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Abstract

In this article we study the expected rank problem under full information. Our approach uses the
planar Poisson approach from |Gnedin| (2007)) to derive the expected rank of a stopping rule that is
one of the simplest non-trivial examples combining rank dependent rules with threshold rules. This
rule attains an expected rank lower than the best upper bounds obtained in the literature so far, in
particular we obtain an expected rank of 2.32614.
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1 Introduction and Motivation

Consider iid distributed random variables X1, ..., X,,. The rank of X}, is defined as R, =Y . _; 1ix,,<x)-
Robbins’ problem is to find the optimal stopping rule that minimizes the expected rank of the chosen
realization. Although the optimal rule is unknown, some results on the properties of the optimal rule
are available: Bruss and Ferguson| (1996)[Section 4.2] proved full history dependence of the optimal rule
for the n-period problem. That is to say, the optimal decision to stop at stage m < n depends on all
past realizations z1,...,x,,—1 as well as the current realization x,,. In addition, by using variational
calculus |Assaf and Samuel-Cahn| (1996) obtained a lower bound of 1.85 for the limit of the nm-period
problem. Using truncated loss functions, Bruss and Ferguson| (1993)) derived a lower bound of 1.908 by
computational methods (with the help of Hardwick and Schork). A further question raised by Bruss and
Swan| (2009)), which is associated with Robbins’ problem, is whether the limit superior of n times the
expected value of X, arising from the optimal n-period rule 7, is finite. This question was settled by
Gnedin and Iksanov| (2011), who showed that it is indeed finite. For an overview on Robbins’ problem
and related stopping problems the reader is referred to |Bruss| (2005)), (Gnedin| (2007)) and Swan| (2011)).
Full information rules are stopping rules adapted to the filtration generated by all prior and current
observations. Interesting subsets of full information rules are rank rules, where the decision to stop depends
on time k and the relative rank I = an:l 1(x,,<x,), and threshold rules, where one stops with the first
realization x,, such that x,, < f,, where f,, is some positive real number that depends only on m.
When minimizing the expected rank under full information for the n — oo case, |Assaf and Samuel-Cahn
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(1996) [Example 4.2] showed that a value of 2.3318 can be obtained with a threshold rule of a simple form.
This value was replicated in |Gnedin| (2007) for the continuous time Poisson embedding. A value of 7/3 has
been obtained in Bruss and Ferguson| (1993) with another approximately optimal threshold rule. They
estimated that the optimal threshold rule gives a value of 2.32659. Additionally, |[Assaf and Samuel-Cahn
(1996) showed that in the n — oo-limit the expected loss for the optimal threshold rule has to be in the
interval (2.295,2.3267).

More recent literature such as (Gnedin/ (1996} 2004, [2007)), |Bruss and Delbaen| (2001)), and |Bruss and
Swan (2009) has shifted attention to Poisson embeddings of discrete time optimal stopping problems.
These articles also demonstrate how the continuous time versions can be used to obtain upper bounds for
the n-period discrete time problems. By using a continuous time Poisson embedding of Robbins’ problem,
Gnedin| (2007) showed that full history dependence also persists in the n — oo limit, so that even in the
limit a threshold rule cannot be optimal. However it is still not clear by how much the optimal rule is
better than the optimal threshold rule.

This article combines a threshold rule with a rank dependent rule, which enables us to obtain an
analytic solution with an expected rank smaller than 2.32659. More specifically, up to a time « we use
a rule like (Gnedin| (2004) for the best choice problem, where one stops with the first observation that is
below some threshold function fi(¢) and has relative rank 1, but with a different threshold parameter b.
From « on, we apply a threshold rule, where — given that the stopping criterion was not fulfilled for ¢ < «
— the decision maker stops at the first observation below a function f.(t), as in |Gnedin| (2007)[Section 3],
again with a different threshold parameter c. The framework of (Gnedin| (2007) allows us to work “directly
in the limit”. It would be much harder to use a similar family of rules like our rule in the n-period
problems, and then compute the expected rank of this family of rules as n — oc.

A similar rule for the discrete time problem has already been proposed by [Assaf and Samuel-Cahn
(1996)[Remark 6.2]. There, an approximately optimal threshold rule is combined with the requirement to
stop with a relative rank of one within a time span yn, where v € [0,1). An analytical investigation of this
rule — in the planar Poisson framework of |(Gnedin| (2004) — was performed in [Tamaki| (2004]), who obtains
a value of 2.33044, with o = 0.42 and b = ¢ = 1.95. The main difference to our approach is that the same
threshold function is applied during the whole time span, which simplifies the computations compared to
ours’.

2 A Simple Rank-Threshold Rule

We follow |Gnedin! (2004} 2007) and consider a scatter of atoms &2 arising from a continuous time planar
Poisson process on the strip [0, 1] x R, where R stands for the interval [0, cc]. The intensity measure is
the Lebesgue measure dtdx, which implies that the number of particles N in some subset with Lebesgue
measure v follows a Poisson distribution with density P(N = n) = e™¥ ’7’1—7 An atom (7', X) consists of
the arrival time 7" and the value X. Ordering the atoms with respect to X; in ascending order yields the
increasing sequence of points (X7 1, X122, X13,...) =: X; of a unit Poisson process. We denote an atom
of the ordered sequence by (T, X; ). By the properties of the planar Poisson process the arrival times 7,

are uniform iid on [0,1], and T;,, r = 1,2, ..., and X; are independent. In addition, a stochastic process

(X't, t €0, 1]) with values in [0, 00] can be constructed, by X; := X,., where r is the minimal  such that

t = T,, if such an r exists, and else X; := co. For more technical details on this planar Poisson process
the reader is referred to |Gnedin| (2004, [2007).



Let (t,x) and P stand for realizations of (T, X) and £. For a generic (t,z) € P the absolute rank,
R(t,z), is defined by the number of P-points strictly south of (¢, z) plus 1, while the relative rank, I(¢, z),
is the number of P-points strictly south-west of (¢,x) plus 1.

