations between these two equilibrium

conecepts will be discussed thoroughly. The extensive treatment
of the dynamic equilibrium problem is expected to be justified
by the economic results which are to be obtained subsequently.

The mathematical question to be focused on is the problem of
the existence of a dynamic equilibrium of the economy E* . The
affirmative answer may be stated as

Theorem 2:

Let Ex = (ex, £*) be the economy defined by (2.18).
Then there exists a dynamic equlibrium %x of €% .
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The proof of this theorem will be a straightforward
application of Theorem 1 to the function f* and it will
be carried out in full detail in the following sections

of the present chapter.

3.1. Positive Money Stocks.

The transition from the original price-quantity set €
to the "artificial" domain Bx of the function £* because
of introducing the non-bankruptcy-céndition (2.7) must.be

taken into account in further considerations.

From (2.8) €% is seen to be bounded, closed in 3¢ and
convex, since € has these properties. With respect to
Theorem 1 we have to prove

Lemma 1:

a) The function A* of (2.17) meets the Assumptions
1.3 and 1.4% (with Y* instead of € and A* instead

of A\).

b) For the function f’l of (2.18) the condition.

Ej if k=m+jm
(1) £2(x) 2 (0 €j¢n-1) ,
0 else,
*
(x ¢ €

is valid.

Hence the image of ©* ynder f* is contained in Ex.

(2y  £2(e® ¢ e*
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Proof:

It may be useful to return to the obvius "economic" notation
of the various vectors occurring in the different steps
of reasoning.

a)
(i) Assumption 1.3 (with the appropriate changes of notation)
is met:

- For x ¢ e* we have for 1<i¢m

n-1 _n-1 * * *
I AF (m-1+i+km @) T70 (D70 A% 0 T gy 454y (XD
k=0 k=0
T o= x %
) (tiy © A" 0 27) (x) = 0,

since the pure exchange condition (2.13) holds for i=1,
2’0..’m0

(ii) With respect to Assumption 4 we have for X € c*

m=-1

* ’f %
x. A (x) = x, dpp(x) =
k=1 k+1 k= k=2 k k=

Py * Gfmax(o,ai)J ? -
k m A Kk P T
1 + 6152 Y, [max(O,aii] k=2

1]
1ne-13
1l

usingithe definition of Xi ( 2$1¢m) and the fact that
X € A (see (1.1a)),
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b)

The economic meaning of Condition (1) - which replaces

Assumption 1.5 - is simply that through transaction j's

money stock X cannot fall below the individual "security
1]

bound" £i_and that commédity assets have to be nonnegative.

If k=m + j.m (0 ¢j ¢n-1) ,

x
13

X1j

£5(x) = x, + A% (x) + (%, o A% 0 7%) (x)

Writing ™ .(x) = (t.% o A* 0 2%) (x) we have
il = 1] -
* - * - ¥ x
FR(x) = Xyq + TPa(x) = Xy - iZz Py Ti4(x)
using (2.15b).
Consequently one gets
- ¥ * = x
x1J - iZz P; le(i) > xlj - E p; Tij(i) >
- T::>0
1]
- * 3 —
>/ . - LK - - - =
43 ?E P; (alj o Z7) (x) 2 X13 (xl:l €.) E]
acs.»o0
13

from (2.15a), (2.11) and (2.10).

For arbitrary i,]j and X € zfx (2.4) and (2.6) imply x.,. >0

- 13
and hence x$.20:therefore we have zX. > ~2+X.:4 @%: 7= X.. and
* _ i3t _ - il 1] ij i3]
tij y - X 3 yielding X3 + (tij o A" o 27) (x) >0 which

completes the proof of (1).

The assertion that £* is self-mapping on ©* is then
immediately clear from (2.8) and the foregoing arguments.
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Thus Lemma 1 shows that Assumption a) of Theorem 1 is met
by the adjustment function £* of €%,

3.2. Continuity of the Constituting Functions.

The main part of the proof of Theorem 2 will be concerned

with Assumption b) of Theorem 1. First of all the economic
functions of the system Ex seem to be constructed in order

to reflect certain prémises about economic behaviour and

about the market mechanism. Now their mathematical properties
have to be examined upon which some important features of

the economy depend. Regarding Theorem 1 and Theorem 2 continuity

considerations are to be emphasized.

3.2.1. Continuity of Z?j (1€i€m; 1£3j¢n) .

Recalling (2.10) it is easily seen that for the proof of the

continuity of zg. it suffices to show that <%, . e* — R is

ks i

continuous on .

Lemma 2:

For 1$i€m, 1<£j¢n the demand functions

defined by (2.3) and (2.9) respectively are continuous on their
domain €%,

Proof:
(1) 1i=1

Continuity of x’fj(gg_) z xlj(zc_) (1< j¢$n) on the set e*
is trivially clear from (2.3).
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(ii) 2& 1 ¢m:
Using the notational conventions of (2.9) for a fixed

ordered pair (i,j) with a;. > 0 the set e* may be

1]
partitioned into

* * *
¢ = € NERD v € NEND

where exl(i »3)

€y i)

| x . . —
a) Let x ¢ ¥ 1(1,]) be such that p; > hij(p_i,gc_j) .

{x ¢ € |py» hy;(ps%y))

e* N\ gy (i,3)

Then
Bl-a .) Z- DL X, :% X ] e £. . a..
p. > 13 k#1 Fk7kj 17 il j ij 5 0
i -_— — 7 -
K.xi (1-01:-]) aij.xij K . xi

Thus iij(gg) is defined for each ' such x and it is readily

seen to be continuous at x from (2.9).
b) Take an arbitrary X € Exz(i,j)

Being a constant on fg(i,j) x?j (x) is continuous at every
point of ‘C*z(i,j) as is easily seen from the definition of

e*, 1,5,

SV _ -
c) Let x ¢ €7,(i,j) be such that p; = hij(Ri’ §_j).

