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PREFACE

Mathematical Programming derls with the optimization
of a given function under oonstraints - usually in
the form of inecualities - and provides not only a
theoretical framework for a large class of
optimization problems but also a basis for the
development of useful techniques which can be used
for formulation purposes; model construction and
thederivation of solution: procedures.,

It is the aim of this paper to discuss the general
background’ of integer programming as a part of
mathematical programming and some aspects of
applying mathematical logic to integer programming
problems, particularly in 0-1 variables.

This paper is a revised'énd-modified version of

the author’s MSc-Dissertation "On the Pseudo-Boolean
Approach andf071 Integer Programming", University

of Sussex, October 1975.
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CHAPTER 1

Introduction

§ 1.1 Preliminaries

Mathematical Programming which is concerned with

a wide variety of constrained optimization prob-

lems plays an important and distinctive role among
operational research approaches.

Both practical requirements and theoretical interests
have been stimulating research into this subject
and as a consequence a theoretical framework as

well as efficient solution methods have been deve-
loped for numerocus classes of mathematical programming
problems. The case where some or all of the variables
involved are required to be integer valued is dealt
with in the context of integer programming.

In the first part of this péper the general back -
ground of integer programming will be reviewed and

a clasgsification of different types of problems given.
After a characterization of the main approaches some
aspects of applying mathematical logic to integer
orogramming problems will be considered. The Pseudo-
Boolean Approach which makes use of results and
concepts of Boolean algebra will be the subject of

a more detailed discussion, in particular the concept
6f the resolvent. As the result of analysing the

general assumptions of that approach an axiomatic

-1
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basis is obtained which allows the development
of Pseudo-Boolean programming in a generalized
way.

§ 1.2 Mathematieal Programming

Mathematical programming deals with a particular
class of constrained optimization problens
according to the following definition:
minimize f(x) for vectors xe R* satisfying the
conditions gj(x);bj j=1,2,...,m where f(x)
and gj(x) are functions from R R, bjGR.
f(x) is called the objective function, gj(x)a'bj
(inequality) constraints. Sometimes the additional
requirement x20 i.e. the nonnegativity of x is
explicitly made. The case of maximizing f(x) can
be reduced to the case mentioned by using the
relation max f(x)“= - ﬁin(—f(x)).
The set of vectors satisfying the constraints is
called the feasible region, the vectors belonging
to that set feasible solutions. If that set is
nonempty the prbblem is called feasible, otherwise
infeagible. A feasible solution which minimizes
(maximizes) the objective function is called an
optimal solution.
By imposing further conditions on the objective
function and the constraints different classes of

mathematical programming problems can be obtained,



e.g. convex programs if both the objective function
and the feasible region are convex. Convexity of
a set, say C, means that for x,yeC also x+(l-X)yeC
0¢A¢l, whereas a function f(x) is called convex

on a convex set DL, if it follows from u,ve D

* that f(/uu-t-(1-71)v)$/4f(u)+?(1—/1)f(v), where O<mel.

Fundamental results and topics of the theory of
mathematical programming are the subject of e.g.
Vajda [28],[29] ; applications are dealt with in
Vajda [30].

Since from the point of view of applying mathe-
matical programming in practice the availability

of efficient solution procedures is most important,
research has alsobeen directed towards the develop-
ment of algorithms, i.e. computational procedures
which evaluate anAoptimal solution to the given
problem or indicate its infeasibility.

The implementation of such algorithms requires
additional considerations concerning the handling
of the actual data, speed and accuracy of calcu-
lations, and a suitable representation of the

results ( see e.g. Beale[3], Land & Powell[21] ).
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§ 1.3 Linear Programming

If in the general definition of mathematical
programming f(x) and gj(x) J= 1,2,.0.,m are
required to be linear in x we obtain the casé
of linear programming which can also be repre-
sented in the following form: |

min ¢“x subject to Ax2b, x20

with c,xeR®, A an (mxn) matrix, beRT.
An optimal solution to a linear vrogram (LP)
exists if the feasible region is nonempty and if
the objective function has a lower bound for all

feasible solutions., A feasible solution is czlled

- a bagic feasible solution if m components of the

solution vector are nonnegative, n-m components
zero and the square matrix of coefficients corre-
sponding to the m nonﬁegative components is non-
singular.

The set of basic feasible solutions is a finite
set because after introducing m additional variab-
les - the slack variables - there are at most
(mgﬁ) ways to select a non - singular (mxm) matrix
among the m+n columns of [A,-I] with I the (mxm)
identity matrix. If an optimal solution exists,

then there exists also a basic optimal solution,

we can therefore restrict our sttention to the set

of basic feasible solutions if we want to solve
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a given linear programming problsem.

An efficient way to do this is the well knowm
Simplex dgorithm ( see e.g.Dantzig [6]) for

instance in the form of the Revised Simplex
algorithm which is most suitable for the use

on electronic computers('see e.2. Orchard-Hays

[23) ). Without any doubt G.B. Dantzig’s Simplex
method has been a funaamental contribution: to-

wards the widespread use of mathematical pro-
gramming techniques and has been stimulating

further theoretical investigations. Many practical
problems such as some production problems, metwork
flow problems, optimal mix prbblems, transport
problems, the diet problem etc. turn out to be
suitable for modelling by linear programs. The
applicability of linear programming to economic
problems is no coincidence , the reason being

that IP-models - at least under certain conditions-
can successfully be interpreted in terms of economic.
concepts:

Assuming the total divisibility of all the variables
involved and constant return to scale, the LP ,

say max p’x subject to Ax< b and x3» 0, can represent
the problem of finding the output level x® which

maximizes the profit of the firm taking into

- account the given restrictions on the inputs
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(e.g. capacities like machine hours, etc.)$

x is usually called the vector of the structural
variables.