Let (7,X) define a stopping point, where the event {7 < t} is measurable with respect to the sigma

field generated by ()Z' S>0< e Then, the problem considered in the following is to minimize E [R(7, X)] =
<s<t

E[I(r,X)+ (1 — 7)X], where 7 < 1 a.s. Consider two arbitrary positive, strictly increasing and continuous
functions f1, fo on [0, 1) with fol fa(t) = oo. Let the random variable Y be the height of the lowest Z2-point
above f1 on [0, ], where 0 < o < 1. That is:

Y = min{X : (T,X)e 2, Tel,a, X>fT)}. (1)
In the following, y stands for a realization of Y. Next we consider a stopping point (7, X') with
Ti=mf{T : (I'X)e P, X<(i(D)AY)Lir<a)+ f2(T)L(750)} > (2)

where the threshold function is random due to Y . Note that 7 < 1 a.s. by the condition fol fo =o00. By
the stopping rule defined in , the relative rank of X is 1 in the event {7 < a}. Since f; is increasing,
y < fi(t) implies that (¢',y) € P, for some 0 < ¢ < t. Hence, 7 is a stopping time for the filtration
generated by (Xs)ogsgt-

Figure provides a graphical description of the stopping rule 7. For t < «, a decision maker stops
if a particle (¢,z) with z < y and « < fi(¢) is observed, while for ¢ > «, the threshold fs is applied.
Figure shows one realization of Y, where y < fi(«a). The decision whether to stop with the first (¢, x)
such that = < f1(¢) and t < o depends on y only if t € (f] L), al. FigureMprovides an example where
y > fi(t) for all ¢ < a.. In this case, the decision maker stops with the first (¢, z), such that 0 < ¢ < o and
x < f1(t), if any such (¢, z) exists.

To obtain the risk E [R(7, X)], we consider the conditional risk E [R(7, X)|Y = y] and integrate out y.
To do this, we define

t t
Rty = [ ands. R = [ b, md )
Si(x) = /090 (fl_l(z)/\oz) dz = ax — Fi(o, x) (4)
where f{(z) = 0 for z < f1(0). Furthermore,
Syr) = /0 (f'(2) - a) dz (5)

where f; 1(2) = a for z < fa(c). By the properties of the planar Poisson process the probability that the
area bounded by the horizontal line with height y and the graph of f; for the time interval [0, ] is empty
is e=91W); see the shaded area in Figure Hence, the density of Y is

P(Y €dy) = [jy (1—e51<y>)]dy:esl<y> (i) o) dy (©)



By the definition of Y, P(Y € dy) > 0, for y > f1(0) and zero else. Given {Y = y}, the conditional joint
density of (7, X) is

e~ LY dt dy 0<t<a, 0<z<f(t)Ay,
e Pl =gt dy o <t<1, 0<z<fot).

P((r, X) € (dt,dx)[Y = y) = { (7)

By means of the density @, we obtain the conditional probability P (1 > t|Y =) = e 1) for t < a,
and P (1 > t|]Y = y) = e F1(@¥) =12 for o < ¢t < 1. Splitting the time at «, the two components of the
risk given Y = y are computed as

« Rty fit)Ay
E[R<T7X)1(T§Oé)‘yzy:| = /0 e 1Y /0 (I1+2(1—t)) de | dt and

Lo (o) Fa(t) fa(t)ny f2(t)
E [R(T,X)1(7>a)|Y =y] = / e~ Fi(ay)—F /0 (14+2z2(1—1t)) dx+ /f “ Sa(x) dx
a 2 (a

f2(t)
+ / 2+z(l—t)+ (r —y)a) dw] dt . (8)
b

2(H) Ay

For t < «, the integrand of the inner integral describes the conditional expected loss contribution when
we stop at (¢, ). In this case, the relative rank of (¢,z) is 1 and the conditional expected loss of (¢, ) is 1
plus the expected number of atoms in the south-east of (¢,x). That is, 1 + (1 —¢). An example for such
a (t,z) is provided by “¢” in Figure For t > «, we have to account for atoms in the area above the
curve fa(s), @ < s <t and below the level obtained by x. In the Figures and this corresponds to
the almost triangular shaded area. Formally, the size of this area is S2(x), where Sa(x) = 0, for x < fa(a)
and Sz(z) > 0, for > fo(a). In particular, Figure [L(c)|shows Sa(z), for some z > fy(«a). Figures[L(c) and
describe two generic cases where a decision maker stops at (¢,z) with ¢ > a. Figure describes
the case y > z. The loss coming from the past is described by the shaded almost triangular area. The
conditional expected loss is 1 4+ z(1 —t) + Sa(z). 1 accounts for the particle itself and z(1 — ¢) for the
expected loss in the future, which is the size of the area in the south-east of the particle (¢,z). Next,
Figure describes the case where y < z. In this case, the loss coming from the past is described
by the shaded almost triangular area and the shaded rectangular area. The conditional expected loss is
2+ x(1 —t) + S2(z) + (x — y)a. 2 accounts for the particle itself and the particle (#,y), such that y is
the realization of Y. In addition, (1 —t) accounts for the expected loss in the future. Last but not least,
Fi(t,y) and F»(t) measure the size of areas below fi(s) Ay, where 0 < s <¢, and fa(s), where a < s < t.
Si(y) measures to the difference of the size of the area of the rectangle described by the points (0,0),
(,0), (o, fi(a) Ay) and (0, f1(a) Ay) and the size of the area below the graph {(¢, f1(t) Ay): 0 <t < a}.
The shaded area in Figure provides an example for this area.

Next, we work with f1(t) = % and fa(t) = 4. For these functions, we were able to obtain the condi-
tional expected losses E [R(7, X)1(;<o)|Y = y] and E [R(7, X)1(;5)|Y = y], as well as the expected loss
E[R(T, X)] = fboo (E [R(T,X)].(Tga)’Y = y] +E [R(T, X)l(Tga)|Y = y]) e 51(v) (fl_l(y) A a) dy in closed
form by using the Mathematica 8.0 package.



To minimize E[R(7,X)] the parameters a, b and ¢ have to be chosen optimally[| By numerical
tools we observed that the value of the loss function is approximately minimized with (o, by, cs) =
(0.34328,1.82571,2.00000). With these parameters we calculated an expected loss of 2.32614.

Remark 1. To check the above results we performed various simulation studies. We observe that our rule
with (o, b, c) = (0.34328,1.82571,2.00000) dominates the rule of Tamaki| (2004), where (ar,br,cr) =
(0.42,1.95,1.95), as well as the threshold rule presented in |Gnedin| (2007)), where (ag, b, cg) = (0,b,1.9469)
and b > 0 is arbitrary, in the mean. For this threshold rule the expected rank is 14 <5 + 21— 2.3318.

At the end of their paper, |Assaf and Samuel-Cahn| (1996)) mentioned in Remark 6.2 that they tried a rule
that would be in retrospect the n-period analogue of our rule, but with b = ¢ (as already mentioned, this
rule has been investigated by Tamaki (2004), where a value of 2.33044, with ap = 0.42 and by = ¢ = 1.95,
has been obtained in closed form). That is, they tried thresholds, where in the beginning fraction of time
~ the additional condition of stopping only with relative rank 1 is imposed, and then a threshold rule is
used for the remaining time. However, they left the thresholds at min{2/(n — k +1),1}, for k=1,...,n
(these thresholds had been known to be good approximations for thresholds of the optimal threshold rule
for large enough n).