For such a point on the boundary of ﬁxl(i,j) we have from (2.9)

o
1

*x — _ - - _
:J(1-a, . z. X, . X, . ..
g * Fs ey L g
h.. 137 713 7 79
i]
= K,X. - (1-a,.) a X.. + (1-a,.) a x = K.X
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Taking an arbitrarily small € > O one can find a neighbour-
hood 'U.i(i) of x in the induced topology of ©* such that

lxij(z) - I&'il < € for every y ¢ (Ui(gc_) ~ e*l(i,j))
beéause of (2.9).
Analogously there exists a neighbourhood uz(gg) such that
‘lx};j (z) - K.'fil < & holds triviélly for every
z € (uz_(é) A E*Z(i,j)) since x?i is a constant on

* . . . x - vt
€ 2(1,3) with the value xij(gg) = KX,

Hence with U(lc_) = ul(;_c_) AUZ(_J_c_) we have
x c v - >
xij(il(§)) & (Kxg £, Kx; + )
and therefore xﬁj is continuous at X.

Thus for every ordered pair (i,j) with a.. >0 Xt

i3 J_j(g_c_) is a

3 . o x
continuous function on ©Y.*.

The case a,.=0 is trivial because of x¥.(x) = 0. .
1] 1] —
]
At this point it seems to be necessary to emphasize the fact
that continuity of the excess demand functions z?_j (x) was
achieved by the introduction of modified demand functions xij (x).

3.2.2, Continuity of aX. (1¢i¢m ; 1¢3¢n) .

1]
Next the functions of active excess demand a};j (x) given
according to (2.12) shall be analyzed carefully. Before
discussing details it may be of use to review the ideas which
led to the  special form of a’i!j (x). '
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The underlying concept is determined by the financial constraint
(2.11). Of course it has to be taken into account only for
purchases of goods (that is for positive excess demands), whereas
supplies of goods (negative excess demands) remain unaffected.

If individual j plans to buy a positive amount of good i

(z:._{j > 0), he has to compare his total planned expenditures

on goods with the amount of money available for purchases (which
equals max(—zij,O)). If financial constraints are binding,

target excess demand zﬁj > 0 has to be reduced appropriately.
One can show the following
Lemma 3:

For 1$¢i$m, 1¢$3j<&n the active excess demand functions

aij : &D*-—alR given by (2.12)

are continuocus on éDx.

Proof:
* * * )
n

A vector X € &* yill be written X = (pz,pa,...,pm,211,221,...,zm
(i) i=1 :
This case is evident from (2.12a).

(ii) 2¢i¢m:
Let the ordered pair (i,j) be fixed.
x _ O* xX .
Then by the hyperplane zij = 0 the set =4 is
partitioned into two subsets éD*i and ész , where

&)X

1

{x ¢ * |z%*. < o}

Dx . x\ &=
2 1
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*x

Let us first consider @xz characterized by zij > 0.
' =
1) x ¢ &, (zF; > 0

gp*z may agéin be partitioned into
D Dy v D%, where
@x
21
x
9 22

{;}E € @22 lE; z’g}

O, N,

y- 0
a): x e &9121

Then according to (2.12b) active excess demand is given by

x 0 0 o) * 0
e o = . . ko o o s
alj(§ ) g3(§ ) 3(5 ) 233 (x™)
- Because of io € @le there exists at least one 1 (2g1¢m)’
with p 0, %0 > 0 yielding | 0 % 0
1 13 % 0 Py -« zkj > 0.

This result together with the continuity of - the functions

L Py - zij and max(-zij, 53/2) at the point

X € &Dx21 shows the function

max(-zij, 372)

g:(x) = min 1,

Jd = *
) Px 213
.20

to be continuous at £O.
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Since for

b 4
max(-zlj,O)

k.(x) = min 1,
3= Ejlz

is evident, the function a (x) is

« gy

continuity at

E
continuous at §

1

b) X" e éD*zz
For §1 we have
* 1, - 1 * 1
Obviously the function kj(x) . j(x) is continuous at x1

Hence it is sufficient to find a nelghbourhood 11 (x ) of
the point x1 such that for every y € (U. (x )r\@x)_

* - . x
alj(z) = kj(x) . zij(x)

This can be achieved in the following way:

Given )_c'l € S*ZZ let the set % be defined by

. 4
= {k e N[2¢k €m, i % 0}
3
Since Eg = 0 at 51 (see (2,12b)) we have
x 4 1 ,
2)y + Pk © 0 for k e K.
Because of the continuity of the function ] [zij.pkl at
ke
the point x1 we can choose a nelghbourhood Tl (x ) of x1
such that for every y ¢ (ll (x )A éDx), = (PZ’PB""’pm’
z* 2% zX )1 the condltlons
211> 21222
) lzx.p [ < E./2 3 X, >0, if z”‘i >0
ke k3%k ] ’ kj i kj
x : .
and 213 < 0, if k ¢ &

are met.
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Then the following inequalities are easily seen to hold for

every y e (ul(_)il)n@*):

x £

v _ j v
max ( zlj’ /2) £j/2.
> >
* *
zk.>0 x 50
J k]
£./2 €./2
>, ,J ' > .._i._....__ = 1
* E:/2
ke € Pkkj 3

Thus for y e(ui(;il)n@*) we get

max (-zi. , €.

g:(y) = min 1, ] ] =1
J Y pozr.
k%kj

zkj>0

and consequently

* _ *
aij(z) = kj(z). zij(z) s
as desired.

2) x E@*l (zijSO)

a) If x is such that zﬁj < 0 nothing is left to prove.

b) Let 52 lie in the hyperplane zij = 0 implying afj(iz) =
e
- l] = O.

Because of the contlnulty of z7, 3(X) for a given n > 0

one can choose a neighbourhood 4f(x ) of x2 in % such

that Iz |< n for every x e (T’(x )f\éb.) As an immediate
consequence one has
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x (Y xH ~ &%)

AP if x €
% - 1] Z
ajy(x) = % . A (x2 *
gj(-’-‘-)'kj(ﬁ)'zij if x e (¥(X)A Y 21)
. 2
ks (x) .24 4% if x ¢ (¥ x)n @80
x
Since |gj(§)|$ 1 and ij(i)l $ 1 for x ¢ 0,
\a’;j(éc_)l RS ‘z?i | < o ofr every x ¢ ('V()_gz) n D%,

where n >0 was given arbitrarily.