Beyond that rather obvious interpretation LP
concepts like duality and decomposition make a

muich more subtle economic analysis possible.

For example let us consider the problem of profit
maximization mentioned above.If- after introducing
slack variables and deriving an optimal solution

by means of the Simplex algorithm- a slack variable
has a nonzero value in an optimal basic solution,
this indicates that the corresponding resource

has not been fully used, while slack variables at
the level of zero imply the full use of the corre-
sponding resource. If we look at their coefficients
(-the reduced costs-) in the final representatiom
of +the objective function, obtained at the last
stage when applying the Simplex algorithm to the
problém, they can be interpreted as internal
accounting or shadow prices of the corresponding
resource., In the former case this price is zero
gince the resource is not fully used. For a capacity
restraint this means that the value of increasing
the capacity is zero. If we consider the reduced
costs en non-basic structural variables in the final

representation of the objective function, we can use
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them for pricing decisions. Without going into

further details it should be mentioned that linear
programming allows the interpretation of economic
concepts like decentralized planning, input -

output analysis etc. as well.(see e.g. Hadley [13] ).

On the other hand if, sa&, the variable x is to
represent the amounf of a certain good which can
only be obtained in indivisible units, limitations
of that approach become apparent and the LP solution
will in general not be a satisfactory solution to
the given problem,

Mathematically the additional condition imposed by
requiring indivisible units can be represenfed by
introducing integer valued variables.

This is of course not the only reason for considering
integer valued vériablés: certain nonlinearities,
logical conditions, or combinatorial problems
suggest a similar formulation.

The significance of such problems has been pointed
out in several instaences (see e.g. Dantzig [5])

amd they are dealt with in the context of integer

programming.
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CHAPTER 2

Integer Programming

§ 2.1 Introduction

In this.chapter we shall highlight some problems
which arise when on a given mathematical program -
ming problem the additional recuirement is imposed
that some or all variables sre to take on integer
values only.
Usually the attention is restricted to the linear
case i.e. to a ILP-problem together with the inte-~
grality condition. The need for further theoretical
investigations and the development of special
integer programming algorithms can easily be de-
monstrated by the following example:
maximize'xl + 4%, | ‘
subj.to Xy + 10x2 £ 20
x4 € 2
Xq9%5 3 0, integer valued.
A obvious aporoach to solve this problem is to
ignore the integrality conditions first and to
apprly the simplex algorithm to the resulting
ordinary LP-problem., If the optimal solution

obtained in this way turns out to be integer

- valued the problem is already solved.

In our case we get as optimal solution to the

LP-problem x; = 2, X, = 1.8 with 9.8 as the maximum



of the objective funvtibn. As this solution
obviously violates the integrality condition

one could expect one of the two points, obtained

by rounding the noninteger LP solution, i.e.(2,2),
(2,1) respectively, to be optimasl solutions to

the given problem. It cen easily be checked that
the first point is not even feasible while the
second turns out to be feasible, though not optimal.
Indeed, the optimal value of 8 is attained at (0,2)

which in our case can be shown e.g. by a graphical

method: X3,
4 4 X131
3 - ‘
\
§2‘ k (201)
Ny X+ 10X, =20
14 . o {1 X 4+ 4% = 98
T~ Xy+4xa, = 8
° 1 2 s s s M

A sufficient condition for an ILP with integer
valued A and b to possess only integer valued
basic solutions is the total unimodularity of

the matrix A. An integer mxn matrix A is totally
unimodular if the determinantsof any of the square
submatrices of A take the values O,-1,+1 only.

In such a case it is possible to obtain an optimal
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integer valued solution by applying the Simplex

- algorithm directly to the problem: if there is

an optimal solution, at least one basic optimal
solution exists which under the stated assumptions
will be integer valued.
An important class of problems which have a to-
tally unimodular matrix A is that of the so called
minimum cost capacitated flow problems, comprising
among others the transportation, transshipment,
assignment, maximum flow and shortest path problem.
Surveys‘on the subject are given in Garfinkel &
Nemhauser [9] , Geoffrion & Marsten [10], Balinski &
Spielberg [2] , and there are several books available,

e.g. Garfinkel & Nemhauser [8] , Hu [20], Zionts [33].

§ 2.2 Definitions and solution procedures for

integer programming problems

As already indicated we get an important class of
mathematical programming problems if some or all

of the variables involved are required to be integers.
Usually the attention is restricted to the linear
case only.

First we shall consider the following general

definition, namely the problem of:

=] 0=
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max ¢’x + 4’y for xe€ z¥

, x¥0, yeR', y30
subj.to Cx + Dys.b‘ with ¢ am (mxk) matrix,,

D (m1), ceRY, deR', be R, z¥

being the set
of integer k-tuples;

which is called mixed integer linear programming

problem. If \= 0, which means that only the integer
valued variable vector x has to be considered, we

get an integer linesr programming problem (ILP)

and it should be noted that the definition also
co::vers the case of linear programming, whenever
k = 0, such that the integrality condition is
not in force.