Assaf and Samuel-Cahn| (1996) reported that “the improvement is however very small, and even with
10,000 simulations the standard error is too large to determine whether the improvement is real.” Also
in our simulation runs (with 50,000 steps), we observed that the standard errors are large compared to
the improvements obtained with our rule and the rule of Tamaki| (2004), which also implies that a reliable
comparison of rules can hardly be performed by means of a simulation analysis.

In addition, we inserted the parameters (ar,br,cr) and (ag,b,cg) into our closed form expression
obtained for E [R(7, X)]. For the threshold rule, the difference between the number we get by inserting the
corresponding parameters into the expression obtained for E [R(7, X)] and the number we get by means
of 1+ ¢ + Z 1_1 is smaller than 4 - 1078. For (a7, by, cr) we obtained 2.33045 instead of 2.33044 derived
by [Tamaki| (2004). That is, up to a numerical error, the expected losses obtained in Tamaki| (2004) and
Gnedin/ (2007)) can also be replicated by means of the closed form expression in this article.
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(*Calculations to "A new strategy for Robbins' problem of opti mal stopping"
by Martin Meier and Leopold Sdgner, April 2016 *)

(» start part 1, some definitions *)
(» Obtain f1, f2 F1 (ty ), F2 (t), S1 (x) and S2 (x) =*)

fl[s]=b/ (1-s); (= fb (t) =)
f2 [s] =c/ (1-5);

F11 = Integrate  [fl [S], {s,0,t 1}, Assumptions -
{b>0,s eReals,t eReals,y eReals,0 <t =<1b >1,y >0,y >b/ (1-t)}]
(» $ F_1(ty ) $, defined in equation (3), for $f_1 \leq y$ *)

-bLog[l-t]

Fllalphay = Integrate [fl [S], {s, 0, alpha }, Assumptions -
{b>0,s eReals,t eReals,y eReals,0 <t =<1b >1 y >0,y >b/ (1-t),alpha <1}]
(* $ F_1(\alpha,y ) $, defined in equation (3), for $f_1 \leq y$ *)

-bLog[1 - al pha]
F12 =b-y+ty -blLog[b/y] (» $ F_1(ty ) $,

defined in equation (3), for $f 1 (\alpha ) > y$ =)
Fl2alphay =b -y +alphay -
bLog[b/y]l (+ $ F_1(\alpha,y ) $, defined in equation (3), for $f 1 > y$ x)

b
b—y+ty—bLog[;]

b
b-y+al phay—bLog[—]
y

F2 = Integrate [c/ (1-s), {s,alpha,t 1}, Assumptions - {c >0,alpha >0,1 >t > alpha > 0}]
(» $ F_2(t) $, defined in equation (3) %)
-1 +al pha

c Log it
-1+

(xDefine Case I: $y \leq b /(1-\alpha ) =
f 1 (\alpha ) $ and Case II: $y > b/(1-\alpha ) = f_1 (\alpha ) $ =*)

Slcasel =alphay + blog([b/y]

(* $S_1 (x) $ defined in equation (4) evaluated at $x =y$,

for the case $y \leq b /(l-alpha )$ =*)

Slcasell = Simplify [alphay - (b -y + alpha *y -b xLog[b/y])]
(* $S_1 (x) $ defined in equation (4) evaluated at $x =y$,

for the case 3y > b/ (1-alpha )$ =)

al phay+bLog[ ]

]

—b+y+bLog[

< | oT
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f2inv [z]=1-c/z
S2[x] =
Piecewise [ {{Integrate [ (f2inv [z] - alpha ), {z,c / (1 -alpha ), x }, Assumptions - {c > 0O,
X>c>0,alpha >0,c + alphax < x}], x >c/ (1-alpha )}, {0,x <c/ (1l-alpha )}}]

(» $f 27 {-1}% and $S_2 (x) $ defined in equation (5) =)
x-al pha x c
-c+Xx -alphax-c Log[f] 1oalpha
0 True
(» end first step *)
(» Second step Obtain Conditional expected loss (conditional on $\ { Y=y \1$ ) »)

(* inner integral for the $t \leq alpha$ case;

this is the first integral in equation (8);
terms referring to this first integral contain 11 *)
I1lintegrad =1+ Xx(1-t);
Ilintegralcl =
Simplify  [Integrate  [llintegrad, {x,0,b 7/ (1-t)}, Assumptions - {x>0,0 <t <1}]]
(* Inner Integral for the $f_1 (t) \leq y$ case *)
b (2+b)
2 (-1+t)
Ilintegralc2 = Simplify [Integrate  [llintegrad, {x, 0,y }, Assumptions - {x>0,0 <t <1}]]
(* Inner Integral for the $f1 (t) > y$ case «)
1
-y (2+y-ty)
2
Innerintegrall = Piecewise [ {{ Ilintegralcl, t < 1-b/y}, { llintegralc2,t >1-b/y}r}]
b (2+b) b
T2 (C1+t) t51_§
Iy2 t t>1-°
oY (2+y-ty) v
0 True
(* outer integral , $t \leq \alpha$ *)
(* outer integral , $t \leq alpha$, $y \leq b /(1-alpha )$ and $f1 \leq < y$;
then $f 1 \leq y$ for $t \leq 1 -b/y$ «)
Outerlintegralcasella = Simplify [Integrate [Exp[-F11] * Ilintegralcl,
{t; 0,1 -Db/y}, Assumptions - {x>0,0 <t < alpha <1,0 <b<y}]]
1 b\P
-— (2+b) |-1+ [7]
2 y
(* outer integral , $t \leq \alpha$ %) (% outer integral ,
$t \leq alpha$, $y \leq b / (l-alpha )$ for $t >1-b/y$ we have $y < f 1$ =)
Outerlintegralcasellb =
Simplify  [Integrate  [Exp [-F12] = Ilintegralc2, {tt1 -b/y, alpha 1},
Assumptions - {x >0,0 <t < alpha <1,0 <b<y< b/ (1-alpha )}]]
1 (b\®
— [—J <1 +b+ePy-alehay (7, (_1,alpha)y) >
2y
(* outer integral , $t \leq \alpha$ %) (= outer integral , $t \leq alpha$,

$y > b/ (l-alpha )$, i.e. $f_1 \leq y$ for all $t \in [O\alpha 1% =)
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Outerlintegralcasell24 = Simplify [Integrate  [Exp[-F11] = Ilintegralcasel,
{t, 0, alpha  }, Assumptions - {x >0,0 <t < alpha <1,b 7/ (1-alpha ) <y}]1]
(» fL (t) <y andy > b/(l-alpha ) =)

(1- (1-alpha)**®) I 1integral casel

1+b
(* end: outer integral , $t \leq \alpha$ case *)

(* begin: integrals , $t > alpha$ ) (% first term in equation (8)» 21 =*)
I21integralcasel =

Simplify  [Integrate  [llintegrad, {x,0,c / (1-t)}, Assumptions - {Xx>0,0 <t <1}]]
(» $f 2 (t) \leg y$ *)