O

3.3.3. Continuity of t?.j (1s$i€my; 1<j<€n) and dpiczsism).

The last step towards the application of Theorem 1 will be
to prove that the components of the function D* . E*-—)BE
are continuous.

To start with the transaction functions t?,j: £x — R
it may be recalled that each of them maps vectors x =

z =

. . .
= (pz,p3,...,pm,ali,a21,...,a;n)' e € into R .

We have to praove the following
Lemma Uu:

For 1$i¢m, 1£j¢n the transaction functions ti’.{j: 52_ — R
given by (2.15a,b) are continuous on £*.

Proof:
(i) 2&Li¢m

Let again the pair (i,j) be fixéd arbitrarily.
= .
For every x = (pz,ps,...,pm,all,agl,...,a;n)f € g* the function

*
ik

He-13

% =

k=1
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is well-defined and a partition of the set E* is given by

x x £,. .

& = Es(i,j) o El(l,]) where
E:(i,j) = {>_c,eE |ax(x)a.,:j £ 0}
ET(1,3) = (xe € |af).af, > 0}

1) x% ¢ £3,D

Then; without loss of generality, a?(io) may be supposed to
have a strictly positive value implying a§j0 > 0. (The proof
of the contlnulty of t7 J(x) at'io is essentially the same, if

ay (x ) ¢ 0O is assumed),.

Since in our case individual j is at the long side of -
demand for good i, the considered transaction function t?j(i)
for the argumentvio is written

x 0y . 0 2 0
tlJ(X ) e yi(;X; ) L 3 aij
with
. SXx
s
- i
2117 ]

Let 19»5 R be such that

0 < '19' <min{|a§lol > 0}

and let W (350) be a neighbourhood of 350

X = (pz,p3,...,pm,aii,a;‘l,;..,a;n)' € (V(ﬁo) n E*) a§(§)>0

such that for every

and lazl--gzlo | < S (1€1¢n) implying t (x) Y. (x) alj .
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For an arbitrary X € (Nf(io) ~ 5*) we have the inequalities

Z -a. + &%]
o il
v. (x) lsSi(x )
"o ) %0 - 9
a2 -
led; (x%) M
and .
| ) , (-a%0 - 9
1608, (xO1N85x%) 11
Wi(i) 5 i
’d ]
(amO + )+ ] «9
lEJi(E ) leS (x )
where
5.x% = q1laf) <01,
0,.0, _ =0
5:¢x) = (1layy 2oy
0, _ *0
J&(i ) = {1 Iail > 0} .

If & tends to zero both the upper and the lower bound
of ¥.(x) (x ¢ (Mx") A %)) approach the limit

g0
; (x ) - il
2 a*o i=

assuring continuity of t?jci) at §O € ‘Ei(i,j) .

2)  xt e £X,D
x, 1 *x1
a) ai(§ )‘aij < 0
®x, 1 *x1 . s
If e.g. ai(5 )L O and aij > 0 one can use the continuity

of the function
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to determine a neighbourhood‘ﬁlil), of 51 such that
¢(§) <0 for x ¢ Cﬂiﬁl):ﬁ £*)
Hence for x ¢ CU£§1) A £x) tij(i) is given by
* - 4
tij(é) - aij
and therefore it is continuous at the point 51,
b) aXxh a*.1 -0
i'= R Ry
. . * 1, _ _x 1
implying tij(i ) = ay5" -
* 1 _
b1l) aij =0
a,S*
The obvious inequality llx ¢ 1 leads to the relation
a.
i
* * * . . e .
[tij(x) R laijl for every x ¢ £7 yielding continuity
* 1 . x 1 _
of tijcz) at x~ with aij =0 .
* 1
b2) aij # 0

This condition implies ai(il) = 0. Then for a sufficiently
small neighbourhood 4f(§1) of 51 we have the following results
which are to be stated verbally, since the mathematical
reasoning is the same as that of part 1) of the present proof:

1 x,. - * - X . " "
If x e (¥ (x )4w<fs(1,j))) ti5(x) = aj5 will be "close

x 1 _ . x 1
'tO aij - tij(?i).

If x ¢ (¥(x) A £3(1,1)) , ¥.(x) will be close to 1.

x1
ij

Therefore tij(ﬁ)-= Wi(é) . aij will have a value near a

Thus tij(ﬁ) is seen to be continuous at §1
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(ii) 1 =1

Recalling (2.15b) and the foregoing discussion continuity
* . .

of tlj(ﬁ) is evident. O

The last result needed for the proof of Theorem 2 is
to be stated as '

Lemma 5:

For 2 $i¢m the price adjustment functions dpi : 5* — R

given by (2.16b) are continuous on Ex.

Proof:

Writing x € E* in the "economic" form

X = (pz,pa,...,pm,ail,agl,...,a;n)‘ and using the continuity
of

n
x *
ak(i) = 'Z akj (2<k §m)
3=1
the above assertion is seen to be valid. =

By Lemmas1-5 Assumption b) of Theorem 1 was shown to hold
for the special functions of Chapter 2. Therefore Theorem 1
can be applied to the adjustment function £f* in order to

complete the proof of Theorem 2.

It may be important to stress once again that the functions
constructed in Chapter 2 represent merely one particular
translation of a set of economic assumptions into exact
mathematical relations. To prevent our first attempt of a
description of the pure exchange economy € from becoming
too complicated some rather restrictive conditions had

to be imposed upon the model. Several restrictions seem to
be amenable to weakening without losing the main equilibrium

results.
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3.3. Some Properties of the Dynamic Equlibrium gx of the
Economy ex,

After the existence of a dynamic equilibrium (see Definition 1)
of the economy éx has been proved the economic relevance

of this result is to be discussed. In this context it will

be of particular interest to compare the notion of a dynamic
equilibrium of the monetary pure exchange economy with the
concept of a competitive economic equilibrium of a Walrasian
economy ( [3], pp.76).