If we replace z¥ vy {0,1}k we obtain in an ana-

logous way the cases of mixed O-1 linear programming,

amd of O-1 integer linear progremming respectively.
Frequently a given'integer programming problem
can be modelled in several alternative formulations,
therefore relationships between different models
(e.g. the equivalence of formulations) and methods
of transformations are of considerable interest.
It has been shown earlier that the application of
the simplex algorithm to an arbitrary ILP will in
general not yield automatically an optimal solution
which is also integer valued, and a sufficient
condition has been mentioned.

To solve the problem of develoning satisfactory

~11-
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computational procedures several methods of
solution have been proposed and the correspon-
ding algorithms are commonly classified as:

. enumerative,

. cutting plane, and

. heuristic algorithms.
We shall first try to characterize the basic
ideas underlying the enumerative approach. If
we consider the set of feasible points of an LP,
say, min ¢’x, subject to Ax?»Db, x20
i.e {x | Ax3 b, x2 O} assuming it to be bounded,
then by imposing the integrality regquirement
the resulting set of feasible integer valued
points will be a finite set consisting of the
integer lattice points within the original
feasible region, which can be enumerated. In the
example abo&e we get the set {(0,0), (0,1), (0,2),
(1,0), (1,1), (1,2), (2,0)}.
If we are given a O-1 programming problem in

n variables at most 20 possible vectors have to

be explored. Computationally efficient enumerative

algorithms usually employ a tree-like search

procedure and the calculation of lower and upper

bounds on the values of the objective function.
Cutting plene algorithms are based on rather

different concents: the ILF is first treated as



an ordinary LP and the Simplex algorithm is applied.
If the result is not integer valued it can be ex-
cluded from further considerations, and any other
noninteger point could be neglected as well, A
finitely convergent procedure of systematically
excluding parts of the feasible region of the LP

by introducing additional constraints ("cuts") has
been pioneered by R.E.Gomory in 1958 ( see e.g.
Gomory [11] ) and since then various methods of
generating cuts have been provosed.

In our example the additional constraint xl+x2£ 3
would exclude the LP optimal solution (2,1.8) with-~
out making any of the integer feasible voints in-
feasible. In fact, to maintain the applicability
of the simplex algorithm and to ensure at the same
time an integer valued result ( if that exists

at all), we could direct our ettention to the
smallest convex set containing the integer lattice
points ( the convex hull). This sct will be contained
in the feasible IP region, since the latter is
itself convex.

It can be shown that solving the modified LP with
the convex hull of integer feasible solutions to
the original LP as feasible region - together with
the ofiginal objective function - will yield an

optimal solution which also satisfies the inte-

~13=



grality condition, i.e. the given ILP reauirements
altogether. The main problem lies in analytically
deriving from the given set of constraints a
suitable representation of the convex hull of
integer feasible points.Attempts in this direction
have been: successful at leastﬁfor a particular
class of 0-1 programming vproblems -the so called
monotone ami regular O-1 programs- for which‘a
method of deriving a revresentation of the convex
hull from the original constraints exists.(See
Hammer,Johnson,Peled [16] ).

An alternative approach to solving integer pro-

gramming problems is provided by heuristic algorithms

intended to derive at least approximate answers

to a given problem and these can also be used for
obtaining a good starting voint for further +tree-
like search procedures as carried out by, say,
enumerative algorithms,

An approach following quite different lines is

the so called Pseudo-Boolean Avnproach - or simply
Pseudo-Boolean programmning - which can be characte-
rized as mrking use of results and concepts of
Boolean algebra and applying it to discrete optimiza-~
tion problems in general. It covers constrained
and unconstrained. optimization in O-1 variables,

with objective functions and/ or constraints not only

-14-
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in linear but also in polynomial form, etc. The
name "Pseudo-Boolean! is chosen,because this
aporoach deals mainly with Pseudo-Boolean functions,
i.e. real-valued functions in 0-1 variables. A
monograph on this subject (Hammer & Rudeanu [19})
appeared in 1968 and more recent developments
can be found e.g. in Granot % Hammer [12] and
Hammer [15] «Although originally Pseudo-Boolean
Programming -being mainly an algebraic approach-
has been treated quite distinctly from other -more
geometrically oriented- approaches, theoretical
connections between these approaches on the one
hand and Pseudo-Boolean programming on the other
have been established (see e.g. Hammer et.al.[16] ).
The following chapters of this paper will continue
with a more detailed discussion of that approach,
A final comment concerns the concept of duality
in the context of integer programming upon which:
further inve.stigations - gquite common for LP
problems - depend: recently a duality theory for
0-1 integer programming has been developed by

Bell & Shapiro [4] .

-15-
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§ 2.3 Mathematical Logic and Mathematical

Programming.

The basic subject of mathematical logic isvthe
study of formal systems, their interpretation

and related problems. A formal system consists

of a formal language, a éet of axioms together
with rules of inference. Theories are a special
class of formal systems, usually consisting of

a first-order language (variables, function and
predicate symbols,quantifiers), a set of logical .
and nonlogical axioms and a particular set of
rules. A model -in this context- is a structure
for a theory for which the nonlogical axioms of
the theory are valid. A structure is a set of
elements ( the individuals) with functions and
predicates defined on it.

