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Abstract

After considering briefly the importance of deterministic
control theory., some problems of econometrics are discussed
and two examples of stochastic control theory in Indian
planning models are presented. Stochastic control theory

is presented both from the point of view of continuous
variables (stochastic differential equations) and discrete
random variables (stochastic difference equations). Finally,
some of the problems of adaptive control theory are briefly

indicated.

Résumé

Nous considérons en premier lieux 1'importance de la théorie
de contrdle déterministique et aussi quelques problémes de
1t'économétrie. Nous donnons comme example deux modéles de la
planification aux Indes pour illustrer la théorie de contrSle
stochastique. Nous discutons la théorie stochastiaue de
contrBle de point de vue des variables continues (&quations
différentielles stochastiaues) et aussi de point de vue des
variables stochastiques discrétes (équations aux différences
finies stochastigues). A la fin nous indiquons quelaues

problémes de la théorie de contrBle adaptive.




1. Deterministic control

" Already in the 1930s some economists utilized the ideas of
the classical calculus of variations for the solution of
economic problems (Kalecki 1935, Frisch and Holme 1935,
.Evans 1930, Roos 1934). In connection with the theory of
Keyhes‘(1936) there developed an effort to apply ideas from
electrical and communications engineering (Tustin 1953, Allen
1859, Fox, Sengupta and Thorbecke 1966, Shell 1967, Kuhn and
Szegd 1969). This approach is of course closely related to
the theory of economic.policy (Theil 1958, 1964, Tinbergen
1952, 1954, 1956). We should also mention specific appli-
cations by Phillips (1954), Holt, Modigliani, Muth and Simon
(1960) as well as the long time planning model of Ramsey (1928)
"and the corresponding literature (Koopmans 1960, 1967,
~Tinbergen 1960, Samuelson 1967, Hahn 1966, Uzawa 1966,
Chakravafty 1969, Radner 1967, von Weizsdcker 1965, Shell
1967, Gale 1967, Mirrlees 1967, Stoleru 1865, Tintner and
" Rao 1968, Pugachev 1963). See also Zauberman (1967). Queulng;

theory and iﬁventory problems are also relevant. é

: . !
'However with the exception of some of the earlv work of . Roos
 (1934) and Holt, Modigliani, Muth and Glmon (1960) all these

models are deterministic. Whereas perhans in other appllcatlons ;f'
of control theory the neglect of stochastlc factors may be N ,b,
justified because errors and deviations are somehow negllglble}555
this certalnly cannot be claimed in economic appllcatlons £
~(Tintner and Sengupta 1972 see also e.g. Konius 1964 and
_Pervoovanskala 1965). In dlscussing balance and perspective
of control theory we might notice,that deterministic models -
_have more or less exhausted their possibilifies, in spite:of
~the fact that reflnements mlpht still be possible (Beckmann.
1968, Bellman 1957, 1967, 1971, Pontryagin, Boltyanskii, |
_'Pamkrelmdze, Mlshchenko 1962, Letov 1961; see also Burmelster"
"and Dobell 1970 Intrllllgator 1971). S




. squares (Basmann 1957, Theil 1961, 1971) we have a method %

2. Economic examples of stochastic control

" Economic applications of stochastic control involve the

application of econometric methods (Tihtner‘1952).

bEconometricians have of course never completely neglected
" pandom variables.which enter into economic relationships.
- There are'esentially three types of problems arising in

“econometric research in connection with the estimation of

- assumptions desirable large sample properties. (3) The time

methods are still not available (Tintner 1968).

~model the econometrician will use certain exogenous variables
-as control varlables, in order to achieve some goals of
4econom1c pellcy:(Tlnbergen 1952,'1954,.1956, Theil 1958, 1964

~ variables (i.e. the variables whose interaction the model is
. supposed to explain) but are not influenced by them.