We shall use the following definitions:

Definition 2:

A vector x ¢ € (€*) is called an economic equilibrium of the
economy € ( éx), if

n
(a;:°2)(x) €0 (¥ a*.oz%)x) < 0)
1] - 571 ij -

e~

j=1
for i=2,3,.;_.,m .

The set of eéonomi.c equilibrium points of the economy
€ (€*) will be denoted J, (.AY),

Definition 3:

A vector x ¢ € (€*) is called a complete economic equilibrium
of the economy € (€*), if for

2 ¢1 ¢m, 1€j¢n

(a;5°2)(x) § 0 ((a§j° %) (x) & 0).

The set of complete economic equilibrium points of the economy
€ ( €*) will be denoted 4 (AF)
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For obvious reasons a price-quantity-vector X e e ce*)
will be called a state of the economy € (€%

Definition U4:

A state x ¢ € ( ¥Y*) is called a shortage equilibrium of
6-(€x),if for 2$i€m, 1$j¢n :

(a;5 ©2) (x) ¥ 0 (Cafs © z*)(x) » 0),
(dp; 6 A 0 2) (x) =0 (ap} o A% o z*) (x) = 0,
and if there exists at least one pair (i,3) with
(aggi0 2) (x) > 0 <a’§j.o 7*) (x) > 0).

The set of shortage equlibria of € ( €%*) will be denoted
M (AT,

S

Then the existence of a dynamic equilibrium of the economy

éx permits the following economic interpretation:

Corollary 1:

If the economy €* is given by (2.18) and if Alz denotes
the set of dynamic equlibria of Ex, then
AEX OME = ME
c S d
This means that for EZ* at least one distinguished state
A% . Ax . . aq s .
X~ must exist, X beling a complete economlc eugilibrium

or a shortage equilibrium.
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Proof:

Writing a dynamic euqlllbrlum x € J# in the form

A A .
&* = (ﬁ?, ﬁ?,...,%; ’ fﬁ, pqreees X ' and using the brief
notation n
A .
=1 (aij o z*) (&%) (2 ¢igm)

the conditions to be fulfilled by a dynamic equlibrium of
ex may be stated as

A A
(3) p? + GEmax(O,ai)] Ask
— = P (2<1¢m)
1+ 6 Z YkEmax(O,ai)]
k=2
) (.o a* o z® & =0 (1$i¢mj 1<3¢n)

1]

A
1) Let _}_(_* € ./Lg be a dynamic equilibrium of €X. Then the
following two assertions are seen to be valid:

(5a) For 1i=2,3,...,m

a8l »o (1€k¢n; 1$1¢n),
x  _ %
where. ay, = (aj o z*) ( *).

If we assume the existence of a pair of integers (k',1') with

A% A% <

k' ¢ A5y 0,

then the following two cases are possible.

Ax

’ * . * x Ak Ax
a) If a; = 0, then (tik?o AT o0 Z7) (x7) = aii E 0
A
and (t?l,o A% o Zx) (5x) = ail' 2 0

because of (2.15a).
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g) If ét # 0, then /a\?_x # 0 and Q%* £ 0 because of our

initial assumption about (k',1').

Therefore we have

*

A
(thr 0 8% 0 2% ) = g

1
L
(@

and

x * * A%y _
a

Both a) and B) contradict to Condition (4), and thus the proof

of Assertion (5a) is completed.

(5b) For every pair (il’iZ) with 2 ¢ i'is m,.)2\<i2 §m

ax . /é.x 2 0 must hold.
i i _
1 2
This is easily derived from Condition (3) for a dynamic
equilibrium jp_\c_*.

Combining Assertions (5a) and (5b) we get the following
result:

A
If 5* e A%, then either

A%

a. . x
1]

. . . . A
$ 0 for 2¢ig¢m, 1&j¢n implying Zc_xe(/(.c

N
or ;_c_xé .//(2 with

a4

ai; %0 for 2¢&ié¢m, 1<&j<n and
e $i¢
dlzgi_ofor 2¢1¢&¢m

. . A
implying 1{_’: € J(: .

Thus q/(z < /(-ﬁ u«/(j; has been proved.

2) The second part ((/(’: uu/(:)g Jt’dt is an immediate consequence

of the corresponding definitions. cl
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Another property of a dynamic equilibrium state'g? of the
economy e* may be described in terms of the so-called
Hahn-condition for transactions ([25], pp. 345). This
condition claims that in a trading economy transactions
are carried out in such a way that at every moment active

excess demands are subject to

x° * * Cidme 1€4¢
Hahn's transaction rule supposes trades to "work" instantaneously
preventing the formation of individual active excess demands
opposite to the aggregate active excess demand.

It must be stressed that (6) is not an assumption about

transactions in the system c* » but it becomes apparent as
. . A . .

a necessary condition for a state 5? to be a dynamic

equilibrium of €%,

Corollary 2:

If %f is a dynamic equilibrium of the economy e;x, then

%x must display the so-called Hahn-property ([11], 465 )

3%, 0 == A% .3 > o,

213 i3 i
Ak * *, Nx
where aij = (aij o Z7)(x™)
n
Ak Ase
a~r = z as.
i 521 ij
Proof:

The assertion of Corollary 2 is easily seen to be valid from
the proof of Corollary 1.

Thus Theorem 2 has the following economic implications: |

There exists at ieast one state gx of the economy éx such

that with the corresponding price system and distribution of
goods all individuals are either fully satisfied or they are
satisfied to the extent which overall shortage or surplus of
goods permits. Of course, satisfaction is expressed in terms of
active excess demands which are the demands being decisive for
the market mechanism.
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3.4. Equilibria of the Original Economy €.

So far we have only analyzed the auxiliary economic system
c* using modified demands xij instead of the original demand
functions X33 Now it will be shown that our approach is
useful in the sense that from the results just obtained for
ex one may derive interesting equilibrium statements about

an "underlying" economy € .
In order to remove the artificial restrictions on demands
expressed by (2.9) the extended real line R shall be used

as the range of demand functions.