The relationshiv between mathematical logic on
the one hand and mathematics on the other is very
close, which is - among other reasons - due to
the fact that the methodology avpplied is very
similar and results found in one field of study
are relevant to both. Let us fake as an example
the theory of Boolean algebras: basically a
mathematical theory, it is most important to
mathematical logic, since the structure of classi-

cal logic is essentially that of a Boolean algebra,

-16- .



In the context of methematical programming some
other aspects of mathematicsal logic apart from
Boolean algebra - which is widely used for integer,
especially O-1 programming,- are of narticular
interest, e.g. algorithm theory, decision pro-
cedures and problens.

The relationshivp between decision procedures and
mathematical programming algorithms is the subject
of Williams [311.

Applications of Boolean algebra are widespread

( see e.g. Flegg {7] ), the monogravh by Hammer &
Rudeanu [19) , mentioned earlier covers a variety

of applications to operational research and related
problems, the main subject of the study, however,
is the application of Boolean algebra to discrete
optimization problems. Earlier instances of using
Boolean algebra for solving 0-1 programming problems
are e.g. plant location (Smidt & Reis [27]),pro-
duction scheduling (Akers & Friedman [1] ), a
selection problem (Root [26}), but it can be said
that the main stream of research in this particular
field has been influenced by P.L.Hammer’s apnroach,
namely that of Pseudo-Boolean onrogramming.
Applications of mnthematical vrooramming to problems
of mathemntical logic provide another interesting

aspect of the relationshiv between both fields. It

-17-
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has been shown that mathematical programming
algorithms can be used for solving optimization
problems of threshold logic (switching theory)
(see e.g.Muroga [22]), while Williams [32] aescribes
a method of converting Boolean algebra statements
into linear equations and inequalities in O-1
variables which can be used fo solve logical
problems by means of integer programming algorithms.
It is the aim of this paper to emphasize the
role methods and results of mathematicel logic
play in the context of mathematical programming.
Therefore the attempt is made to review such
applications and to pursue further investigations
into the axiomatic background of 0-1 programming,
in particular taking the Pseudo-Boolean approach

into account,

—-1 8-
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CHAPTER 3

Pseudo~Boolean Programming

§ 3.1 Introduction

It is the objective of this chavter to outline

the basic characteristics of the Pseudo-Boolean
approach to O-1 integer érogramming and we will
follow the recent version contained in Hammer[#].
Earlier versions of that aporoach can be found
e.g.in Hammer & Rudeanu [181,[19].

One section will be concerned with some concepts .
of Boolean algebra which will be needed later on,
while in a further section an outline of the basic
ideas of the avoroach and their relationship to

concepts of Booleam algebra will be giverm,.

§ 3.2 Elements of Booléan Algebra

A Boolean algebra is defined as an algebraic
structure {B,A,v,-,0,I) which satisfies the

following axioms:

Bl., xvy = yvx XAY = YAX

B2. xv(yvz)=(xvy)vz xa(yaz)=(xay)az
B3, (xvy)ay = ¥ (xay)vy = 3

B4, xvx = 1T xax = O

B5. (xvy)az=(xaz)v(yaz) (xay)vaz=(xvz)a(yvz)
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In particular the set{0,1} with A,v,- defined

in the following way:

AjO 1 vio 1 -
0j0 © 00 1 01
110 1 111 1 10

satisfies Bl - B5 and we shall denote it by
<{0,1},A,V,-,O,l) or shorter by Bg.

A is called conjunction (often denoted by . or

simply left out entirely), v disjunction, - negation.
If we consider the set {0,1}, i.e. the set

eonsisting of the integers O and 1, we can define

A,¥,- by setting xAy = Xy, XV¥ = X+y-Xy¥, X = 1-X

with the usual arithmetical meaning of «,+,-.

Later on we shall restrict our attention to the

particular Boolean algebra B, and its n-th cartesian

2
product Bg . “
Conjunctions of Boolean variables containing no
disjunctions are called elementary conjunctions.
Conjunctions are often referred to as products.
Boolean polynomials can be defined recursively as
follows: |

Pl. The constants Q,I are Boolean polynomials.

P2. The Boolean variables xl,xz,...,xm(literals)
are Boolean polynomials.

P3. The conjunctions, disjunctions and negations
of Boolean polynomials are Boolean nolynomials.

We shall call a funétion in n variables from

Bg‘a 32 a Boolean function.

2
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If f(x) ,eg(x) are Boolean functions, f(x) = g(x)
( £(x) g g(x) ) is called a Boolean eauation
(inequality). It is easy to see that a Boolean

polynomial defines a Boolesn function Bg - B, if

all 2@ possible vectors e :B;1 are substituted for

the Boolean variables xl,xg,...,xnland»o,l for

the constants 0,I.