Let us mention in this connection also two very important

_lawq within the; .class of power transformatlonsa Also, the

- recent Book by Box and - Jenklns (1870) makes it poss1ble to

economic relationships: (1) Errors in the variables, similar
to errors of observations. Early research of Koopmans (1937):
and Frisch (1934) concentrated on this problem. There is also

the related problem of multicollinearity or near multi-

' connected with errvors in the variables see Morgenstern (1963)

: colllnearltv (Tintner 1952) For an evaluation of the problems

(2) Simultaneity. Since the seminal work of Haavelmo (1944) g'

- most of the efforts of econometr1c1ans have been concentrated

i

discussed (Fisher 1956) . With the method of two stage least g

which is compﬁtationally simple and has at least under classi

series nature of most of our data. Here fully satisfactory

Having estimated the'relevant relationships of our economic

Fox, Sengupta and Thorbecke 1966) . Exogenous variables are

such, that they{influence the development of the endogenous

‘ wecent advénceS’in'econometries Zarembka (1968) has adapted |
- the method of Boy and Cox (1964) to the idea of estlmatlng

_(1n a sense) by stat:stlcal methods the very form of economlc

annlv, Pi leasL in a- very prlmltlve way, ldeas of stochast;c

o in thls area. The problem of identification has been exhaust;vely

cal
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control to economic data. We should mention that the authors,

.j‘ -(and also Hannan 1970) advocate among other things the methoé

~of taking finite differences, a generalisation of the use of
'flrst differences (Stone 1948, 1954) which was proposed by
many early workers concerned with these problems (Tintner

1 1940). It is remarkable that small sample distributions are
available-in this field (Tintner 1955, Rao and Tintner 1962,
1963) 1f we are willing to assume circular populations and
use these results as convenient approximations. Dlscu531on

kof the use of dlfferences can also be found in: Anderson
(1971) Grenander and Rosenblatt (1957), Kendall and Stuart
(1966), Malinvaud (1970), Strecker <197o>, Tintner (1952),
Wilks (1962), Whittle (1963), Yaplom (1955). |

i
!
i
i
!

The formulatlon and estimation of econometric models, how=- »
ever Drlmltlve, is a condition for the application of stochastlc‘“
~control theory. Let ‘us mention only two more important aspects '

- of econometrlcs Recent work on size distributions (Mandelbrot

, llnF inite variances. A famlllar example+is the- famous Pareto
' fv,dlqtrlbutlon of 1ncomes. (Pareto 1887, 1927)

. variate SLOChaSth processes, or sets of interrelated time

©1960, 1961, 1963, Steindl 1965 Fama 1965, see also Cootner i
- 186%) has made it likely, that classical assumptions of f
: normallty are perhaps not always fulfilled in economic data. f

t

It seems likely that the dlstrlbutlons involved belong to the
 class of infinitely lelSlble distributions (Feller 1986, !' ,
Gnedenko and Kolmogorov 1968). If this is the case all methods { 
‘ related to the method of least squares would have to be -

 abandoned since the dlstrlbutlons involved have typlcally

Another 1moortant 1ssue is the statistical treatment of multfe

series (%Prtlett 1961, Quenouille 1957, There are still man§ >f‘

~unsolved Droblems in this field, especially small sample i

dlctrlbutnons are not known, even if we. start from cla831cal
- as umpulons of normallt/ See also Anderson (1971)

;
. . 4
;Conswder an abpllcatlon oF the active apmroach in stochastlc‘

C llnPPP DrOgrammlnp (Tlntner 1960) . Thls is a dynamlc two Sector , i;1jL£

1




‘plahning model (Mahalanqbis‘1955 Lange 1960, Sengupta -and

"‘follows:

‘de0151on varlables (control variables) are C, and It (t;i,Z;
“ADDlvlnp thls model to plannlng statlstlcs’of the third five|
‘ Vear plan. of | ‘India, the follow1ng data are_giyen Inltlal

For ‘the marvlnal coefficients, we use their mean values:
!’Eé = 0.706,'§i = 0.335. Also, in the Indian plannlng system
_'Li é 1-L, £/3 The 51mplex method CDant21g 1963) glves the
v‘TOllOWan solutlons

and national income in the year t Then L is the control

variable, the proportion of new 1nvestment allocated to the
investment sector; LC =1 - L the proportion allocated to
the consumpulon sector. (L } O L Z 0) Let also B and B
be the marginal output- capltal coefflclents for the two
sectors. In deterministic terms, the dynamlc programming
problem (Bellman 1957, Beckmann 1968) may be formulated as

Tintner 1963). Let I Ct and Y be investment, consumptlon 1

(1)':Maximize Yq = Cqp + IT‘

- subject to:

(2 1,1, LBy T g
(9) Cp<coy +LBI
) I 20,c03¢ 050 |
8y §¥ I, € Ig t20,1,2...T
t=0 ' |
j (6) Li + Lc =1
Pere, L:s By, Le» Bos € Iy, I, are given constants. The

+t o

1nvestman ”O = 14,405 initial: consumption Cozz 121 703

toLal lnvestment over t=0,1,2,3,4 = T : IS = 99.0. All Co
f mures are 1n billions of rupees in constant 1952-3 prlces.