Definition 5:

The so-called extended real line R ([14] , pp.1,2) is given
by

R = Rufl+=}v{-=}
where to = @,
@Y K> for every r ¢ R and operations

involving = and -« respectively
are defined as follows:

r+ wzw,p+(-=)=-=  for every r e R,

..;,r..(-m)m,'

p-o =
r.w = o, p(~w)z=, if r> 0,
r.» == p(-=)zeo, if r£0,
O.2 = 0, 0.(-=)=0

Then for the "original" economicsystem € individual demand

functions ;ij(ﬁ) are defined by
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(7)
. [« 2T
[(1—u1j) (E,gj >+ ;131 i—ll 5 if p.>0
(x) = *

Xij

(x ¢ e¥)

. vk - * =
Replacing xij(z) by xij(é), zij(i) by Zij(é) and

x -— .

aij(i) by aijci) in (2.10) and (2.12) and following the
operation rules of Definition :5 we obtain

target excess demand functions zij :e¢* — R and

acti i .. . 0%

ve excess demand functions aj 5 ) A

with &* = Z( €*) (where 7 is given in the obvious sense
by (1.6a)). Concerning the notation of "original' demand

iij confusion with the individual goods assets of Chapter 1

seems to be unlikely.

If p;=0 and aij> 0 active excess demand Eij is given by

(3) © , if max(-z,.,0) > O,
A i3 (x) '

13°

. —_ _ - _ %
o, 1if max(-zlj,o) = 0, where zij~z 15°

Defining sgn(«)= 1 one gets the following relations as

immediate consequences of the respective definitions

(8)

x o *
. . < . .
a) zlj(i) $ oz (x), (x e €7)
b) sgn zij = sgn zij’
c) sgn a-. = sgn zij’

Since we may reasonably assume the set
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to be non-empty for every i=1,2,...,m (2.15a) can be

modlfled in order to obtain the‘transaction functions

(x) at those p01nts of £* = B(H*) where p; = 0 for
at least one i (2 €1 ¢m):
(1oa) If x € gx with p. = 0,
a.. if 3 ¢ 5.
—_— 1] ’ 1
tlj(§)= s
- = s if j € J£
c(d&)‘

where c(l;) denotes the number of elements

of Ji < 3

If py > 0 t (x) is given according to (2.1%a, b) with the
mentloned changes of notation. U51ng the brief notation
g (x) = {i \a (x) = =} for x ¢ e* with d_(x) # 0 the price

adjustment functlon (2.16) has to be modified according to

1

c(d_(x
L« - JER

-p. if i e 3_(x)
- l CO -
(1ob) dp; =

0 - p; if 1 ¢ J_(x)

With the functions of the present section the so-called

original economy
(11) € = (e*
can be constructed as a counterpart to (2.18).

Although the system € * was not at all satisfaetory from
the point of view of demand theory the results obtained for
éfx can be interpreted in terms of the underlying competitive

economic model é? in the following way:
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Definition 6:

A state x ¢ €* ig called a trading equilibrium of the economy

€*(E€) if for 1 <i¢m ; 1<j<n

* * * - - - )

(tij o A" 0 27) (x) =0 ((tij © Ao Z) (x) = O)f

The set of trading equilibria of the economy €*(E€) will
P

be denoted th(A%)o

Writing JZC for the set of complete economic equilibria and
‘Zs for the set of shortage equilibria of € we have

Theorem 3:

If the economy € is given by (11)

- -

u,/{s_uv«t = uftcu/lt ¢ D

U“C

-

For the economy € there exists at least one distinguished

oy a

o © ° o ° Gum
State X ¢ e* which is a complete economic equilibrium or a

——o

shortage equilibrium or a trading equlibrium of € .

Proof:

° . o . . A
Theorem 2 ensures the existence of a dynamic equilibrium X

~of the system éEx. Using Corollary 1 we have to distinguish

two different cases.
. A *
(i) x e oﬂc

This implies 31? £ 0 for every pair (i,j) (2 <$¢i$m; 1<€3¢n)
which is only possible if Qi? £ 0 or if éij 2 0. Both cases
imply gij 0 as is readily seen from the definitions and
therefore

}24> ulN

is a complete economic equilibrium of € (ué; 2 0).

(ii) X e 4%
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a) If for every pair (i,3) Qij £ K.?i , we have f(%) =

= £* (x), (see p.23) and x is seen to be a shortage state
of the economy € (JC £ 0).

b) If there exists at least one pair (i,j) with ?cf] > KSE
x can be shown to represent at least a trading equ:.llhrlum
of € . Since x is a dynamic equilibrium of €* we have

8%, » 0 and therefore ;20 (2sigm, 183¢m);

A\
(8a) leads then to Eij > %ij % 0 and hence

Eij >0 for 2€i¢m, 1€i¢n.
Because of the existence of at least one pair (i',3') with

AK - - x A . -
xi'j' > Kxi. and therefore xi.j.(gc_) < xi'j'(:\:g) the a;

resulting from £ need not guarantee ' price equilibrium in
whereas a trading equlllbrlum is assured by the totally
Yone-sided" demands a.l:| > 0 (2€i€m; 1£3¢n). (J( 2 0).

a

By the results of Theorem 3 the elaborate discussion of the

auxiliary economic system €* gseems to be justified.



-57 -
4., ADJUSTMENT CORRESPONDENCE.

Undoubtedly the weakest point of the pure exchange model
treated so far lies in the utmost restrictive formulation

of the transaction part of the system. Assuming proportionate
satisfaction of long side traders a very special kind of

market mechanism is supposed to work in transaction activities.
The present chapter will be concerned with relieving those
unrealistic restrictions where analysis will again be done

in terms of the auxiliary model €& *.

4.1. Transaction Possibility Sets.

The starting point for the following 1nvest1gatlons will

be Section 2.2. where so-called transaction functions tl

were defined. Those functions map a point x ¢ Ex ;nto

a single "transaction point" of RrR™ determining unique
transaction quantities from .a set of individual active excess
demands. In order to obtain a better approximation of economic
reality the uniquely given transaction vector with components
tfj(ﬁ) will be replaced by a set of vectors of R representing
the so-called transaction possibility set which describes the
transaction activities being possible under a given set of
active excess demands of the individuals.