2

For example: if the 2° possible velues of x = (xl,x

5)
eBg are substituted for X4 and x2 in

XqXp ¥ XliZ we get the following table:

Xy Xy [ XXy v xlig

0 0 0 010

0 1 0 010

1 0 0 111
11 1 1o

representing the function f: B% - 32 with:

X, X, f(xl,xg)

0 0 0

0 1 0

1 0 1

1 1 1

But f(xl,xz) can also be represented by x,.
It is in general true that any Boolean function can
be represented by at least one narticular Boolean

rolynomial e.g. in the following way:

-2~
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Let a particular function f: ’%g > B be given.
Considering the wvalues f(xl,xg,...,xn) at any of the
2n points of BI?I’ we form the following exnression (%):
f(0,0,...,O)‘ili?...i v :f(O,O,...,l)?cli“Z...xnv...
eeVE(1, l,...,l)x:L ?-..X i.e. we are construc-
ting a disjunction of elementary conjunctions of the

variables XqsXpgeeesX 5 X4 umegated, if 1 is substituted

n
for it, negated, if 0. Fach conjunction is preceded by
the function value &t this noint, i.e. either O or 1,
which is replaced by O and I in the final representation.
According to our definition P1-P3 we obtain a Boolean
polynomial. For example:

OX. X .V Oxlx v Ix.X.v Ix.X. is obtained from the

l 2 172 172
Boolean function above.

We can formulate (%) in a more general way as:

. . S - ¢
f(o(l,.mz,..o,.e(n)xl X, 2’...x;(“

(%19 8%g5 0240 ) € B 1
. 0 _ = 1 _ o _§1 if x =«
with x° = X, ¥~ = x we have x _{O i X

It can be checked easily that a Boolean polynomial
derived in such a way represents the original Boolean
function, because if we substitute 0,1 for the constants

Q,I and let take the variables Zqs¥pseve X, 2HY of the

n
o™ points (0(1,0(2,...,°(n)é Br?_l, exactly one elementary

conjunction will yield the value 1, namely that one

containing X5 unnegated ifo(i=l, negated, if 0(i=0. Thus
«1 x LN QX d“

Xq © %, 1 , = 1 will be vreceded by f(o(l,ofz,...,c(n)

i.e. yielding exactly the function value eaqual to that

e



of the corresponding Boolean function at that

point from which the polynomial under consideration
has been derived.

For the sake of convenience we shall write elemen-
tary conjunctions preceded by I without I, those
preceded by O will sometimes be left out of the
presentation. Such a presentation will yield the
so-called disjunctive normal form.

Two Boolean volynomials are called equivalent if
they represent the same Boolean functioms.

For example: X Xp ¥ xliz end x, are equivalent,

An elementary conjunction C is called an implicant
of a Boolean function f if C=1 implies f(x) = 1,
(e.g. in our case xl».

An implicant C of a Boolean function f is called

a prime implicant of f if there is no other impli-
cant of f such that all its literals appear among
the literals of the latter implicant.

A Boolean function can also be renresented by the
disjunction of all its prime implicants, being the
shortest normal form representation.

The so called consensus method provides an algorithm
for the derivation of prime implicants, (see e.g.
Quine [24] ). It is well known that the notion of
propositional variables and truth functions used

in mathematical logic is closely related to the
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concepts of Boolean variables, volynomizals and

functions ( see e.g. Ristea [25]), and the con-

sensus method for deriving prime implicants has
been developed as a means of simplifying truth

functions (see Quine [24] ).

§ 3.3 Solving 0-1 integer programming problems

by Pseudo~Boolean programming.

FProm among the variety of problems which have been
dealt with by Pseudo-Boolean programming we shall
choose the case of 0-1 linear integer programming
as our main subject, but it can be shown that the
nonlinearity of the objective funotion and/ or
constraints can be reduced to the linear case (see
e.g. Hammer & Rudeanu [19],
Let us therefore consider the problem:

min ¢’x subject to Ax> b with xe{0,1}* . (*)
When we are applying the Pseudo-Boolean approach
to0 solving this problem the first step will con-
sist of a transformation of the given problem
into one of the following form:

min c¢c‘x subject to §(x) = 0 with x é{O,l}n. (%)
is called the resolvent of

2
the set of feasible solutions to the given problem

The function Q :Bg-a B

and it is defined to be the Boolean function with

the property that, whenever)ceB? is a feasible

=24
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solution then @(x)=0 and vice versa., It has been
shown that (* ) is equivalent to (*%) (see e.g.Granot
& Hammer [2]) and the trensformetion from (%) into
(*x) is essentislly an algorithmic procedure for
deriving a polynomial representation from the
original set of constraints. After that the set

of feasible solutions to the original problem is
now represented as the set of solution to the Boolean
equationQ(x) = 0,

The next stage is concerned with simplifying the:
actual Boolean polynomial which represents the
resolvent and eventually deriving all its prime
implicants. If the constant I avppears among the
prime implicants the problem is infeasible, as the
resolvent - e.g. represented as a disjunction of
all its prime implicants - will in such a case take
on the value 1 for all x, such that @ (x)=0 cannot
be satisfied at all.

There are limitations to that approach if the cal-
culationof a large number of prime implicants is
involvedand practical algorithms will have to try
to avoid this disadvantage. Quine [24] refers to

a case where a formula in 9 variables has 1698 prime
implicants, whereas the total number of possible
assignments of values O and 1 to the variables of

9

the formula is only 27 = 512.

=25
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An algorithm provosed by Hammer [¥restricts
therefore the attention to elementary conjunctions
of a given length (i.e. the number of different
literals in it),but reauires a modification of

the Boolean representation implying a relaxation
of the given problem. The information given by

the conjunctions can be interpreted in a similar
way as in the previous case.

After the simplification vprocedure and further
logical analysis the optimal value of the objec-
tive function can be derived if the problem is
feasible and eventually the optimal solution(s).
Pcr practical purposes various algorithms have
been proposed (see e.g.Hammer [14]).