I21integralcase?2 =

Simplify  [Integrate  [llintegrad, {X, 0,y 3}, Assumptions - {x>0,0 <t <1}]]

(» $F.2 (t) > y$ «)

c (2+cC)
2 (-1+t)
1
-y (2+y-ty)
2
(*» second term in equation (8) - 22; i.e. we obtain integrals of $ S_2 (X) $ =)
122integral = Simplify [Integrate  [S2[x],

{x,0,c / (1-t)}, Assumptions - {x>0,c >0,0 <t <1,0 <alpha <t}]]

-1 +al pha
- (Cz -2alpha+alpha?- (-2+t)t +2 (-1+alpha+t —al phat) Log 7] /
-1+t
(2 (-1+alpha) (-1+t)2)
I22integralcheck = Simplify [Integrate [S2[x], {x,c / (1-alpha ),c 7/ (1-1)},
Assumptions - {x >0,¢c >0,0 <t <1,alpha > 0,alpha <t}]]
-1 +al pha
- (Cz -2alpha+alpha?- (-2+t)t +2 (-1+alpha+t —al phat) Log 7] /
-1+t
(2 (-1+alpha) (-1+1)2)
(* third term in equation (8)~» 23;
we have to tell Mathematica that this term is >0 if 2 (t)>y and zero 0 else *)
I23integrand =2+X(1-t) + (x-y) alpha
2+ (1-t)x+alpha (x-y)
I123integralf2smallery =0; (» f2 () \leqy =*)
123integralf2largery =
Simplify  [Integrate  [123integrand, {Xx,y,¢ / (1-t)}, Assumptions - {Xx>0,0 <t <1}]]

(» 2 (t) >y =)

(c+ (-1+t)y) (c (L+alpha-t)+ (-1+t) (-4+ (-1+alpha+t)y))

2 (-1+t)2
(*» end inner second integrals *)

(» begin outer second integrals, i.e when $t > \alpha$ «)
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(* In the following we consider 4 cases:
Case 1. $f 1 (0) =
b \leq ylegc /(l-\alpha ) =f 2 (\alpha )$ and $y Vleq b /(1-\alpha ) = f_1 (\alpha )$
Case 2: $f 1 (0) =
b\leqg yllegc /(l1-\alpha ) = f 2 (\alpha )$ and $y > b/ (l-\alpha ) = f 1 (\alpha )$
Case 3: $f 1 (0) = y > c/(1-\alpha ) =
f 2 (\alpha )$ and $y Vleqg b /(1-\alpha ) = f_ 1 (\alpha )$
Case 4: $f 1 (0) =y > c/(1-\alpha ) =
f 2 (\alpha )$ and $y > b/(1-\alpha ) = f 1 (\alpha )$
In addition: we consider the case where $c$ is very small,
ie. $¢ /(1l-\alpha ) < b$
*)

(*In the following integrals we use
Fl2alphay the cases 1 and 3 (%y \leg b 7 (1-\alpha )$),

while Fllalphay has to be used in the cases 2 and 4 ($y > b/ (1-\alpha )$);
depending on whether $y \leq ¢ /(1-\alpha )$ (cases 1 and 2 ) or $y > c/(1l-\alpha )
$ (cases 3 and 4 ) we use the corresponding integrands obtained above *)

Outer2lintegralcasel =
Simplify [Exp[-Fl12alphay ] =Integrate  [Exp[-F2] = I2lintegralcase2, {t, alpha, 1 3},
Assumptions - {0 < alpha <t <1,0 <c,y >b>0,y <c/ (1-alpha )}]]

1 (1 +al pha) e bw-alphay [E]b , (_ 2 . (-1+alpha)y
2 y l+c 2+cC
Outer2lintegralcaselcsmall =
Simplify [Exp[-F12alphay ] = Integrate  [Exp[-F2] = I2lintegralcasel, {t, alpha, 1 -c/VY},
Assumptions - {0 < alpha <t <1,0 <c,y >b>0,y <c/ (1-alpha )}1]+
Simplify  [Exp[-F12alphay ] =Integrate [Exp[-F2] * I2lintegralcase2, {t1 -c/y, 11,

Assumptions - {0 < alpha <t <1,0 <c,y >b>c>0,y <c/ (1-alpha )}]]

2 _b+y-al phay (b b c ¢
c(4+3c+c?)e (y) (y—alphay) _E 246y ooyl phay (EJb[_1+ e CJ
2 (1+c) (2+c) 2 y y - al phay
Outer2lintegralcase2 =
Simplify [Exp[-Fllalphay ] =Integrate [Exp[-F2] = I2lintegralcasel, {t, alpha, 1 -c/Vy},
Assumptions - {0 < alpha <t <1,0 <c,y >b>0,y <c/ (1-alpha )}1]+
Simplify  [Exp [-Fllalphay ] =Integrate [Exp[-F2] * I2lintegralcase2, {t1 -c/y, 1},
Assumptions - {0 < alpha <t <1,0 <c,y >b>c>0,y <c/ (1-alpha )}]]
(* note that for $t \in [\alpha,1 -c/y]1$ we have $y \geq f 2 (t)$,
while for $t \in (1-c/y,1 1$ we observe that $y < f2 ()% »)
(1-alpha)?c (4+c (3+c)) (y_al‘;hay)c 1 c c
-— (1-alpha)® (2+¢c) [—1+ (— ]
2 (1l+c) (2+c¢) 2 y -al phay
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Outer2lintegralcase3 = Simplify [

Simplify  [Exp [-F12alphay ] *Integrate  [Exp [-F2] = |2lintegralcasel, {t, alpha, 1 -c/VY},
Assumptions - {x >0,0 < alpha <t <1,0 <c,y >c/ (1-alpha ),y >b>0}]]+
Simplify [Exp[-Fl12alphay ] *Integrate [Exp[-F2] = [2lintegralcase2, {t1 -c/y, 11,
Assumptions - {x >0,0 < alpha <t <1,0 <c,y >c/ (1-alpha ),y >b>0}11]

1

2 (l+c) (2+cC)
b

c ¢ c ¢ c ¢
e Pry-alphay (4+c3—4[4 +c2 (5-2(— ]—4c(—2+[4 ])
y y -al phay y - al phay y - al phay
Outer2lintegralcase4 = Simplify [
Simplify  [Exp [-Fllalphay ] = Integrate [Exp[-F2] *|2lintegralcasel, {t, alpha, 1 -c/VY},
Assumptions - {x >0,0 < alpha <t <1,0 <c,y >b>0,y >c/ (1-alpha )}1] +
Simplify [Exp[-Fllalphay ] =* Integrate [Exp[-F2] = I2lintegralcase2, {t1 -c/y, 11,