Denoting x € g*

* *® *
X = (p2’p3’°"’pm5a11’ a21,...,amn)'
and
£ e R
%2 (tF t* )

11’t21"'°’ mn

the following definition will play a fundamental role:
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Definition 7:

For x ¢ .gx let the transaction possibility set Tx(i)
be defined by

x IR mni,x _ _% . . . )
T™(x) = {t* ¢ R ‘tij-aij if je @ (2€igm);
x _ __X%S 2 % x %
jﬁ{i
if jed, (2¢i¢m;
m
x = - x \<l<
thy kZzpktkj for 1¢3¢n}

Remark 1:

The above definition establishes transactions to take
‘place in such a way that short-side-individuals are

fully satisfied, whereas among longe.side-traders aggregate
short-side~quantities are distributed somehow in accordance
'with the voluntary exchange-postulate. Money transactions
are only the "second step" of commodity transactions.

By Definition 7 a correspondence

Rmn

. E* > 2 , x> TRx)

T

is given the properties of which are to be examined.

Lemma ©:

For every X e E* the corresponding transaction possibility
set Tx(i) ¢ R™ is a non-empty, closed convex set.

Proof:

(i) First of all it is easily seen that for a given price-

excess demand-vector X € Ex Tx(i) is well-defined by Definition 7,
. . * * %

since for given pz,p3,..é,pm,a11, agqseeradp, the sets Si and

cfi and the quantities ay (2§1i¢m) are well-defined.
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Now it has to be shown that there exists at least one
vector E? € Tx(x) This is trivially true, if §; # 0 for
i=2,3,...,m , because in this case t is uniquely

determined for j ¢ g- , and if ais

# 0 for each j ¢ aﬂ
(which must then be a non-empty set) there exist trans~

actions t* 13 subject to

X _ _ _%s * * * . .
j€§'-tij - ai 3 tij-aij P 09 ‘ tij \<; laijl (2s1&m).
1

If-ai? = 0 obviously t*j = 0 (1 $j ¢n). The same unique
"non-transactions" t%,

ij
implying axs = 0. Money transactlons 1:1:J are given as a

= 0 (1$3j$n) appear if §;

consequence of commodity transactions at the current price
system. Thus for every X ¢ E* there exists at least one
transaction vector Ex € Tx(i) possibly including non-
transaction components t?j = 0.

(ii) Convexity of Tx(i) (xe £*) is evident from
Definition 7.

(1iii) Being the set of solution vectors of a system of
linear equations under " ¢ "-restrictions for certain

componente T*(E) is a closed subset of R™,

a

The existence of an equilibrium of an economy incorporating
this new transaction concept will be proved in two different
ways. First Kakutani's Fixed Point Theorem ([16]) will be
applied to obtain the desired result independently from

the equilibrium properties of the economy €*. second the

‘existence of an equilibrium for the more general model will

be derived from Theorem 2.
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4.2. Upper - Semicontinuity of the Trading Correspondence .

Proceeding from Definition 7 one may establish

Definition 8:

The correspondence
mn x
™. g% s R s X > T7(x)
is called a trading correspondence.
(The same symbol Tx(i) is used for the transaction possibility
set and for the trading correspendence generated by it, since

confusion seems to be unlikely).

The point-to-set-mapping T* has the following important
property:

Lemma 7:

The correspondence Tx(ﬁ) is upper-semicontinuocus on the set £ x,

Proof: _ .
(1) Let )_c_o e E%* be such that

(1) a¥(x%) # 0 for i=2,3,...,m.

We shall ppove ™ to be upper-semicontinuous at xo (usc. at

X ) Since 1n our case upper-semicontinuity of ™ is equivalent
to closedness of T* , we have to show the following fact:

If {x } is a sequence of vectors of f tending to xo for

vV and if {tu} N is a sequence of arbitrarily chosen
vectors t € T (x ) converglng to a vector tOeR then t

is an element of the set T (x ) ([20], pp.65-69).

%0_

Because of al

?(59) £ 0 it makes sense to consider
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(2) a¥ . a¥® = a* 7 A% = 7 A%, 2% -
i i i =71 i i3
Je§i Jegi
n
= )} min [O,a{: . a’?.:l ¢ 0
& i ij
j=1
(2 1 ¢m)

in a sufficiently small neighbourhood 'U(Zc_o) of _>_g0 such
that a?(gg) # 0 for x ¢ "U.(;_c.o) because of the continuity
of a?(_}g_). Since the a?.:. are trivially continuous at lcuo
the last term of (2) is continuous at 3(_0. Thus a?s(i)

is continuous at the point 50 e £ (2£i4&m) implying the
convergence a?s(j_c-") - ais(zc_o) for v ==,

Let the sets of long-side-individuals corresponding to

the point 5_” be denoted c[«;’_ (2£1i¢m; 0¢v<=), Then because
of the continuity of a’;j and ai (2€1€m 3 1£3J&n) at
50 we have ‘

v = 9

1 1

for v being sufficiently large and if in addition aig?ﬁo

for every pair (i,j). For such v of course

v _ 0
5; ¢ 3&; -
Therefore
Lim § 5} "= I lim t}} zt’;jo
VR jeig ]542 VR ]eiz
= 1im [-a¥GD] = a0
VS
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and

2.0 2 1im %Y = 1ima®¥ = a0 , if 3 e g

13 . ij v—de 1] ij i

. io
Of course for ] ¢ { we have
’ lt*.ol = l lim t*.ul = limltxul £ lim 1a¥.u iﬁ \ax O‘

+J y—oe I V- ij U—d® e ij
and

2.0, 2209 - 1im £%2Y . 1im 2%V = 1im (%9, %V > 0.