™.




”festlmaLlon of the parameters. We also assume independence of
“the dlerlbutlons of B and B

Py
i
H

§ | ~Table 1; 
, g | Control varlable: 
ChuracLerlotlc of the : - o ‘
v ' oLy 1/3 L. = 1/2 ' L. =.2/3
- distribution of Y, Sl  1Ll s 2/3 Ll = 1/2 'iLl = 1/3 i
| [ SR ke e o Te D 0T
Matnematlcal Expectatlon 180.10 . 174.20 . 166.45
’,Loweﬂ 5% point ' o ,¥?1133,9u n-a,142.105-ﬁ‘ 143.2o-[

Modé ?_-"f.; *ﬁ7_';-,%’160.83?f ;‘157,3;" - 159.89

Now consider.the stochastic version‘of this problem. We use
Jthe mean values of B 0.706, B = 0.335 as well as the

’ emplrlcal pamma dlstrlbutlons of the marginal coefficients:

-4
i

-U31ng numerlcal methods, we can also derive an approx1matlon

i_Yq, natlonal ifcome in the last year of a flve year plan

L

~.U31ng ‘the valué of L (- 1- L ) as our control varlable, we

128.48

(1) 1y =16.01, ¢ =

(8) I, =17.81, C, = 136.02
(9) I = 19.80, C, = 144.00
(10)°I, = 22.02, C, = 153.72

(11) Y, = 175.74

varlances_ ci ; 0. 4582, ci = 0, 0319 in order to fit the

(12) 58, (1o.soa>3°5?° e“1°‘5088B1‘<Bi>2‘52°

'/ r(1.088)

n

(13) p(Bc) (1'541)1v088 e"iaSL“ch (Bc)anss

i
!

The form of the distribution is determlned by the method of
momenhs and max1mun likelihood methods are used for the

to the Drobablilty distribution of the objectlve funetion,

derlve emplrlcélly the follow1ng table
i . : ;

/ T(3.520)




will vield the best average results in the long run (mathe-
:-,succeed (mode) the present policy of assigning the control

|{Indian government accepts the more cautious policy of trying]|

‘lognormal diffusion process the logarithm of the variable

jof maximum llkellhood we derlve for the mean value:

“land  for the variance: -

«Jcorresponds t0x51/52) The predlctlon of real agrlcultural

u’reae per canlLa expendltu“e as in 1963/6Y4 Ln each year;
~e(b) increase o: real per capita expenditire by one half

() doubllng off expenditure; (d) two and one half the

o cyﬁendiLure in each vear. The results_are,glven in the
“kaollow1np taDle o T k

]
vl
k

| This table shows that the "best" policy, i.e. assignment of
the control variable, depends strongly upon the objective
functional. If'the Indian government desires the policy which

matical exnectatlon) or whlch has the maximum probability to
variable L. = 1/83, L, = 2/3 is to be preferred. But if the

to accomplish the best which can be done with 95% probability -
(lower 5% probability point) the opposite policy of the
following values of the control varlables seems approprlate'
Ly = 2/3, Lc = 1/3 .

?A lognormal diffusion process has been fitted to Indian
agricultural data, 1951-64 (Tintner and Patel 1966). With a

follows a classical diffusion process. Fitting by the method

(1) E Y(t?v= Xy exp (b + §-c)t

(15) &2 (t) [E Y(tﬂ [exp (ct) ‘1]"

Qwhere the constants b and ¢. have been estimated by the method

of max1mum 1lkellhood and XO is the initial value (t=0

nroductlon in Ind:a for 1969/70 (t=18) is then D.89215 and the'
95° conFldence llmlts are O 708 and 1.113.