Assumptions - {x >0,0 < alpha <t <1,0 <c,y >b>0,y >c/ (L-alpha )}11]

Cc (4+Cc (3+C)) (é)c c
b -al pha 2 c
(1 - al pha) 1+Cy Py _(2+0) (—1+(y7alphay) )]
2 (2+¢C)
(* Since the inner integrals for the 22 terms (i.e. Qint S_2 (x) dx $)
do not depend on $y$ we can consider the cases 1 and 3 as and
well as 2 and 4 joints to obtain the integral for the 22 term *)

Outer22integralcase24 =
Simplify [Exp [-Fllalphay ] * Integrate  [Exp [-F2] = 122integral, {t, alpha, 1 3},
Assumptions - {0 < alpha <t <1,b / (1-alpha ) <y,c >1,b >0}]]

(1 - al pha)®
-1+c2
Outer22integralcasel3 =
Simplify [Exp[-Fl12alphay ] = Integrate [Exp[-F2] * I22integral, {t, alpha, 1 3},
Assumptions - {0 < alpha <t <1,b / (1-alpha ) >y >b,c >1,b >0}]]
for
t

b
e-b+y-al phay (3 )

-1+c2

fort

Outer23integralcasel =
Simplify [Exp[-Fl12alphay ] =* Integrate [Exp[-F2] * I123integralf2largery, {t, alpha, 1 3},
Assumptions - {0 < alpha <t <1,b / (1-alpha ) >y >b,c >1,b >0}]]

b b

E e7b+yfal phay (_
2 y
2 (-2+alpha-alphac)y (-1+alpha) (-1-c+alpha (3+2¢c))y?

-(-1+c) (4+c) +alpha (-4+3c)

+

(-1+alpha) (-1+c)

l+c (l+c) (2+¢)
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Outer23integralcaselcsmall =
Simplify [Exp[-Fl12alphay ] = Integrate [Exp [-F2] = 123integralf2largery,

{t1 -c/y, 1}, Assumptions - {O< alpha <t <1, 1 <c<y,y <c/ (l-alpha )}]]

e-b+y-al phay (g)b ( c )c (-4+c+2c?+c®+alpha (2+c)y)

y-al phay

(=1+c) (L+c) (2+cC)

Outer23integralcase2 =
Simplify [Exp[-Fllalphay ] =* Integrate [Exp[-F2] * I123integralf2largery,

{t, alpha, 1  }, Assumptions - {0 < alpha <t <1, b 7/ (1-alpha) <y, c >1,b >0}]]

1 -(-1+c) (4+c) +alpha (-4+3c)
— (1-al pha)® +
2 (-1+alpha) (-1+c¢)
2 (-2+alpha-alphac)y (-1+alpha) (-1-c+alpha (3+2c))y?
l1+cC B (l+c) (2+c)
Outer23integralcase3 = Simplify [Exp[-F12alphay 1 =
Integrate  [Exp [-F2] = 123integralf2largery, {tt1 -c/y, 1}, Assumptions -

{0< alpha <t <1,b /(l-alpha)>y>b,c >1,b >1,y >c/ (1-alpha )}]]

e-b+y-al phay (g)b ( c )c (-4+c+2c?+c®+alpha (2+c)y)

y-al phay

(-=1+c) (L+c) (2+cC)

Outer23integralcase4 =
Simplify [Exp[-Fllalphay ] =* Integrate [Exp[-F2] * 123integralf2largery, {t1 -c/y, 1},

Assumptions - {0 < alpha <t <1,b / (1-alpha ) <y,c >1,b >1,y >c/ (1-alpha )}]]

(1 - al pha)® (),_T‘;hay)c (-4+c+2c?+cd+alpha (2+c)y)
(-1+c) (1L+c) (2+c)

(» end outer second integrals *)

(» Step 3: density described in equation (6) =*)

denslalpha =

Simplify  [(y-b) /y+Exp[-(y-b-bxLlog[(y/b)])]]

(* density if $f 1 (0)=b \leqg y \leq b /7 (1-alpha ) f_1 (alpha )$;
this is relevant for the cases 1 and 2 *)

dens2alpha = Simplify [ (alpha = Exp[

-((b/ (1-alpha ) -b-b=xLog[(1/ (L-alpha ))]) + ((y-b/ (1-alpha )) alpha ))]1)]

(* density if $y > b/ (1-alpha )$, this is relevant for the cases 2 and 4 *)

|

1 - al pha

b

1
al pha e@'Phay

(*» check wheter integral over density is 1 *)
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Fdensl = Simplify [Integrate [denslalpha, {y,b,b / (1-alpha )},
Assumptions - {0 < alpha <t <1,b >0,c >0,y >b}11;
Fdens2 = Simplify [Integrate  [dens2alpha, {y,b / (1-alpha ), =},
Assumptions - {0 < alpha <t <1,b >0,c >0,y >b}II;

Checkdens = Fdensl + Fdens2

1
(» end density *)
(*» Step 4: Obtain components of the value function *)

(* Value function components for $t \leq \alpha$;

since these terms do not depend on $f_2$ we can consider the ca ses 1,

3 as well as 2,4 jointly *)

Vlcasel3 =

Simplify  [Integrate  [denslalpha =+ (Outerlintegralcasella + Outerlintegralcasellb ),

{y,b,b / (1-alpha )}, Assumptions - {0 < alpha <t <1,b <y<b/ (1-alpha ),b >0}1]

al phab

1 e-al phab al phab alphab @ Lealpha al phab
— |1+b-——— +etam -2 (1 -al pha) P eramma + +b e tapha _
2 al pha? al pha?
al phab b
(1-al pha)™®betarm —bePExplntegral Ei [-b] +be” Explntegral Bl | ——— | -
-1 +al pha
al phab

b Expl ntegral Ei [-al phab] + bExplntegral Bl |———
-1 +al pha

Vlcase24 =
Simplify  [Integrate  [dens2alpha = (Outerlintegralcasel24 ), {y,b 7/ (1-alpha ), =},
Assumptions - {0 < alpha <t <1,y >0,b 7/ (1-alpha ) <y,b >0}]]

al phab

(1 - al pha) " e~aiea Qut er 1i nt egr al casel 24

Vl1case24test =
Simplify [ (Outerlintegralcasel24 ) = Integrate  [dens2alpha, {y,b / (1-alpha ), o},
Assumptions - {0 < alpha <t <1,y >0,b 7/ (1-alpha ) <y, b >0}]]
(* test /simplification, inner integral does not depend on $y$ *)

al phab

(1 - al pha) ™ e=-awa Qut er 1i nt egr al casel 24

(+ end value function components for $t \leq \alpha$ *)
(* begin value function components for $t > \alpha$ «)