Deriving the prime implicants of the resolvent has
not only importance from the voint of view of
mathematical logic, indeed, it has been shown in
a paper already mentioned (Hammer,Johnson'& Peled
(1€] ) that for special classes of Boolean
functions f(x) - monotone and regular functions -
the knowledge of the prime implicants allows
constructing the convex hull of the set of solutions
to the equation f(x): = O.

We shall now consider a particular method (pro-
posed in Hammer [14] ) for deriving a Boolean repre-

sentation of the resolvent characterizing the set

-6



4.2

(0

of feasible solutions of a O-1 integer linear
programming vproblem, i.e. we shall consider Ax€£ b,
xeBrz1 , with A an (mxn) matrix, b e R". Each of the
m inequalities corresponding to the m rows can be
written as axsp, 2 € R, PC-.IR, thus omitting the
row index.

First the following operations are vnerformed:

If a component aJ is negative, we shall replace
the corresponding Xy by 1- ije(remembering that
xj=l - ij) and transfer aj to the right hand side.
This is done for every negative aj and the notation
is eventuslly changed in such a way that we get

a transformed ineouality of the form a’ys(y , say,
with 8.382}83,...., - O with y:J unnegated through-
outs. |

This particular representation of the original
inequality allows the derivation of the so called
minimal covers of that inequality in order to ob-
tain a polynomial revpresentation of the resolvent
of the inequality. A subset C of the index set
J=1,2,...,n is called a cover of a2’y £ p if

jzc:c aa.?(s . It is called a minimal cover of that
inequality if it is a cover of it without properly
containing any other covér of the ineguality.

It has been shown (see e.g. Granot & Haommer [12])

that given the knowledse of 211 the minimal covers

L
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Cl,C?,.a.,Cs of an inecuality Q? /\ y.=0 if
- k=1 jeC, Y

and only if y is a solution to the inecualitye.
This means that \é /J\ yj can be considered
as a polynomial representation of the resolvent
of a single ineguality, which can easily be re-
formulated in texrms of the original varisbles Xj‘
This procedure is repeated for each ineqguality
and eventually the resolvent of the system of
constraints @(x) = @l(x)v éz(x) Y oo VQm(x)
is obtained.
This is the starting point for applying a simpli-
fication procedure (e.g. the consensus method)
yielding the prime implicants of the resolvent.
At this stage the so called logical analysis is
completed by evaluating-the information about
the set of feasible solutions which is contained
in the particuler representation of the resolvent
in terms of its prime implicants.
Example:

Xq 2x2 - X3 = 3x4s 0 .
Substituting l-i3 for Xy and 1-24 for X, we get

4.

Xy + 2x2 + x3 + 3X4$ 1+ 3=

Substituting Y1 for X43¥5 for Xp1 T3 for X3y Iy for x4
3yl + 2y2 + y3 + y4$4 is obtained.
We get the foliowing minimal covers {1,2} ’ {1,3,4} 5

therefore a volynomisl representation of the resolvent

D G



of the inequality is given by yly2V'yly3y4, which

in terms of the original varisables is x2i4v xi§3§4.
if we have to deal with polvnomials constraints

instead of linear ones the same method can be

applied after introducing new variables for pro-

duct terms of the origihal variables, thus obtai-

ning a constraint which is linear in the newly in-

troduced variables. If the polynomial representation

of the resolvent of the so transformed inequality

is derived the original variables can be résubsti—

tuted.(see e.g. Hammer [14] ).
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CHAPTER 4

Generalization of Pseudo-Boolean Prosramming

§ 4.1 Introduction

The final chapter of this paner shall be devoted

to theoretical considerctions concerning the
mathematical and 1ogicai,assumptions upon which
-explicitly and implicitly- Pseudo-Boolean program-
ming is based.

In earlier papers (e.g. Haumer & Rudeanu [18])
optimization of Pseudo-Boolean functions had been
considered as the mein subject of Pseudo-Boolean
programming. Originally Pseudo-Boolean functions
had been defined as functions f: Bg' -2 Z, the set
of integers, later on the definition has been
extended to functions f: Bg’ -+R , the set of real
numbers. .‘ '

In this context the cuestion arises auite naturally,
which prooerties of R, or Z, or any other structure,
have to be assumed for the development of the
Pseudo~Boolean avpproach. The applicability of
elementary Boolean algebra suggests a relatively
elementary axiomatic basis to be sufficient, the
reason being that elementary Soolean expressions
are closely related to formulae of the propositional
calculus.As the result of further analysis it will

be shown that the Pseudo-Boolean apnroach c2n be

—-30-
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generalized to mathematical programming problems
involving functions f: Bg'—vA, where 4 is a
linearly ordered abelian grouv. For this genera-
lized apprroach we will be able to pronose 2
gystem of axioms which can be formulatéd in a
first-order language.

A similar generalization has heen vronosed ina
paper by Hammer & Rosenberg [171. It deals with
the linear decomposition of Boolean functions

defined on groups using a linearization procedure

originally developed for Pseudo-Boolean functions.

§ 4.2 Linearly ordered abelisn srouns, A-Boolean

functions and polyvnominls.