Introdu01ng real per capita yovernment expenditure on aprlm

' culture in Iﬂdia as a control varlable. we derive empirically

various forecas sts for real per caplta agricultural productloA
in India 1969/70 Con¢1der the follow1ng hypotheses (a) sameV

expenditure; . (e) tripling the 1963/64 peal per capita




Table 2

| HypothesisvvFEstimated real per capita = 95% confidence

~agricultural productlon .o limits

: 1969/70 |
(a) 0.8541 . 0.5952 1.1130
() . 0.9107  0.6347 1.1867
(e 0.9712 . 0.6768  1.2656
(d) . 1.0850  0.7212. 1.3u8s

[CO R S 1.10%0 . 0,789% 1.4386

3. Stochastic control‘theorv

B Con51der a dynamlc system characterized by n stochastic

differential equations (Ito 1951)

(16) d x(s t) = fx(s,t), u(S‘t))dt + dz(s,t)

where the vectors x(s t) f{x,u) and z(s,t) have n components

u(s, t) is a control vector with m elements and z(s, t) is a

"measurable stochastlc process, e. g Brownlan motion.,

*The control vector uls t) should satlsfy the system of
stochastlc dlfferentlal eouatlons, a set of constra;nts,

(17) u(t) 8 U

and mlnlmlze a rlskfunctlon

¢
t

} <18>- E c x(s t)

whpre the’ end Derlod T is fixed, ¢ is a vector of constants

,w1th n elements and E denotes mathematical expectatlon°

: ”i

"-~Cond1onns und;p which oolutlons ex1st have been dlscussed

in the literatu ire on stochastlc control theory (Kushner 1863

f,,1965 ho and Néwboldt 1867, Flo“entln 1961, Bucy and Joseph
77,1968> | | » o ~ R

,'f
¥

i
4

-ning cerualn revularlty conaﬂtlons are fulfllled there exmsts

”{5a vector of sLéchastlc erlables p(t) whlch satlsfles tne V-Eir

-f_fcanon*cal equaLlons i

2
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(19) dp(t) = -£', (x(t), ult)) plt) dat

_|where f is a vector of partial derlvatlvess The boundary

wcondltlons are _
(20) B(T) = e, ult) £ U )

{It minimizes also the conditional expected value of the

Hamlltonlan ‘
(21) B [Hex(), uct), ple) | s, (t)]
(22)  H(x(t), ult), p(t)) = p'(t) F(x(t), ult))

‘Here_s (t) denotes the field over which u(t) is measufable.

sIntultlvely, the ontlmal stochastic control must minimize
'the conditional expectation of the Hamiltonian given the
1nformatlon avallable at time t over the class of admissible
controls. Of course, these are only necessary condltnonsa'
’,They become suff1c1ent if we add concavity restrictions of
the ‘functions ‘involved.
| i
'The canonical equatlons are random dlfferentlal equations. In
 the special case when there are N sample points, stochastic | »
control can meed¢ately be reduced to a determlnlstlc problem. =
"Lhen the functions p(s t), x(s,t), uls,t) can (analytically
'.or numer;cally) be obtalned as solutlons of thﬁ 2N dleerent¢al
eouatﬂons ' '

-

:ﬁ ,(231 d p(sﬁ,t) uerA(x(si,tbs u(si?t}),ﬁﬁsist) dti.,

(24)  p(s

(28) dx (sp,t) = Flxls,,t), uls:,t)) at + dz (s, ,t)

"The contrcl'u(gq,t) follows from: ,
(26) Min F LD’(S t) f(x(b,‘_)3 ufs~a> S (Ti} u £UuU

o

'wneﬂe S Ct) islthe field aver wnich u(s t) ‘is measurable.

'I’ the stochactlc process z( ,t) is Brownlan mot&on, i.e. a

 ;zewo mean Gausalan Process w1th statlona”y 1ndependent

k

T
i




- las follows:

o |where grad is the gradient vector.

Scalar Derformance eriterion:

:':'fulflll

“iincrements and if S'(t) =

- iAgain we have certainty equivalents (Theil 1957,

'iRozonoer 1959,

[
H

x(t), i.e. the available informatién.
we have a case of optlmal feedback controil

)

at tlme t is. x(t)
Then (Kushner 1965) we can deflne a scalar functlon V{x(t),

(27) Vx(t),t) = E [c %(T) | x<t>]
(28)  V(x(T),T) = e'x(T)
(29)  grad V(x(T),T) = ¢

Kushner»(i965) proves that:.if all admissable controls satisfy i
certain Llpschltz condltlons, are functions of x(t) and t

(30)  grad V(x(t),t) = E [p(t) | x(0)]