(* Remark: to integrate over $y$ in the integral associated wit h $t > \alpha$,
we have to distiguish between the cases where $ b \geq ¢c$ and $b < c$. For the
first case the abbreviation bgc (g for the german word groesser ) is used,
while for the latter case we use bkc (k for the german word kleiner ) %)

V2l1caselbgc =

Simplify  [Integrate  [denslalpha * (Outer2lintegralcasel ), {y,b,c / (1-alpha )},
Assumptions - {0 < alpha <t <1,y >0,b <y<b/ (1-alpha ),b >c >0,
b>0,b <c/ (1-alpha )}1]1 (» b \geq c and ¢ /(1-alpha )>b x)

1

5 g-alphab ((—1+al pha) (-2 (1+c) +alpha (-2+ (-1+alpha)b (L+c))) -
2alpha® (1+c) (2+c¢)

(2 (1+c) +alpha (2c?2-b (1+c) +alpha’?b (3+c (2+c)) +

alpha (-2-b (2+c+c?) +c (2+c+c?)))) ea'p“a(b*%upha))
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V23caselbgc = Simplify [
Integrate  [denslalpha = (Outer23integralcasel ), {y,b,c / (1-alpha )}, Assumptions -
{0< alpha <t <1,y >0,b <y<b/ (1-alpha ),b >c>0,b >0,b <c/ (1-alpha )}1]

1

2 (-1+al pha) alpha® (-1+c¢) (1+c) (2+¢)
e @Pphab |_o . 2 al pha + 6 al pha® - 6 al pha® - al phab +5al pha®? b -7 al pha® b + 3 al pha* b +

2 al phac-2alpha®c-alpha?bc+2alpha®bc-alpha*bc+2c?-4alphac?-al pha?c?+
al pha®c? +al phabc?-4alpha?bc?+5al pha®bc?-2al pha*bc?-4al phacd+

c c

al pha® ¢® - al pha? ¢ + 2 &2 eha (o) _ 2 al pha &2 Pha (brimma) _ 6 al pha? &2 Pha (o +
6 al pha® & P (> i) _ al phab e ™" (b i) _ 3 al pha? b & P (> i)

5al pha® b & ™ (> i) _ al pha® b & P b i) 4 4 al pha ¢ ¢ P (o iona )

2al pha?bc ™™ b ) _ 4l pha®bc e ™™ b i) 4 2 al pha*bc e ™ (b Taigna

2¢2 P ) L g al phac? ¢ "™ (> ioma ) 4 al phabc? & "™ (o iona )

al pha (b al pha (b+

al pha(b»,%‘pha) #pna) ~

alpha*bc?e -2alphacde ) 4 6 al pha?c® e

al pha (b al pha (b al pha (b+7c

4 al pha®cle T 4 al pha?bcde T _ al pha®bcle T
alpha®b (2+3c+c?) (4-3c-c?+alpha (-4+3c)) e PP Explntegral E [-al phab] -

al phac
alpha®b (4 -4alpha-3c+3alphac-c?) (2+3c+c?) e PP Expl nt egral Ei [—]
-1 +al pha
V21caselbkc =
Simplify  [Integrate  [denslalpha =« (Outer2lintegralcasel ), {y,b,b / (1-alpha )},
Assumptions - {0 < alpha <t <1,y >b,b <y<b/ (l-alpha ),b <c, b >0,c >0}]]

g-alphab [(—1+al pha) (-2 (1+c) +alpha (-2+ (-1+alpha)b (L+c))) -

(2 (1+c) +alpha (-2alpha+b+ (-2+b) c+al pha? b (3+b+c+bc)))

al pha2 b

@ -1+al pha 2 al pha3 <1+C) <2+C>
)/ |
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V21caselbkcacasecsmall =
Simplify  [Integrate  [denslalpha =* (Outer2lintegralcaselcsmall ), {y,b,b / (1-alpha )},
Assumptions - {0 < alpha <t <1,y >b,b <y<b/ (1-alpha ),b <c, b >0,c >0}]]

1

2alpha (1+c) (2+c)
(1-alpha)2¢eaPhab g ((_1.alpha)?)®+8 ((-1+alpha)?)®c+5 ((-1+alpha)?)®c?+
al pha? b al pha? b

((-1+alpha)?)®c®-4 (1-alpha)?®etarm -8 (1-al pha)?®ce tam -

al pha2 b al pha2 b

5 (1 -al pha)2¢c? e tama - (1 -al pha)?¢c3 e rama 4
((-1+alpha)?)®alphab (1+c) (2+c)2e?P"aP Explntegral Ei [-al phab] -

al phab
(1-al pha)?¢al phab (1+c) (2+c)2e¥Phabpexpintegral Gi |——— | -
-1 +al pha
4 (- (-1 +al pha) al phac)® e*Pab Gamma[1l -c, al phab] -
4c (- (-1+al pha) al phac)® e?P"2P Ganma[1 -c, al phab] -
2c? (- (-1 +al pha) al phac)® e P> Gamma[1 -c, al phab] +
al phab
4 (- (-1 +al pha) al phac)“ea'phabGamra[l—c, 7] +
1 - al pha
al phab
4c (- (-1+alpha) al phac)“ea'phabGamra[l—c, 7]
1 - al pha
al phab
2c? (- (-1 +al pha) al phac)® ea'phabGamra[l—c, 7] +
1 - al pha

4 al phab (- (-1 +al pha) al phac)® e*P"ab Gamma[-c, al phab] +
4 alphabc (- (-1 +al pha) al phac)® e P"ab Gamma[-c, al phab] +

2alphabc? (- (-1+al pha) al phac)® e®P'aP Ganma[-c, al phab] -
al phab
4 al phab (- (-1 +al pha) al phac)® ea'phabGamra[—c, 7] -
1 - al pha
al phab
4 alphabc (- (-1+al pha) al phac)® ea'phabGamra[—c, 7] -
1 - al pha
al pha b
2 al phabc? (- (-1 +al pha) al phac)® 2 Phab Gamra[—c, 7]
1 - al pha
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V23caselbkca =
Simplify  [Integrate  [denslalpha =« (Outer23integralcasel ), {y,b,b / (1-alpha )},
Assumptions - {0 < alpha <t <1,y >b,b <y<b/ (1-alpha ),b <c, b >0,c >0}]]

1

2 (-1+al pha) alpha® (-1+c) (1+c) (2+¢)

al pha2 b
e -1+al pha

al pha2 b

al pha2 b
—1+e1'a‘P“aJ +2 <—1+02> [—1+e1’a‘P“aJ +

g@lphab alpha (-1+c) (-2+b-4c+bc)

al pha? b

alpha*b (-1 +c) (1—202+b (3+2cC) -3 etamma _2¢

al pha? b
2 + @ l-alpha

+al pha® [-b? (-1+¢?) +

] .