In the following we shall consider the proverties
of linearly ordered abeiianAgroups viiich are
required for the further develonitent of the pro-
posed generalization.
Let H be an abelian grouv, we shall write the group
operation as +, the neutral element as ¢ and the
inverse of any group element a as -a, If

1l all aeH are comparable with the neutral

element ®,i.e. if either 23 ¢ or -2% & fTor

all e H

o

a3y & ond -2 % ¢ implies o = &
3 a®¥ and b3 ¢ implies - + 3 ¢ then H is

called = linearly ordered groun.

3]
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Whenever a + (-b)2 ¢ one cen define az b and
it can be shown that we get o linearly ordered
set, i.e. the following axioms hold:

1l for all a, a2 a

o

a2b and b2 c imnlies a2 ¢

foa

a%»b and b2 a implies & = b

4 for all a, D ax»b or b2 a.
Iet A be = 1inear1y ordered obelian group. We
shall denote the operator which mavs every element
a€ A to itself: I, i.e. 2.1 = a, whilst ©® shall be
used for the overator for which 2.0 = ® holds ( @
being the neutrsl element of 4 ) for every =e A,
In each case we shall write the over~tor on the
right hand side, the overation is written as-.
Note: (2 + D)eX = @.¥ + b.xX xe{@,l} H
proof: x = I implies ( & + b)e I = a + b = a.I + b.I,
if x =0 we get (2 + D)0 = @ = 8,0 + DO
In analogy to the notation »nrovosed in Hammer &

Rosenberg [17] for functions from BY - G, with G

an ordered ( not necessarily linearly ordered)

n

abelian grour we shall c¢all n Tunction £ 7

~ A
an 4-Boolenn function. Since 4 fulfilis sutomati-
cally the proverties of 2n ordered abeliasn group

2ll proverties of G-Boolesn Tunctions apvly also

to A=-Boolean funcitions.

e tan impose easily on the set {0,I] consisting

of tha two {trivisal) operctors on A the structure
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of a Boolean algebra by defining A,V,- in the
usual way and we obtain with <{(D,I13 JA,V, - ®,I>

a Boolean algebra which: is isomorphic to B2.

An A-Boolean vnolynomial in n variables X € B2
is a finite sum consisting of product terms

8y @ i%i x; end nossibly constant terms 2 with

aj.:,ake A, ny.€n, n=n for at least one k. If ve

k
interpret the elements 0,1 of B, as the ovper=ators
0, on A, we can see that by substituting for

11 2” possible val BD
Xlgng-,ooo’xn a possible values e > every
A-Boolean volynominl defines an A-Boolean function
£: By - 4.
On the other hand we can find for every A-Boolean
function at least one polynomial representation,

in particular the following one ( exactly as before):

©oly . olg - {1
Za‘(‘“..o{‘ .Xl ! X2 2 'R Xn’
where the summation ranges over all the 2n§possible
o o1 .
values of (& ,%,, «+.,% )€ B, anda, _ is

uniouely determined by the relation aﬂ‘"*i=f(“iﬁ“§""“n)’
We call it canonical (or normal) form and show that

every 4A- Boolean polvnomial can be converted into

this form., Since on the one hand every A-Boolean
volynomial corres»onds to a uninue A-Boolean function,
but for every A-Boolenn function there exists more

than one polynomizl revresentation the problem

arises how to decide if two different polynomials

-33-
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represent the same A-Booleon function or not.

To achieve this task we shall employ a special

procedure capable of transforming 2 given A-3Boolean

polynomial into an equivalent one of the form:
ziaﬂvﬂdu.x{“'a;‘... XZ" according to the

fontan ety ) € Ay _

definition given earlier. Eonuivalence mesns that

both volynomials represent the some funetion.

First we introduce a new oper=ation @ for the

elements of B, : i.e.248dition mod 2.

For this oper=ation the following relstions hold:
- (x® y)z = x2 @ yz, X,V,%€ By
If xy = 0 then a.(x @ y) = 2.X + 2.y, X,y {(D,I}, a€l,
Because: xy = ¢, whenever one of the variables or
both of them are ecual to 0, le=ding to the two
alternative cases:
ISt case: without loss of generality let x=0,
thus y=I and x + y =I. Therefore
2.(x + y) = a.J = ay 2.X + 2.y becomes:

'lo(D + ,“],.I = G‘+ a0 o= a,

n
2 a case: X

v =0, hence ¥ + y = 0 and a.(x+y)=

= 2.0 = U3 9.x + 7.7y = 2,0 + 8.0 = &40 = 0.

In particular i we t:ke y = X we get a.(x @ %) =
= B¢X + D.X .

Let us now consider an =2rbitrary A-Roolean poly-
nonizl in n verisbles Xq9FpgeseX, 3

~34-
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we shall proceed in the following way:

- taking each term in turn and multinlying it

by the vroduct TJT (xj @ ij) of all X which:

do not apvear yet among the variables of the

term considered,

- applying the distributive laws (x @ y)z=xz ® vz

and ( if xy=0 ) a.(x @ v) = 2.X + &.y

- we eventually arrive at the stsmge where there
n
LIS

are left only terms of the form a

.