1] 1] vow T vodw T vow  d 1]

* 0

To relieve the strong restriction aij # 0 for every pair (i,3)
let for a fixed i (2 $¢1i¢m) the subscript set ufg be defined by

0 . . x* 0
(3) Uri ={jej ‘aij = @}

a) For the short side of i the following relations hold:

ail) Ifj e(Sg \ J’g)

+7.7 = lim t*.u = 1lim a%. = a-.
13 e M voe *d

a2y 1f 3e(sd n )

i
0 . . . u
R R A M TR AL
\ a*.o 0
ij
implying tzjo =0 = aijo .

b) On the long side of i we have for v being large enough

0 c dv

1
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and therefore
5 £%,0 = & lim £5.% = 1lim ¢ } tr.Y) =
jed +J jed® v-oe voe  jed
= iim « 3 5.0 - I ot max [O sgn(a®" a??)])
iy ‘ ’ i °%ij

lim (-a?s(ﬁu)) - 1 lim(ti?.max[b,sgn(a?uai.u)])
U e jex; voe J J

%540

H
it
1]

H

Since the remaining conditions of Definition 7 hold trivially,

we have for _)50 e &* with a?_(>_<_0 £ 0 (2<€1¢m)
1im t%% = %0 ¢ 7*x0).
U -
0

(ii) Let x

may occur for some i ¢ {2,3,...,m}.

¢ €* be arbitrarily chosen such that ai(ﬁo) = 0

For a fixed i with a?(io) = 0 we use the following notations:

a?su(i) = sE min[b,aij(§il (aggregate supply)
?de(ﬁ) = jgl max[b,aij(§)] (aggregate demand)
9 ) = {iej lafyx) » 0}
S (x) = {jej la’;jci) < 0}
H(x) = (e la’i‘j(z) = 0}
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Because of ai(xo) = 0 we have for txoe Tx(xo)
* 0 x 0] .
= L £
tij l](x ) (13 ¢$n)

The following fact has to be shown: Given ¢ > 0 there exists
a

a & > 0 such that for an arbitrary X e 1L6(§) and an

arbitrary :c_x € Tx(gg)

() t%, ¢ (aX9 - ¢, a%0 + ¢) for j

l] lj l] 1,2,¢-o,nu

a) Je uV(io)

Because of the continuity of aij(i) and the inequality
GARSEN

together with
aij(io) = 0

nothing is left to be proved.

B) § e (D x% \ &)

By means of the continuity of aj 3(X) and atsu(x) for a
given € > 0 one can find a & > 0 such that for every X € ‘u6<§°)

) D ¢ , DO o ¢ D

(6) af;(x) ¢ (a] ;&0 - 5 3,0 55 weiem
(1) %) e @10 - £, AN ¢+ P

This implies for x ¢ 216(50)
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% _%su - 3
(9) tT. = =alto(x) - ) tT (x) >
13T ep(x) KT
k#3
zxsu, O € * 0 €
Y (matt(x ) = =)= () at (x’) + ne—
k#y
*xsu, O *x 0
y —as (x) - ) ah, (x7) - £ =
R T ke (x°) ko=

k#3
= +a§j(50) - &
Hence (4) is seen to hold in that case.
¢) 3§ e 5x%
Choosing a & > 0 such that for x ¢ U, (x
(10) s(x) € <s»<§°) v #(x%)),

* % 0 €
(11 aij(g) € (aij(i ) = a3y ags(x

(12) af% o e @ - £, ) + D

we get for x € 2L6(§O)

* * * 0 14
(13) O)’tij b/ aij(i) > aij(gc_) - 7,
(1s) %, = -a¥® 0 - 7 R <
1] 1T geS(x) KT
k#3—
de, O € * 0
< (~a%9®(xY) + £ ) - ¢ a* x°) - n
ke$(x0) K
kA5
_ * 0
= aij(é ) + £

From (13) and (14) (4) follows for the case j & $(x

parts (i) and (ii) of the proof closedness of the ¢
Tx(E) at every point X ¢ £ * can be established.

orrespondence

). Combining
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Thus Tx(ﬁ) has been shown to be upper-semicontinuous on the

set £%. O

tad

4.3, Equilibrium of the Generalized Economy éx.

Using the concepts of the previous sections the system e*
can now be generalized so as to incorporate a trading
correspondence instead of a transaction function. The
equilibrium properties of the new model will then be examined.
From €® a new economic system €* = (ex, ™) may be ‘derived
replacing the transaction function with components tzj by a
trading correspondence T* in the obvious way:
For x ¢ E£* the adjustment correspondence £ e* — 2*' is
constructed by means of the correspondences

Ao
(15) DX : £* — 2% ,

DE(x) = {yeXly, = dpf,,(x) if 1€¢kém-1 ,
: x
(ym,ym+1,...,ym(n+1)_1)' e T (x)}

and

(16) A% et — 2%

AX(x) = (D* 0 A* 0 7%)(x) for x € €
Finally one may define
(17)  F* . e* 5%

Fr(x) = x + A% X) for x & E*.

Thus the economic system

(18) €EX = (e*,

is well=defined.
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Definition 9:

A state'g e €* is called a dynamic equilibrium of the economy
'é'*, if Ec: is a fixed peoint of the adjustment correspondence :‘:"x,
that is '

?E e T2 .

As a counterpart to Theorem 2 we get

Theorem Uu:

Let the economy gx = ( 8*3 ¥*) be defined by (18).

Then there exists a dynamic equilibrium g'of g*.

Proof:
A summary of the results obtained so far for the adjustment
corr*espondence?x will show that Kakutani's Fixed -Point Theorem

. ~x
applies to £™:

(i) From (1.%a-c) and (2.8) ¥* is seen to be a nonempty compact

convex subset of X.

(ii) Since Z* and A* are continuous functions and the correspondence
* is upper-semicontinuous (Lemma 7) the point-to-set-mapping

x . . .
f” is upper-semicontinuous on ex,

(iii) Lemma 6 assures that for every x ¢ €* the image set %ﬁ(g)

is a non-empty, closed convex subset of X and Definition 7

together with the results of the previous chapters yields E%(i)s; e*
for every x € e*, |

Thus Kakutani's Theorem ([16]) can be applied to prove the above

assertion.