al pha2 b al pha2 b al pha2 b
_l+el—a\phaJ +b [_3+561—a\pha +C [_2+4el—a\phaJ

al pha? b

<—6—20 +c2 +03> (—1+<191*B'Pha

al pha? b al pha? b

+b (-1+c) (—7—30 +7 etapha 5 glapn

+

al pha? (-1 +c) [(6+60+502+c3)

|

alpha®b (2+3c+c?) (4-3c-c?+alpha (-4+3c)) e PP Expl ntegral Ei [-al phab] -

al phab
alpha®b (2+3c+c?) (4-3c-c?+alpha (-4+3¢c)) e P"aP Expl nt egr al Ei [7]
-1 +al pha
V23caselbkcacasecsmall =
Simplify  [Integrate  [denslalpha = (Outer23integralcaselcsmall ), {y,b,b / (1-alpha )},

Assumptions - {0 < alpha <t <1,y >b,b <y<b/ (1-alpha ),b <c, b >0,c >0}]1]

1

alpha (-1+c) (1+c¢) (2+c¢)

al phac ¢

(-4+c+2c”+c®-alphab (2+c)) Gamm[l-c, al phab] +

-1 +al pha

» 3 al phab
(4-c-2c?-c +a|phab(2+c>)Ganna[1—c, ]+2Garma[2—c, al phab] +

1 - al pha

al phab al phab

]—cGarma[Z—c, _ |+

c Gamm[2 -c, al phab] —2Garma[2—c, o
1 - al pha

1 -al pha
4 al phab Gamma[-c, al phab] -al phabc Ganma[-c, al phab] -
2 al phabc? Gamma[-c, al phab] - al phabc® Gamma[-c, al phab] -

al phab al phab
4 al phabGamra[—c, 7] +al phachamra[—c, —] +
1 - al pha 1 - al pha
al phab al phab
2 al phachGamra[—c, pi] +al phabc3Gamra[—c, pi]
1 -al pha 1 - al pha

V21case2bkcal = Simplify [Integrate [dens2alpha = (Outer2lintegralcase2 ),
{y,b 7/ (1 -alpha ), 1}, Assumptions - {0 < alpha <1,c >b>0}]]

1
2 (1+c) (2+cC)

1 ~C alpha (1-al pha:b) 1 ¢ al pha b
-1+ e lapha [ -1+ (1+c) (2+c)? |edPha _ grapna | 4+ 2¢C (2+20+02)
al pha al pha
al pha+ al phab al pha+ al pha b al phab
e " ume Gamm [1 - ¢, al pha] ~2¢® (2+2¢+c?) e " ium Gamma[1 -, ]

1 - al pha
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V21lcase2bkca2 = Simplify [Integrate [dens2alpha = (Outer2lintegralcase2 ),
{y,c / (1-alpha ), 1}, Assumptions - {0 < alpha <1,c >b>0}]]

1 1 -

al pha (1-al pha+c)

-1+
al pha

e ~1+al pha

2(1l+c) (2+¢)

1
[[—1 +
al pha

Gama[l-c, alpha] -2¢® (2+2c+c?) e

c al phac al phac

—_ al pha-
ealpha—el'a‘w) +2ct <2+ZC+CZ> e® P aiona

(1+c) (2+c)?

al phac al phac
alpha-— o Gamma [1 -c, - P ]

-1 +al pha

V21case2bkc = Simplify [V21lcase2bkcal - V2lcase2bkca2 ]

1
2(1l+c) (2+c¢)
1 -c al pha (1-al pha-b) c al pha b
-1+ e lapha [ -1+ (1+c) (2+c)? |edPha _ grapna | 4+ 2¢C (2+20+02)
al pha al pha
al phas al phab al phas al pha b al phab
e v Gamma[1-c, al pha] -2c¢® (2+2c¢+c?) e Lalpha Garma[l—c, 7]]—
1 - al pha
al pha (1-al pha+c 1 c al phac al phac
e  Lalpha [—l+ (L+c) (2+c)? |e¥Pha_ grampma | 4 2cC <2+20+02> & PN o
al pha
_alphac al phac
Ganma[l-c, al pha] -2c® (2 +2¢c +cz> & P Ganma[l -c, ——]
-1 +al pha

V23case2bkc = Simplify [
Integrate  [dens2alpha % (Outer23integralcase2 ), {y,b 7/ (1-alpha ),c / (1-alpha )},
Assumptions - {0 < alpha <t <1,y >b,b 7/ (1-alpha ) <y,b <c, b >0,c >0}]]

1 al pha (b+c)
@ lalpha

2 (-1+al pha) alpha? (-1+c) (1+c) (2+¢)
al phab
[—2 (-1+c?+alpha (1+ (-2+c)c?)-3alpha® (-1+c®) +alpha’® (-3-2c+2c?)) erams -

(2-2c?-2alpha (-1+c) (-1+b+ (-2+b)c) +
al pha® (-6 +b?-2bc+ (1-(-2+b) b)c?+4c3+c*) +

al phac
alpha® (6-c (-2+c+c?) +b* (-3+c+2c?)-2b (-1+c) (1+c (3+cC)))) e71+:‘pha)
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V21case3bgc = Simplify [Integrate  [denslalpha = (Outer2lintegralcase3 ),
{y,c / (1-alpha ),b /7 (1 -alpha )}, Assumptions - {0 < alpha <1,y >b>c>0}]]

1

2alpha (1+c) (2+c)

al phab al phab al phab al phab al phac al phac al phac
—4 e-1alpha _ 8 C e-l-alpha — § 02 @ -lralpha _ C3 @-lwalpha ; 4 @-1-alpha 8§ C @-l-alpha + § 02 @ -lralpha 4

al phac al phab
c3eram —al phab (1+c) (2+c)2Explntegral Ei [7] +
-1 +al pha
al phac
al phab (1+c) (2+c)?Explntegral Ei [—] +
-1 +al pha
al phac al phab al phac \°¢ al phab
pi Gamra[l—c, p7]+4c p— Garma[l—c, p—]+
1 -al pha 1 -al pha 1 -al pha 1 - al pha
al phac \¢ al phab al phac \¢ al phac
2¢? aphac Gamra[l—c, pi]—4 aphac Garma[l—c, pi]_
1 - al pha 1 - al pha 1 - al pha 1 - al pha
al phac \¢ al phac al phac \°¢ al phac
4c pi Gamra[l—c, pi]—ZCZ pi Garma[l—c, pi]_
1 -al pha 1 -al pha 1 -al pha 1 - al pha
al phac (¢ al phab al phac \© al phab
4 al phab pi Gamra[—c, p7]—4al phabc pi Garma[—c, pi]_
1 -al pha 1 - al pha 1 - al pha 1 - al pha
al phac \¢ al phab
2 al phabc? apnac mra[—c, p7]+
1 -al pha 1 -al pha
al phac \¢ al phac al phac \¢ al phac
4 al phab | —— Gamra[—c, 7]+4alphabc _— Garma[—c, —_ |+
1 - al pha 1 - al pha 1 - al pha 1 - al pha
al phac \°¢ al phac
2 al phabc? apnac Gamra[—c, pi]
1 - al pha 1 - al pha