Hence we pet résults which hold for the deterministic case.
‘Simon 1956,
Sengupta 1970).

jIn the dlscrete case we have dlfference equatlons instead of
(Wold 1938, Fan and Wang 196#
Kushner 1965). ' '

d:fferentlal equatlons°

;Now let ui'be the control variables, Xy the state variables

rahdom;variables.,Then the‘system is:
, (31) Xi"l'f]_f:f(Xi,ui’Ei) 'iiO)l‘:-‘.».,m"i

] ; .
iwhere Xy 1s,given;-xi, us, Si'are vectors; Ei 1s a random |
'variable, ; ' ‘ '

i . REEPa

(32) Mlnlmlze E g(xm) e o

Wwhere T is mathematlcal expectatlon and the functlon g(x )

the neceSSary regularlty condltlon.k
denéfraints:réi'
o | o ,
- (33) _h(y(é) £) = O
where h }s ? Yector and we . wrlhe v for Coxg cee X Uga um}:g
£ for*~{go f '}r ]' S S

i

§
H

ST




‘on the us in the function h(u oo ol

’In fhe special case where (Kushner‘1965) the multivariate

probability distribution of £ has continuous probability
density, the functions h (y(E),E), g(y(£),&) and their

'derlvat1Ves are contlnuous, also certaln expectatlons exist

Care not 1nf1n1te)

Case I. All uo ceel are to be determined at time‘i=0.

Here‘xi 18 a function Of, El"°€im1‘ »
Loq) = 0.

iCase II Both us and xl are functions of Eo...Ei_k for k 2‘0
}

" IThe constraints h(u ,E) are stochastic. Let £ = {EO"'Eﬁ-l

L L 1)] B BCE)! h(w)

]These‘conditions can also be wrltten in terms.of the

i

land g* = go...s }

There must ex1st piecewise contlnuous random Lagrange

i;multlollers o, (E). and . B(E) such that the mathematical

expectation of their squares exists (is not 1nf1n1te)

M

‘Construct the function:

e - : o ie2 o
(34) B Eelx _(£)) + Blzl FGRELCRN N

5

The necessary conditions for case I are:

(35) Ev[fu_ (x (gt~ 1y, ﬁl, gt ) + h (u) 8. (€>]
i N
08 e fxicxi<e Dy 6 ) al+1<s> 1€ et
:_<37; am<£>é; By (%, (8))

m

@

expected JaletonLan

(38) EH =§Eg <£>) + E ? o (E)
i=1

_We have the cond3t1on for minimisation of the modified

amvluonlan E H the canonleal equations and the boundary

) analovous to the Kuhn- Tucker (1951) condltlons. See Sengupta

1970 B L

and there are constraints

17

»coedwtlon If we have 1neQLalltJ constralnts, we get condltlons




B

‘§Zeilnerf1°71)' Another related fleld is~ -games agalnst nature

.?or case II we have stochastic constraints of the form:.

1= 1); i- 1)

h(u.<gi52) = O, us (g and Xy (6 are stochastlc.

'The necessary condltlons are in thls case

i=1 1-11L
39) s[fuicgics 258500, +1<z> +h l(u e+ e, <s>l€ ]»

i

H0) 0y () (8) i€ ma

.0

L oi-1 -1

X

& (xm(ﬁ)).
m .

(41) am(E)‘

See also Box and Jenkins (1962), Kalaba (1962).

/Adaptive control methods refer to a situation in which the

de01s1on maker can modify the control action in order to make -
1t more’ acceDtable. There may be parameter adjustment. through
a reference model (McGrath, Rajaraman and Rideout 1961
AJzerman 1863, Feldbaum 19860). Another possibility is
adwustment through 1n1t1al condltlons and the plannlng
horlzon (Merriam 1860, Wonham and Johnson 1964 Balakrlshnaﬁ
‘and Neustadt 1967 Leitman 1967). Sen81t1v1ty analysis is ‘an= ;
otner p0851b111ty (Tomovich 1963, Balakrishnan and Neustadt
1967 Sengupta and Fox 1969) Bayesman methods could be used
;(Fe¢dbaun 1960 Schultz 1965 Chernoff 1968, Bellman 1961

(Isaacs 1965, Ho 1965, Pontryagln 1965 Kornalyand Llptakf
1965 Luce and Ralffa 1967) i T e B
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