O

Corollary 3:

~ . e s s %
If x 1is a dynamic equilibrium of &, then

) = (X}
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Proof:
~ ~~
Ec_’ € 'Ex(g) implies O € Ax(gﬁ) and therefore for every
X € x(g)
§<=O , if 1¢k¢m-1 ,
must hold.

Since xk's corresponding to short-side-transactiors are
uniquely determined being equal to zero, all individual

transaction quantities have to be zero implying
x -
xe AT(X) == x=0

and hence

S TP A~
£7 (x) = {x} O
An immediate consequence of Corollary 3 is

Corollary U4:

Va4
¢ ©* is a dynamic equilibrium of € *, if and only if

1R

is a dynamic equilibrium of ex,

Proof:
This asssertion follows straightforward from the definitions and

from Corollary 3. 0

By& the last result and Theorem 2 a very short proof of Theorem U4

is provided.

Of course the results of Section 3.4 hold also for an "underlying"
economy incorporating classical demand functions and a transaction

correspondence as is easily seen from Corollary k.
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5. CONCLUSIONS.

Reviewing the foregoing chapters one may observe that

the investigations started with a general formulation of the
equilibrium problem (Chapter 1), then proceeded to a certain
specification and its thorough analysis (Chapters 2 and 3)

and finally went back again towards the discussion of a more
general model (Chapter 4). Although the starting point of the
economy € will not be reached again on this way back, the
present chapter will provide some results about a fairly general
economic model which can be derived from former results.

At last the computational aspects of our equilibrium problem
will be overviewed possibly providing a basis for further work
on the computation of non-tatonnement equilibria.

5.1. Generalization of Price Adjustment.

" . .
Starting from the system é* of Chapter 4 one further step
towards a more general economic model can be done through
replacement of the special function of (2.16) by a general

price adjustment function according to

Definition 1o: (see [1] , pp.266)

A continuous function
a4
dp*: £* — /™
is called a price adjustment function, if

(1) 3{:?1‘ =0 for every x ¢ E* ’
(i) (p(x) + (ApF(x),ap%x),...,dpt(x) ") ¢ 772
for every x ¢ 6*,

A L. _ .
(iii) dp;(x) ¢ 0ifai(x) = 0 (2&i¢m)
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If in (4.15), (4.16) and (4.17) a general price adjustment
function dpx is used instead of dpx we obtain a new economic
system - including a general price mechanism and a trading

correspondence - which is denoted
-~
(1) e*Xr=ce* ™

where I~ results from the obvious composition of functions.

Before studying the consequences which the results obtained

so far have for the new model 25* it seems to be us§ful to
restate the economic assumptions being crucial for €*, First
of all each of the trading individuals is supposed to be
guided by a Cobb-Douglas utility function ([23], pp.19)

for the commodities i= 2,3,...,m from which "demands" (see
(2.9)) for the various goods are derived subject to individual
budget constraints. Individual demand for money is assumed

to be proportional to current individual wealth (see (2.3)).
Further it is supposed that as a behavioural guideline traders
take so-called active excess demands which are formulated under
individual financing constraints according to (2.12). On an
aggregate level these active demands are also taken as
determinants of the price mechanism. Finally a non-bankrupt
condition is imposed on transaction activities (see (2.7)).
Within this conceptual framework a process of simultanedus
adjustment of prices and individual goods endowments is assumed
to take place the rules of which are given in a rather general
form by Definition 1o and Definition 8. Thus é?* represents

a model pf price-quantity dynamics of a fairly general type
under particular assumptions about individual demands.

Theorem 5:

Let the economy g* = ( Ex, F*) be defined as described above.
f~\/ ~,
Then there exists a dynamic equilibrium X of @?ﬁ that is a fixed
point of f* characterized by
A Ex X
X e b (gﬁ.

This assertion can be proved in exactly the same way as Theorem u.

O
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The transformation of Theorem 3 to an economy including
classical demand functions, a general price mechanism and
a transaction correspondenge can be carried out straight-
forward, since the demand structure of the system é?cf

Theorem 3 remains unchanged.

5.2, Equilibrium Computation.

The main results obtained so far were derived from the

properties of the "auxiliary" economic model é}x. This model
is seen to be useful for equilibrium computation too, since
it turns out to be accessible by several types of'fixed-point

algorithms.

The principal features of the economy €* are; given by a
continuous function f* mapping a compact convex set e*c x
into itself. By a suitably chosen homeomQrphism €* can be
carried over to a unit simplex of appropriate dimension.
Thereby the economic equilibrium problem of €* is transformed
into the problem of finding a fixed point of a continuous
self-mapping of a unit simplex. For the computation of
approximate solutions of this problem several algorithms

are available (], [s],[(10],[17], [18],[23]).

Since a dynamic equilibrium of e* provided the starting

point for most of the arguments of the previcus c¢hapters,
actual computation of a fixed point of £* would yield valuable
information about equilibrium properties of the economic
systems considered.

A concise treatment of the computational aspects of the
present problem will be given in a forthcoming paper.
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Notational Conventions:

a,b,cy... real numbers (scalars)
fal = max {n |n integer, ng¢ al
if a>o0

sgn a =40 ifa=0

-1 if a<o0
tal = a . sgna
(a,b) = {x{a<x<b} open real interval
[a,b] = {x|ag¢x¢b} closed real interval
a,b,c, ... vectors
{a , b> : inner product of a and b
fall = Ka , a) y1/2 norm of a
azb if ai>/,.bi for every i
axyb if a%b and if there exists a k with a,>b,
08', @9 B, s sets
2 empty set
N set of positive integers
R real line '
R" n-dimensional Euclidean space
Ri = {xeR"Ix % 0} non-negative orthant of R"

n .
st 1={55Rn|52g9, ) x;=1} (n-1)-dimensional unit simplex
i=1
U (x) = {yeR™| Iy-xll < 8} §-neighbourhood of x ¢ R"
s X L or X

c(A) cardinal number of
2“‘t = {8]85 ¢ K} collection of all subsets of &

O marks the end of a proof.
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