V23case3bgc = Simplify [
Integrate  [denslalpha = (Outer23integralcase3 ), {y,¢c / (1-alpha ), b / (1-alpha )},
Assumptions - {0 < alpha <1,y >b,b >c, b >0,c >0}]]

1
alpha (-1+c¢) (1+c¢) (2+c¢)
al phac \°© al phab
- (4—0—202—c3+alphab<2+c>)Garma[1—c, —]+
1 - al pha 1 - al pha
al phac al phab
(—4+C+2c2+c3—al phab (2+C)>Gamra[l—c, pi]—ZGamra[Z_c, pi]_
1 - al pha 1 -al pha
al phab al phac al phac
cGamra[Z—c, p7]+26amra[2—c, p7]+cGamra[2—c, pi]_
1 - al pha 1 -al pha 1 -al pha
al pha b al pha b
4 al phabGamra[—c, 7] + al phachamra[—c, 7] +
1 - al pha 1 - al pha
al phab al phab
2 al phabCZGamra[—c, pi] +al phabC3Gamra[—c, pi] +
1 -al pha 1 -al pha
al phac al phac
4 al phabGamra[—c, 7] -al phachamra[—c, —] -
1 - al pha 1 - al pha
al phac al phac
2 al phabCZGamra[—c, pi] —al phabC3Gamra[—c, pi]
1 -al pha 1 -al pha
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V21casedbgc = Simplify [Integrate  [dens2alpha =« (Outer2lintegralcase4 ),
{y,b 7/ (1 -alpha ), =}, Assumptions - {0 < alpha <1,y >b,b >c >0}]]
1 ames  @lPhADb (£)° (2+c (2+c)) Explntegral Elc, i;h;hl;
— (2+C) e lapha 4
2 (-1+alpha) (1+c) (2+¢)
V23casedbgc = Simplify [Integrate  [dens2alpha =« (Outer23integralcase4 ),
»>{0O<apha <t<ly >0b >c, b >1,c >1}]]

{y,b / (1 -alpha ), =}, Assumptions

1

(-1+c) (L+c) (2+c)

al pha b2 (%)C (2+c) Ganma[-2 +c]

b(%)c(—4+c+202+c3)Gamra[—1+c] 1
.
al pha

) (-1 +al pha) Gamma [c]

al pha
(-1 +al pha)?2Gamma[-1 +c]
(-1+al pha)?)\° al phab
(1-al pha) *2¢ (al phabc)® (4 +3¢c+c?) |alpha | —————— | b (—1+efl+a‘pha] +
al pha b?
1-al pha\© al phab 1
(-1+alpha) | —— Garma[Z—c, ] -
1 - al pha al pha
C ¢ al phab
(Tlpha (2+c) |-alpha® Gamma[2 -c] + [b‘c [— (1 - al pha)¢ al pha? b? (—1+efl+alpha +

(-1 +al pha)? (al phab)® (-2 +c) Garma[2-c] +
al phab ]

(-1+al pha)? (al phab)® Gamra[B—c, _—
1 -al pha

_

/ ((-1+alpha)? (-2+¢c))

V21casedbkc = Simplify [Integrate  [dens2alpha =+ Outer2lintegralcase4,
-»{0< apha <1,y >c/ (1-alpha ),c >b>0}]]

{y,c / (1 -alpha ), o}, Assumptions
al phac (2+c (2+c)) Expl ntegral E[c, fl;h;h‘;]

al phac

<2 +C) @ -lralpha 4
(-1+alpha) (1+c) (2+c¢)

NP
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V23casedbkc = Simplify [Integrate  [dens2alpha
{y,c / (1 -alpha ), o}, Assumptions
1

* (Outer23integralcase4 ),
»{0<apha <t<1ly >0,c >b, b >1,¢c >1}]]

(-1+c) (L+c) (2+c¢)

al phac? (2+c) Ganma[-2+c] C (-4+c+2c?+c3) Gamma[-1+c]

al pha - -
(-1 +al pha)? Gamma[-1+c] (-1 +al pha) Ganma [c]
c ¢ 1-al pha ¢ al phac
([7 (4+3c+c?) |alpha |——— | ¢ [—1+efl+a‘pha)+
1 - al pha c
al phac
(-1 +al pha) al pha® Garma[Z—C, —] / ((-1+al pha) al pha) -
1 -al pha
¢ 1 - al pha -3¢
alpha |—— | (2+c) |-alpha?* Gmm[2-¢c]+1/ (-3+c¢) al pha | ———
1 -al pha c
al phac al phac
1 - al pha 3 (-1 +al pha) (-1+al pha) etara 3 (-1+al pha) e tarma
+ + - -
al pha (-2+c) alpha(-2+c)c al pha (-2 +c) alpha (-2+c) c
1 -al pha\3° 1 \%¢
- Ganma[2-c¢]+ |-1+ c?*° Gamma[2-c] -
al phac al pha
1-al pha\3-¢ al phac 1 3¢, al phac
(alphac) Garma[3—c, Lalpha] (_1+alpha) ¢ Gamma |3 - c,

1-al pha
+

-2+cC -2+cC
V22case24 = Simplify [Integrate [dens2alpha

* (Outer22integralcase24 ),
{y,b 7/ (1 -alpha ), =}, Assumptions

»>{0O<apha <t<ly >0,c >b, b >1,c >1}]]
al ab
o o

-1+c2

V22casel3 = Simplify [Integrate [denslalpha * (Outer22integralcasel3 ),
{y, b, b / (1-alpha )}, Assumptions - {0 < alpha < 1}1]1]

al pha? b
e—al phab | _ 1 + @ lwalpha
1 ] ~; alphab
- +b [Expl ntegral Ei [-al phab] - Expl ntegral Ei 7]
-1+c¢? al pha -1+al pha
(» end value function, t > \alplha «)

(» end value function *)
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(*Some Remarks: In the above value function components we cons ider the cases 1 -

4 and distiguished between $b \geq c$ and $b > ¢$. For $b \geq c$,
Case 2 is impossible, while for $b <c$ our Case 3 becomes impossible. By
this fact to obtain the value function the expressions for th e Cases 1,
3,4 are used whenever $b \geq c$, while for $b < c$ the Cases 1,
2,4 are used to obtain the value function. If $b =
c$ all expressions containing "Case2" or "Case3" are zero. T his follows
dicrectly when looking at the integrals in equation (8). Numerically,

we observe that, using the expressions obtained above,
with $b =c$ these components are zero. *)
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