' i

which contain all variables Xy9XpyeeeX, in the
product;

- applying (a.x + b.x) = (a + b).x we can add
terms with enusl product terms and after re-

arranging we obtain the desired result, namely

&y k1%
a sum of the form ZLaﬂUmﬂn“x-nxn .
(%es-- 3 8u) €3%

It can be shown easily (e.g. by induction ) that
by applyving any of these overations we obtain
equivalent nolyvnomials only, i.e. polynomials

representing the same function as the original
puis) <2

o]

olynomial,

Xamnmle:

S

I3
S

¢ - perd . 3 3 ¥y or Tr e
24 3)x1+2x1x2 s multinlving by g (Xj(3 xj) we get

2(:{1 @ xl)(x2 @Eg)-&-(—})xl(:{? o) x2)+2x1x2, the first

distributive law yields 2(;&:1:{9 @ Xq %, o) X1 %5 ® xlx2) +

(-3)(xlx24$ xli?)+ PX,%,7 vonlying the second dis-

1% *

adding similar terms

tributive law we get 2x,x, + 2X %, + 2x,%, + 2%

(—3)X]X? +‘(—3)zlx2 + X %,

leads to (—l)xlx2 + (_1)Xl§2 + 4§1X2 + 2§ﬁ§b
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. 2 .
representing £: B -~ Z according to f| 0 1

We have used the faét that Z fulfills the axioms

of a linearly ordercd abelian group and have inter-
preted the operation . as the ordinary multiplication.
The equivalence of two A-Boolean nolynomizls can
therefore be decided by means of their normal form
representations which can be obtained in the des-
cribed way.

)
i

§ 4.3 Constrained optimization of A-Boolean functions

After having made the necessary prevarations we can
now proceed to solving mathemstical vrogramming
vroblems involving A-Boolean functions as objective
function and also being uséd for the formulsation
of the constraints, i.e. we‘shall consider problems
of the form:

min f(x) subject to gj(x)a bj 3=1,2,00e,m

XeBg, £(x), gj(x) : Bg - A, bJ-G Ao
Since f(x) and gj(x) can be represented by A-Boolean
volynomials the method described earlier for deriving
the normal form of a given nolynomial can be applied
~at least thedreticallv— and ve shall first propose
the following algorithmic solution nrocedure:

- Constant terms avnenring in s#n ineauality are
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transferred to the right hand side.
- The given volynomial is transformed into

normal form representation i.e. the product

terms are arranged in the following way:

ByXqXpeeeXy agxlxg...inf...+a2n§l§2...§n
- In each inequality the coefficients at the
left hand side (i.e. the values it takes on
at each point) are compared with the constants
at the right hand side and the product terms
fulfilling the inequality arevmarked.

- Eventually all the terms which are marked

in each of the m inequalities are singled out,
they corresvond to the set of feasible solutions.
If there are none, the problem is infeasible

(assuming that a1l the terms with zero coeffi-
cients are listed as well).
~ The product terms in the normal form repre-
sentation of the objective function which appear
among +the product terms corresponding to fea-
gible solutions are marked.

- The coefficients of the product terms of the
objective function Jjust marked are compared and
the ovntimal value chosen, yielding the required
optimum. Assigning I 1o each unnegated,; ® to each
negated varisble, within each product term with

an optimni coefficient, we obtain the vector(s)
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5{@.1}“3 Brzl which constitute the optimal solution (s)
to the given problemn.
The validity of the procedure can be proved easily
€.8. by induction. In:fact, it involves the ex-
plicit enumeration of all the function values and
will therefore be only of theoretical use. If how-
ever}a large proportion of the product terms already
contains almost all of the varisbles Xq9XpyeegXy
only a few steps may be needed to obtain the result,.
Next we will show that the concent of the re-
solvent can be used analogously as in the ordinary
0-1 integer programming case.
To achieve this, the operations for deriving a
polynomial representation of the resolvent, which
have been discussed earlier, have to be slightly
modified: |
Instead of renlacing Xj with negative coefficients
a. by 1-%., a.x. has to be replaced by aj+(-aj). X

J J d J J
which is permitted because ajsza.+(-aj)ui. .

J J
The further steps involve the transfer of‘constant
elements to the right hand side and ranking the aj
which c¢an be done assuming the structure of a line-
arly ordered abelian groun for the set of coeffi-
cients.
After changing the notation exactly 2s before we

can start deriving the minimal covers of each in-

equality. This involves comparisons of sums of
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coefficients with the right hand side coefficients

~which again can be done under our assumptions.

Altogether we have shown that constrazined ontimi-
zation problems involving A-Boolean functions can
be formulated by meons of A-Boolemn polynomials
which can be defined in terms of product terms
consisting of conjunctions of variables Xq1hopeeeXy
each of them ranging over the set {@,I} satisfying
the axioms of a Boolean algebrs. These conjunctions
are preceded by coefficients a, which fulfill the
axioms of a linearly ordered abelian group A& to-
gether with the following operations:

2., = & and a.0 = ¥ for a, Ve 4,
We have also seen that basic characteristics of
Pseudo~Boolean programming ( e.g. the concepnt of
the resolvent) remsin valid in this more general

contexte.
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CONCIUSTIONS

An exposition of the background of integer pro-
granming has been given, also a basic characteri-
zation of the Pseudo-Boolesan spprozach particularly
its application to solving O-1 integer programming
problems.,

The notion of A-Boolean functions nnd polynomisals
is introduced as a result of generalizing Pseudo -
Boolean functions and pblynomials and is then
used for formulating constrained optimization
problems involving A-Boolean functions.

In this context a procedure for converting voly-
nomials into normal form is of some importance.

It is hoped that this paper draws attention to

the role mathemstical logic is playing when applied
to mathematical ovrogramming problems some asvpects

of which have been highlighted.
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